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Abstract. We study the conformal geometry of surfaces immersed in the four-dimensional
conformal sphere Q4, viewed as a homogeneous space under the action of the Mobius group.
We introduce the classes of + isotropic surfaces and characterize them as those whose con-
formal Gauss map is antiholomorphic or holomorphic. We then relate these surfaces to
Willmore surfaces and prove some interesting vanishing results and some bounds on the
Euler characteristic of the surfaces. Finally, we characterize — isotropic surfaces through an
Enneper-Weierstrass-type parametrization.
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1. Introduction

In recent years, the study of the geometry of submanifolds of the conformal sphere has
considerably flourished. The interest in the subject has various motivations spanning
from it being a natural extension of the theory of curves and surfaces in the Euclidean
space, to its connections with the theory of integrable systems and general relativity.
In particular, the theory of Willmore surfaces has seen a great development in many
directions. Among the numerous books and papers on this subject, [6] is undoubtedly
worth mentioning and we refer the reader to the references therein for a complete and
updated bibliography on the subject.

Of all the different possible approaches that have been employed to deal with
these topics, we chose Cartan’s method of the moving frame because of its flexibility
and intuitiveness and because, when dealing with homogeneous spaces, it seems to us
to be the fittest.

This paper studies the geometry of surfaces in the conformal 4-sphere Q4 and
it is organized as follows. After a basic introduction on the generalities of the frame
reduction procedure, needed to fix the notation, in Section 4.1 we introduce the con-
formal Grassmannian of 2-planes in R® and its Kahler-Lorentzian structure. We also
provide a holomorphic embedding of this Grassmann manifold into a quadric in the
complex projective space.

In Section 4 we define the conformal Gauss map of a surface in Q4 and, inspired
by [13], we identify a special class of Willmore surfaces, called isotropic surfaces, that
we characterize as those surfaces whose conformal Gauss map is holomorphic or an-
tiholomorphic (in what follows, for the sake brevity, we will write “— holomorphic”
to mean antiholomorphic and “+ holomorphic” instead of holomorphic). This result
is stated in Theorem 6.1 and mirrors the well known characterization of Willmore sur-
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faces as those with harmonic conformal Gauss map. This and other concepts and results
studied here have been introduced in the study of minimal surfaces in the Riemannian
4-sphere and even in oriented Riemannian 4-manifolds. An interesting paper in this
direction, besides the aforementioned [13], is [4].

We then employ some classical techniques such as Cauchy-Riemann inequal-
ities and Carleman-type estimates that, combined with classical index theorems for
vector fields and, more generally, for sections of suitable vector bundles, allow us to
deduce an upper bound on the Euler characteristic of a compact, non isotropic surface.
This result is stated in Theorem 6.2.

In Section 7 we consider the notion of S-Willmore surface, first introduced by
Ejiri in [9]. There, the author proved that, in the Riemannian setting, an S-Willmore
surface is a Willmore surface; this holds true also in our setting, as proved in Propo-
sition 87. We also prove some vanishing and holomorphicity results that have nice
topological consequences.

In the last part of the paper, we show that, roughly speaking, — isotropic sur-
faces in the conformal 4-sphere are characterized by their conformal Gauss map: in
Theorem 8.1 and Theorem 8.2 we establish a bijection between certain — isotropic,
weakly conformal branched immersions of a fixed Riemann surface in Q4 and holo-
morphic maps, valued in the conformal Grassmannian, that are solutions of a suitable
Pfaffian system.

Finally, we point out that some of our results on isotropic surfaces and their
Enneper-Weierstrass representations look similar to those in [6]. However, the authors
of [6] seem to be working in a slightly different setting and, in particular, their confor-
mal group does not seem to include the inversions. Moreover, our approach, involving
the conformal Grassmannian, seems to be more suitable for possible generalizations to
surfaces in spheres of greater codimension.

2. The conformal sphere and its submanifolds

Consider S" and R" with their standard metrics of constant curvatures, and let G :
S"™\{N} — R" be the stereographic projection, where N = (1,0,...,0) € R"*! is the
north pole. It is well known that 6 is a conformal diffeomorphism. If n > 3, by Liou-
ville’s theorem ([8], pp.138-141; [12], pp.52-53, [19], pp. 289-290), every conformal
diffeomorphism of S” is of the form 6~ ! 0 g oG, where g is a composition of Euclidean
similarities of R” with possibly the inversion R™\{0} 3 x — x/|x|. The assertion holds
even for n = 2, although a proof of this fact relies, for instance, on standard compact
Riemann surfaces theory since Liouville’s theorem is false for C. We observe that the
group of conformal diffeomorphisms of the sphere, Conf(S?), can also be identified
with the fractional linear transformations of C, either holomorphic or antiholomorphic.
From now on, we let n > 2 and we fix the index convention 1 <A, B,C < n. We denote
by Q, the Darboux hyperquadric

On= {(xo ) [ ) = 2x et = o} c P"(R).

A
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The Dirac-Weyl embedding ¥ : R" — Q, is defined by

1) XZX'—><1:XZ%|X|2>

and it extends to a diffeomorphism y 06 : S" — Q, by setting X0 6(N) = (0:0: 1).
The advantage of such a representation for the sphere is that every conformal diffeo-
morphism of S” acts as a linear transformation on the homogeneous coordinates of Q,,
so that Conf(S") can be viewed as the projectivized of the linear subgroup of GL(n+2)
preserving the quadratic form that defines the Darboux hyperquadric.

Endow R™*+? with the Lorentzian metric { , ) represented, with respect to the
standard basis {10, M4, Nn+1}, by the matrix

0
2) S = o 5, 0 |,
-1 0

and let L™ be the positive light cone, that is, L* = {v = 1(,0,v4, v**+1) e R**+2: fySy =
0, v + v+ > 0}. Note that Lt projectivizes to O, and that ng,M,41 € L*. More-
over, there is a bijection between Conf(S") and the Lorentz group of { , ) preserving
the positive light cone (usually called the orthochronous Lorentz group). This gives
a Lie group structure to the conformal group Conf(S"), which can be proved to be
unique when the action of Conf(S") on S" is required to be smooth (see [15], pp. 95-
98). In particular, the identity component of the Lorentz group is called the Mobius
group, Mob(n), and coincides with the subgroup of the orientation preserving ele-
ments of Conf(S"). The transitivity of the action of Mob(n) on the n-sphere gives Q,
a homogeneous space structure, allowing us to identify it with the space of left cosets
Mob(n)/Mob(n)o, where Mob(n)g is the isotropy subgroup of [No] € O:

rt A %r|x|2 r>0, xeR",
3) Mob(n)g = 0 rx
0 0 r Ae SO(n)

It follows that the principal bundle projection 7 : Mob(n) — Q, associates to a matrix
G = (golga|gn+1) the point [GNo] = [g0] € On. From now on, we shall use the Einstein
summation convention. Let mob(n) denote the Lie algebra of Mob(n); the Maurer-
Cartan form @ of Mob(n) is the mob(n)-valued 1-form

o) o) 0

CI): CI}S CI)"g, q}ﬁ—&—l )
1 1
0 @ o

with the symmetry relations

nl 0 B a0 n+l B
Pl =B, Dp=-—D, D, =D} O =]
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and satisfying the structure equation d® + ® A & = 0, which component-wise reads

d<138 = —q)g/\fb‘(‘};
D) = ~®f DB} A B
(4) 0 0 0 0 B
dd} = —®)AD — DY A DE;
APy = —) ADY— DL A D§— DY A DE.

Through a local section s : U € Q,, — Mob(n), ® pulls back to a flat Cartan connection
Y = s*® = s~ !ds. In particular, the set {\V‘(‘}} gives a local basis for the cotangent
bundle of Q,. Under a change of section § = sK, where K : U < Q, — Mob(n)o, the
change of gauge becomes

5) V=5"ds=K'yK+K'dK.
By the expression of Mob(n)o in (3), we have in particular

(6) (Wo) = r~"A(wp),

where (\y‘g) stands for the column vector whose A-th component is l|!’3. It follows that

7 Va@Wa = r 2yi Qu), VoA AW =r""YoA... AV,

which implies that
{(U,\pﬁ‘ ®Wp) : U Q, domain of a local section s : U — Mob(n)}

defines a conformal structure on Q,, that is, a collection of locally defined metrics
varying conformally on the intersection of their domains of definition, together with
an orientation (locally defined by W) A ... A yp), both preserved by Mob(n). It is easy
to prove that, with this conformal structure, y oG : S — Q, is a conformal diffeomor-
phism. This gives sense to the whole construction.

Let now M be an m-dimensional, oriented manifold. We fix the index ranges
1<i,j,...<m, m+1<a,pB,...<n

Let f: M — Q, be an immersion. A zeroth order frame field along f is a smooth map
e defined on an open set U < M with values in Mob() such that Toe = fj;;. From now
on, dealing with frames along f, we will omit to specify their domains of definition
when no possible confusion will arise. We set

o =e*d

and observe that under a change of frames ¢ = ek, $ = *® expresses in terms of ¢ as
in (5). As a consequence, at any point p € M we can choose a zeroth order frame such
that

®) 05 =0.
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The isotropy subgroup at this point is given by

= xA B e P+ ) re Rt A e SO(m),

(9) Mob(n), = 0 4 0 = BeSO(n—m),
0 o B 14 xeR™" ye R*"™
0 0 0 r :

and since it is independent of p, smooth zeroth order frame fields such that (8) holds
can be chosen in an appropriate neighborhood of each point of M by general theory,
see [19].

A zeroth order frame field e such that (8) holds on its domain of definition is
called first order frame. Any two such frame fields are related by € = ¢K, where now
K takes values in Mob(n);.

It can be easily verified that, with respect to first order frames,

(10) ds =Y 06®0), AV =05A ... A

define a conformal structure on M and, with respect to these natural structures, f be-
comes a conformal immersion.

Differentiating (8) and using the structure equations of Mob(n) and Cartan’s
lemma, we find that there exist (locally defined) functions hl‘.’; such that

(11) ¢?=h§;¢{), hf; :h‘f,

We use (5) and (9) to obtain that, under a change of first order frame fields

(12) i = rBRAL(ASHE, — AlyP).

Taking the trace of (12) with respect to i and j we obtain

(13) e = ng(hEk —myP).

The next step is therefore to consider at any point p € M a first order frame such that
(14) hg = 0.

The isotropy subgroup is given by

-1 t

r %r|x|2

. ’;‘A 8 AeSO(m),

(15)  Mob(n)p = ™~ BeSO(n—m), v,
0 0 B reR* xeR"
0 0 0 ’

which is again independent of the point p considered, so that first order frames with the
above property can be smoothly chosen in an appropriate neighborhood of any point.
We define a Darboux frame field along f as a first order frame field for which (14)
holds.
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Any two Darboux frame fields are related again by ¢ = eK where now K is a
smooth function taking values in Mob(n)p.

We observe that for Darboux frames (12) becomes
(16) i = rBALALHY,.
For further details on the generality of the frame reduction procedure, we refer the
reader to [18], [20], [19].

Differentiating (11), using the structure equations and Cartan’s lemma, with
respect to a Darboux frame e we have

(17) dn — 50k — ok + hEof + 00 + 8105, = h%af,
for some (locally defined) functions h?}k satisfying, also thanks to (11),

(18) i = iy = hSjq.

Taking the trace of (17) with respect to i and j and using (14) we obtain
(19) 05, = o
where we have set

1
(20) pit = - hije-
We say that a point p € M is an umbilical point if and only if for some (hence any)

Darboux frame
21) h?; =0 at p.

A totally umbilical submanifold is actually an m-dimensional sphere, as stated in the
following proposition.

PROPOSITION 2.1. Let f: M — Q,, be an immersion, M oriented, m = dimM >
2, for which h?} = 0 at every point. Then, there exists Q,, Oy such that f(M) € Qp,.
Furthermore, if M is compact, f is a diffeomorphism onto Q.

The proof relies on a standard technique in the method of the moving frame and
therefore we omit it. Alternatively, one can show the result by comparing the Euclidean
and conformal description of submanifolds of Q,, as done in Appendix II.

The form (15) of the isotropy subgroup Mob(n)p of Darboux frames along f
suggests the following considerations: let us consider the matrix of 1-forms ¥ defined
by

o o 0
(22) Y= 0 o ¢
0 ¢ —9
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We can clearly think of ¥ as taking values in the Lie algebra of Mob(m).

Under a change of Darboux frames € = eK, where K takes values in Mob(n)p,
we have N
¥ =K "Wk +K 4k,

with
b XA 5 x[?
K= 0 A rx ,
0 0 r

xeR™ AeSO(m), re RT.

We therefore conclude that ¥ defines a Cartan conformal connection on M.
Taking into account (15) for the expression of the isotropy group, we can define a
suitable vector bundle N over M whose role parallels that of the normal bundle of an
isometric immersion into a Riemannian manifold. In order to do this, with respect
to any Darboux frame, we define the fiber of N to be the (n — m)-dimensional vector
space generated by {eq}. Because of (15), it is trivial to see that the bundle N is well
defined and on it there is a naturally defined inner product ( , ) for which {eq} is an
orthonormal basis at p. With respect to this inner product we define a metric connection

V:T(N) > T(T*M®N)
by setting

(23) Ve = 0h ®ep.

As a matter of fact, if we consider the space form R” (or S”, or H") as a open sub-
set of O, in the standard fashion and M as a submanifold of R” (or S", or H") with
its standard induced Riemannian structure, (N,V) is naturally isomorphic to the (Rie-
mannian) normal bundle N°M endowed with its normal (Van der Waerden-Bortolotti)
connection; in Appendix II, we will review these basic links between the Riemannian
and conformal descriptions of M — Q) for the sake of completeness.

The curvature forms Ag of N are defined via the structure equations

dog = —0F A 0f +AF.
Using the structure equations of the group Mob(#n) and (11) and setting
24) LT(Bxi = hgihlgi - %jhEiv
we obtain

1 o
Ag = ELTE‘U% A Gy

Observe that we have the symmetry relations

p

o j

Lo Lo _ L

Tpij =~ Tpi =T
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Moreover, with respect to Darboux frames ¢, e

L1zo _  2pY pP At Av LY
Tﬁij—r BO(«BBAlA] Tp[v

It follows that we can define a tensor T by locally setting
LT = LTgij(I)é) ®¢{] ® €q ® eB-

We will call 17 the normal curvature tensor.

We conclude this section by defining a key object of our investigation. Because
of formulas (10) and (16), the form

2

DIHEDP oA A0

ik,o

(25) w =

3=

turns out to be independent of the chosen Darboux frame, hence it gives rise to a glob-
ally defined form.

DEFINITION 2.1. Let Q € M be compact. The functional

m

2

6) Wa() = [ w=r [ | D062 | aha-neg

ik,o

is called the Willmore functional (on Q). A submanifold f : M™ — Q, is called a
Willmore submanifold if it is a stationary point for the Willmore functional for each
QEM.

When M is compact and Q = M, we simply write W (f).

3. The conformal Grassmannian

Sets=n—m>1andlet {€,...,Em,Ems1,.-,En,Ens1} be the standard basis of R"*2,
Fix as an origin in the Grassmann manifold of oriented s-planes in R"2, G, (R”+2),
the point O = [€,41,. . .,€,] and consider the orbit Q; (R””) of the point O under the
left action (by matrix multiplication) of the group Mob(n) onto G (R””). Then the
isotropy subgroup of the action on the orbit at the point O is given by

a 'z 0 b a 'z b
x A 0 vy x A y |eMob(m),

(27)  Hy = 0 0 B 0O c 'w d < Mob(n).
c 'w 0 d BeSO(s)

Note that, since Hy € Mob(n), z,w,x,y,a,b,c,d,A cannot be chosen arbitrarily but
have to satisfy certain compatibility relations between them that will be essential in
determining that certain quantities are globally well defined.
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Thus Q(R"*?) is identified with the homogeneous space Mob(n)/Hy with the
canonical projection
7 Mob(n) — Q(R"*?)
given by
(28) TP [Putts.-- Pl

where Py, Py, P, are the columns of the matrix P.

On their common domain of definition, two local sections of the bundle 7 :
Mob(n) — Q;(R"*+?) are related by § = sK where K is a function taking values in Ho.
Considering the components @3, ®i,, @ of the Maurer-Cartan form of Mob(n) and
setting @ = s*®, we find that their pull-backs under the sections s, 5 are related by the
following transformation laws:

&0, = d o BE — v o} BY + bob B,
(29) &, = —wipYBh +AfofBE (pBBB

(58‘ = C(PﬁBg *xk(PﬁBg +a(Po oc
where the meaning of d,c,a,b,y,x,w,z,A,B is given in (27). From (29) and the rela-

tions defining the group Mob(n), it is not hard to deduce that the quadratic form dI? of
signature (s,s(m+ 1)) given by

(30) I’ = -9, ®¢f — 95 @Y + ) P O P,
i,0

is well defined on Q;(R””) and determines a pseudo-metric on it. In particular the
forms @3, [one ¢}, constitute a local (non orthonormal) coframe on Q;(R”“) whose
dimension is s(m +2). It is convenient to set

(31) 0%% =of, 8% =9qp 0 =g
and to order the pairs (a,0), (o, i), (0,0) as

(10) <(B:)) <(0,0)  VouB,y.i

(0.8) <(0,0) ifff<a

(B, )) < (o) ifff<aorB=oandj<i
(32) (B,0) < (,0) iff < o

Thus, representing with the symbols A, B, ... the s(m +2) indices (a.,0), (a i), (0,0t),
we can write dI” as

(33) di> = gg~9A ®68
with
0 0 -
(34) (ggg) = 0o I, O s =n—m.
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The Levi-Civita connection forms G‘% with respect to the previous coframe are therefore
characterized by the equations

d95 = 79“3 NG
35) Eo ot
ggeeg-i-ggaeg =0.

This allows us to determine the connection forms by simply taking exterior derivatives
of (31) and using the structure equations of the group Mob(n). We obtain

,0 0 0
egp = 3500 + 0, eg‘,i’ = 3307, egﬁ =0
oLl i o1 i i oL, 0
(36) Ogo = 83%7 eg’k = Sg(pk +§5kq>g7 68’B = Bg(pi
;o , 0 i ,0l
960 =0, 05, = 590, B0 = 9f — 5390

and, by a simple computation, one checks the validity of the skew-symmetry relations
given by the second of (35).

It is worth considering the special case s = 2, that is m = n — 2. Indeed, starting

from the 2n independent forms 3, @, @ we can construct the n independent forms

over C
37) =) +ig),  C=¢b  +igh, T =) +igp.

Using the structure equations, it is immediate to verify that their differentials belong to
the ideal they generate, showing that Q (R"*?) is a complex manifold, in fact complex
Lorentzian. Indeed the complex structure J induced by the forms (37) is determined by

CX+iX) =X +iIX) ="' (X +iJX) =0  YXeTQ(R"?),
that is
o (X) =0 UX) @ (X) = QUX)  9f7 (X) = 9(UX).

It is therefore trivial to verify that the metric dI? is Hermitian-Lorentzian:

dP(IX,JY) = =) (JX)@5 ' (JY) = 9a(X)@5(JY ) +
— 95~ (IX)@n_1 (UY) — 95 (IX) @ (JY ) +
+ Q1 (JX) @), (JY) + 9}, (JX)9},(JY ) =
= dI*(X,Y).
We verity that @ (R"*z) is Kihler by showing that the differential of the Kéhler form
K(X,Y) =dl*(JX,Y)
vanishes identically. This is a simple exercise using (37) and the Maurer-Cartan struc-

ture equations. Indeed we have that

(38) K=—00_  AG{— @) AQ)+ 0L AQ, =

1

=5 (O ATTCT AT AT,
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therefore d X = 0.

Finally we describe the complex projective structure of the conformal Grass-
mannian.

PROPOSITION 3.1. There is a holomorphic embedding of the conformal Grass-
mannian (R"”) into the hyperquadric of IP’%+l whose homogeneous equation is

(39) — 2% Y () =0,

A=1

Proof. There is a natural injection of Q(R"*?) in P%"' defined as follows. Let
[Gen—1, Gg,], with G € Mob(n), be a 2-plane of Q (R””) . The map sending [Ge,,—1, G€,]
to the projectivization of the complex, non-zero vector G(g,_1 + i€,) is well defined
and injective, and thus provides a complex projective representation for the whole con-
formal Grassmannian of 2-planes in R**2.

Indeed, let [Ge,—1,Ge,] and [G'e, 1, G'e,] be two representatives for the same
2-plane in @ (R"*+?), then G and G’ must differ by an element of the isotropy subgroup
Hy, namely G’ = GH for some H € Hy. But H has an expression as in (27), with

B e SO(2), that is
B— cos® —sin6
“\ sin® cos® )’

G' (g1 +ie,) =GH(g,_1 +ig,) =
= G(cos0g,_| +sinBe, —isinOg, | +icosBg,) =
=e®G(e, 1 +ig,)

for some 0 € R, so we have

which projects to the same complex projective class as G(€,— + i€, ). As for injectivity,
if G(g,_1 +i€,) and G’(g,_1 +i€,) project to the same projective class, then there exists
p > 0 and 6 € R such that

G'(e4_1 +i€y) = pe®G(e,_1 +ig,) = pGH(e4_1 +iEy),

where
L1 0 0 0
0 cos® sin® O
0 —sin® cos® 0
0 0 0 1

H =

clearly belongs to Hy. So [Gg,_1,Gg,] and [G’¢,_1,G’€,] are in fact the same 2-plane
in Q(R"+2).

We will show that, as a matter of fact, (]R"*Z) can be identified with an open
submanifold of the projective quadric of homogeneous equation (39). As we have
explained above, the image in IP’%H of a 2-plane of @, (R””) is the projective class of
a complex vector of the form G(g,_1 + i€,), for some G € Mob(n). Now, the vector
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€,_1 + i€, trivially satisfies equation (39), and therefore lies in the quadric. Note that
the quadric (39) is represented by the matrix

0o 0 -1
S = o I, O
-1 0 O

introduced in (2) and, since G € Mob(n),

"[G(en_1 +i€n)]S[G(En_1 +ie,)] = '(€n_1+i€n) GSG(ey_| +ig,) =
"(en_1 +i€n)S(€n_1 +ig,) = 0.

Therefore G(g,_1 + i€, ) lies in the quadric (39).

However, the conformal Grassmannian does not cover the whole quadric. In-
deed the points of the quadric coming from a 2-plane in @, (R"“) are those that have a
representative v + iw € C"*2 such that, with respect to the Lorentzian product in R"+2,
[v|* = |w|* > 0. This leaves out the projective classes represented by vectors v + iw
where v and w are isotropic and non zero. All such vectors lie in the quadric but can-
not be obtained from €,_; or €, through a matrix of Mob(n), because such matrices
preserve the Lorentzian norm defined through the matrix S. O

4. The geometry of surfaces in Q4

Let f: M — Q4 be an oriented immersed surface. We let e : U € M — Mob(n) be a
local Darboux frame along f, so that, according to (8),

05 =0, hY=0 3<a<4,

and the isotropy subgroup Mob(n)p is given by (15). For the ease of computations, the
matrices A and B appearing in the matrices of Mob(n)p will also be written in the form

40) A:(cqst —smt)’ B:<cgss —sms).

sint  cost sins  coss
The induced conformal structure on M is given locally by the metric 0} @0} + 03 @03
and the volume form q)(l) A (])%. Fix on M a global Riemannian metric g which belongs to
the conformal structure on each frame neighbourhood (this can always be dome via a

partition of unity). By setting ¢ = ¢} +i03 € TM' C, under a change of Darboux frames
and using (40) it holds

(41) P=rle .
Therefore, the prescription that ¢ spans 7M (19 induces a globally defined endomor-
phism J : TM — TM giving rise to an integrable complex structure that makes M a

Riemann surface. If (U,z), z = x+iy is a local complex chart on M, with respect
to a prescribed Darboux frame e we have dz = u@ for some smooth u # 0, which up
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to the rotation z — —z can be chosen to be everywhere positive. Hence, changing e to
& = eK with K the Mob(n)p-valued section having 7 = u=!, x =0, A = B=1, by (41) it
holds ¢ = u¢ = dz. According to the literature, Darboux frames with dz = @ are called
canonical Darboux frames. In a canonical Darboux frame, |dz|> = ¢} @} + 03 @ 03
Occasionally, the use of canonical Darboux frames will help computations. This is the
case, for instance, of the next

PROPOSITION 4.1. In a canonical Darboux frame, the form 4)8 + iq% is of type
(1,0).

Proof. Let e be a canonical Darboux frame on the domain of a complex chart (U, z).
From the structure equations, d¢ = (¢) +id}) A @, and since ¢ = dz this gives (¢) +
i0}) A dz = 0. Hence, 0] +i0} = udz for some ue C*(U), as claimed. O

Starting from Darboux frames, we are now going to introduce a number of
geometric invariants. On the normal bundle N locally spanned by {e3,e4} we can define
an endomorphism J* by setting J3L = e4 and Jte,; = —e3. Using the transformation

law ey = Bgeﬁ under a change of Darboux frames and formula (23), it is easy to check

that J* is globally defined and V.J- = 0, hence J is integrable and gives N the structure
of a complex line bundle.

We know from the previous section that
42) OF =hjs0p,  h=hj  1<ij<2

1

and we have the transformation laws (12). Let L* denote the Hopf transform of the
symmetric matrix (/;), that is

1 . .
(43) L% = 5( (le —h(zxz) —lhtle = h(lx] —lh(lxz-

Using (42), in terms of L* we can write
0F = H0) = L9904 3199, 0% =0) = 119~ 1 [%.
Under a change of Darboux frames,
(44) L% = re* BgLB,
in particular
45) I3 +il* = re?e™ (L2 +iL*).
Using this, we see that the real, locally defined 2-forms
(46) 0y = L +il** 0 A 03,

are in fact globally defined and smooth.
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DEFINITION 4.1. Given f: M — Q4, we say that p € M is + or — isotropic
respectively if 04 (p) = 0 or @_(p) = 0. The immersion f is called + isotropic (resp.
— isotropic) if it is so at each point.

Denote with I, respectively, the set of + isotropic points, and with I = I, U
I_. Note that the form w in (25) can be written as

(47) w = (IL*> +|L*[*)0p A 05-

It follows that, whenever f is both + and — isotropic, w = 0 and thus M is a totally
umbilical 2 sphere Q> — Q4 by Proposition 2.1.

Define n according to the identity
(48) W= F.
A simple computation, using the definitions of w and @, yields
(49) n= fi(L3HfL4ﬁ) b A 02.
Expressing it in terms of the h?}’s and using A = 0 we obtain
—i(L3F— L4ﬁ) = 20131y — I3,H).

We go back to the normal bundle N introduced in Section 2. The curvature Ky of this
bundle is now given by

1 .
Ay = ELTZI‘]'% A O = Ky A 05

and using (24) we deduce that

(50) Ky = —i(L3Z4 —L4i3)
or, in other words
1) doj = Kyog A 05 =.

Using (48), (51) and the generalized Gauss-Bonnet theorem we deduce the next

THEOREM 4.1. Let f: M — Q4 be an immersion of a compact orientable sur-
face; then

52) W) = fM o, T 21x(N)

where ((N) is the Euler number of the normal bundle N.
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COROLLARY 4.1. Let f: M — Q4 be an immersion of a compact orientable
surface. Then

| 0s = 2my)
M

equality holding if and only if f(M) = Qs < Q.

Proof. Tt follows since W(f) = 0 and W(f) = 0 if and only if f(M) = Q> < Q4 by
Proposition 2.1. O

REMARK 4.1. Suppose that M is compact and orientable; (52) implies that, if
M is either + or — isotropic, then the values of W ( f) are quantized.

Keeping in mind identity (20), set k* according to
- 1
(53) 05 = pos = k%o +k%¢,  thatis, k%= S (P —ip3).

Under a change of Darboux frame, k* obeys the transformation law

~ . 1
(54) K = rnge” (kB + i(x1 + ixz)LB) ,
whence
~ o~ o 1
(55) K+ ik* = rze"e+”{k3 +ik* + E(x‘ +ix?) (L3 + iL4)}.

From (44) and (54) it holds
BT _73 = r3e3i’(k3L4 _ k4L3)

thus the section
3
(56) ﬂeF(@T*M("O)>, ¥ = (KL —K*L*)o®0o®0¢

is globally defined on M. We will investigate the form 1 in Section 5. More generally,
if M? — 0, is an immersion, the section

3
(57) 9®el (AZ(NM) ® <® T*M(lv(’))) , O = (L%q) A (kBeB)(p®(p®(p

is globally defined. A variant of this section has been studied by Ejiri in [9].
Consider the equality

(58) 0%, = prop.
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Taking the exterior derivative of the above equation and using the Maurer-Cartan struc-
ture equations together with Cartan’s lemma, we obtain the existence of {p$ } satisfying

(59) dp — ok + po% +2ped — el = plol
with the symmetry
(60) P = Pii

THEOREM 4.2 ([17]). Let f : M*> — Q4 be an oriented surface in the Mobius
space. Then, f is a Willmore surface if and only if p?j = 0, where p‘}‘j are defined in
(59).

REMARK 4.2. With a simple but tedious computation, one verifies that under a
change of Darboux frames we have

13%- = r3BgA5‘Atj <p,§t +xlhfkt — x’xlh?k — xkxlh?[ — %xlxlhgt — 2xtpE — 2xkp,B) +
6 +rB53; (¥ hf+'pf)
so that, tracing with respect to i and j and recalling that M has dimension 2,
62) P = r'Baph-
The above equality shows that the system of equations
(63) pii =0

is conformally invariant.

5. Further properties of Willmore surfaces

We begin by still considering a general surface f : M> — Q4. It is convenient to define
the following complex forms:

(64) §=00+iy,  x=0]+id.
The structure equations then read as
dp = dA0
(65) dd = JLTYQAQ—FAQ
dy = Y AS—Kk“LIP A .
We differentiate the functions L* and k. Using the structure equations we get
1

(66) L = 5 (B — BSoe) — il | 96 — L*(90 +2i3) — L%%

= X%Q+K*o—LU(9) +2i03) — LPof,
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where

X = z]T (A1) — 3hSy, +i(hy —3h%),)]
67) _

= k%—i(hf, —ihf5,).
In particular,
s dLP+ilY) = (P +il*)[-0)—i(203 +63)]
(68)
+( £ix) o+ (K £ik")g,

Taking into account Proposition 4.1, in a canonical Darboux frame the (0, 1)-part of
d(L3 +iL*) is given by
(69) AL +il") = —i(L> £iL*) [0 £ 03] + (£ ik)®  (modg)

About dk*, using also (59) it holds
1 1 _ .
0 k= g e+ (Pl + p5)0— k(200 +i02)
1 .
—kPOf -+ SL*(0] +i9),
where we have set

1

(71) q* = E(p(]xl —p%) —iply.
Hence,
. 1 , 1 . _
AP tikY) = (¢ tigho+ [pi + 2 ti(ph +1%)] 0
72) 2 4

— (" k) [205+ (02 £03)] + %(ﬁ +iL*) (0 +i93).
Combining (66) and (70),
ARL L) = 3L K L)(0] +i0}) + 5 (4L —¢'L)o+
(73) + (K = K)o+ %(pikL“ ~ PP,
where £* is as in (67). Suppose now that M is a Willmore surface. According to

Theorem 4.2, pgk =0 for 3 < a < 4. Expression (72), together with Proposition 4.1,
implies that, in a canonical Darboux frame,

(74) (> +ik*) = — (K +ik*) [¢8ii¢‘3‘]+%(L3iiL4)(¢?+i¢g) (mod ).

Hence, we deduce the next result concerning the section ¥ in (56).
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PROPOSITION 5.1. Let M be a Willmore surface. Then, § in (56) is a holomor-
phic section of @T*M(10),

Proof. Since ¥ is independent of the chosen Darboux frame, we can compute 09 in
a canonical Darboux frame, for which, thanks to Proposition 4.1, q)g + iq)é is of type
(1,0). By formula (73)

_ _ 1 _
0% = 0(K'L —K'L) ©0@0®0¢ = - (kL' — P ) PR 9@ 9@ .

Since M is Willmore, we therefore have 09 = 0, as claimed. O

Next, we recall the definition of sections of analytic type. These are quite useful
in many different settings, and have therefore been studied thoroughly (see e.g. [2]).

DEFINITION 5.1. If E — M is a complex vector bundle over a Riemann surface
M, a smooth section 6 of E is said to be of analytic type if it either vanishes identically
or, near any zero x, we have
o =Zop
Sfor some positive integer k and some continuous section Gy with 6o(x) # 0, where z is
any holomorphic chart centered at x. The integer k is called the order of the zero x.

A sufficient condition for ¢ to be of analytic type is given by the following
result due to Eschenburg and Tribuzy (see [10]), that improves on previous work of
Chern ([7]).

LEMMA 5.1. Let w: E — M be a complex Hermitian vector bundle of rank |
over a Riemann surface, with a bundle metric (, ) and a compatible connection V. Let
G : M — E be a section of E defined on a complex chart (U,z) around some point xe U.
Suppose that the Cauchy-Riemann condition

(75) Véc‘ <o
for some ye LP(U) with p > 2. Then, G is of analytic type.

REMARK 5.1. Due to its local nature, via local trivializations it is enough to
prove the result for functions 6 : U — C!, which is actually the original setting of
Eschenburg-Tribuzy’s theorem.

Assume now M compact. By the Poincaré-Hopf index theorem (see, e.g. [10]
and [11]) we have

PROPOSITION 5.2. Let M be a compact Riemann surface and L a complex line
bundle over M. If s # 0 is a section of L of analytic type, then the Euler number of L,
X(L), is equal to the sum of the orders of the zeros of s.
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Applying the above to the section ¥, we deduce the next

PROPOSITION 5.3. Let M?> — Q4 be a compact Willmore surface. Then, either

O = 0 or it has finitely many zeros {x1,...,x;} whose orders {u;}} satisfy
s
(76) D iuj=3x(M).
j=1

In particular, if M is a Willmore torus and O # 0, then & has no zeros.

Proof. We have shown in Proposition 5.1 that 1 is a holomorphic section, thus trivially
(75) holds and ¥ is of analytic type. Formula (76) follows from a plain application of
Poincaré-Hopf index theorem and the identity

3

X (@ T*M(l*0)> =3 (T*MI) = 3y (M).
O
REMARK 5.2. In case M is a topological sphere, (76) implies that & = 0. Will-
more spheres have been studied in [5, 14]. When M is a torus, (76) implies that either
U = 0 or § is nonzero at every point. In particular, in the second case M has no um-
bilic points, so that we can perform a further frame reduction in such a way that h?} is

diagonalized at each point.

Observe that under a change of Darboux frames we have
a7 ﬁZkZ‘l — ﬁikp = (pikL4 — p‘,:kL3).
For p > 2, one can consider the request

(78)  JyeL{ (M) suchthat |ppL*—puLl’| <YL —k'L’| ae.

loc

A priori, this condition is only local, since the quantities involved do depend on the
choice of the Darboux frame. Nevertheless, because of the transformation laws for
piL* — piL? and K°L* — k*L?, it turns out that if condition (78) holds for some Dar-
boux frame, then it holds for any Darboux frame, provided we replace y with a (possibly
different) suitable function in L (M), so that the request makes sense globally. Hence,

loc
a simple application of Lemma 5.1 yields

PROPOSITION 5.4. Let f: M — Q4 be an immersion such that (78) holds for
some p > 2. Then either O = 0 or its zero set is discrete. In this latter case, for M
compact we have
(%) = =3x(M),

where z(9) is the sum of the orders of the zeros of ©.
PROPOSITION 5.5. Let M?> — Q4 be a Willmore surface. Then, either M?is +

isotropic, or the set I of + isotropic points is contained in the union of finitely many
embedded smooth curves. An analogous statement holds for — isotropic points.
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Proof. As usual, we use the symbol + to deal with both cases simultaneously. Let
p € I+, and let e be a Darboux frame around p. By inspecting the change of frame
formula (55), at p the vanishing or non-vanishing of k3 + ik* is independent of the
chosen Darboux frame. Denote with 4/, the set of common zeros of L3 +iL* and
k3 +ik*. Coupling (69) and (74), for Willmore surfaces the following system is satisfied
on the domain of e:

(79)

AL +iILY) = —i(LP+il*) [0} +0d] + (K +ik")p (mod ¢)

o +ik*) = —(k3iik4)[¢8ii¢‘3‘]+%(L3iiL4)(¢?+i¢g) (mod@).

Looking at the first equation in (79), L* +iL* = 0 on some open set implies that also
k3 +ik* =0, thus ¥y = M if and only if M is + isotropic. By Eschenburg-Tribuzy
Lemma 5.1, (79) locally defines a complex vector valued function Fy = (L3 +iL* k3 +
ik*) of analytic type. Hence, either %y = M or ¥y consists of finitely many isolated
points, and around each p € V4, in a local complex chart (U,z), Fy = z*(g+,h4) for
some smooth functions g +,h 4 satistying (g4 (p),h+(p)) # (0,0). If g4 (p) # 0, then p
isisolated in L. Otherwise, V4 < {g+ =0} around p. Inserting the local expression of
F into (79) and using h+ (p) # 0 together with §(0:) # 0, we get 0:(L> +iL*) = 7X0-¢+
and d:g+(p) # 0. Hence, locally around p, ¥+ nU is contained in the zero set of
a smooth function g4 : U — C whose differential has (real) rank at least 1 at p. By
the rank theorem, up to shrinking U, V4 n U is contained in a finite union of smooth
curves properly embedded in U. Choosing then a finite covering of M by charts (U, z),
V. is globally contained in a union of smooth, embedded curves. Next, let p € I\ Vs,
so that (k* +ik*)(p) # 0. The first equation in (79) then gives 0;(L* +iL*)(p) # 0,
and by the same reasoning I around p is locally contained in a finite union of smooth
curves. O

REMARK 5.3. In the above result, we have used the following basic fact of
measure theory: let f : M™ — N" be smooth, and for 1 < j < min{m,n} let A; = {p:
f(p) = 0,1k(df)(p) = j}. Then, for each relatively compact open set Q, Aj \Q is
contained in a finite union of smooth embedded submanifolds of dimension (m — j).
Indeed, let xo € Aj n Q and consider a local chart (U,x), U € Q around xo. For each
multiindex I = {1 <k; <ky < ... <kj<m} of length j, set

k kj

My — a(f 1,...,ff).

Akt ... XK
Then, Aj nU < UV, where Vi = {pe U : f(p) = 0,det(M;)(p) # 0} is closed in U.
We separately analyse each V;. Up to renaming coordinates, we can assume that I =
{1,2,...,j}. Let k€ Vy. Then, the map Y (x) = (f' (x),..., fi(x),x/*1,... . x™) is locally
a diffeomorphism around %, and setting X =Y~ it holds foX(y) = (v',...,%/,2(y))
for some smooth g. The set Vy is then locally defined by the conditions y' = ... = y/ =
0 and g(y) = 0, hence V; is contained in the slice yl = ... =y/ =0, an embedded
submanifold of dimension (m — j).
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6. Isotropy and the conformal Gauss map

Our next goal is to give a geometric interpretation to + and — isotropic immersions.
Towards this aim we introduce the conformal Gauss map. We let (RG) be the con-
formal Grassmannian of 2-planes introduced in Section 4.1. As we have seen, (R6)
has the structure of a Kihler-Lorentzian manifold with a local basis of (1,0)-type forms
given by

80)  P=gref+igt®],  Cf=croltictel, =) +ic* Py,
where ¢ is any local section of .

DEFINITION 6.1. Let f : M — Q4 be an immersed oriented surface and let e
be a (local) Darboux frame along f. The conformal Gauss map Yy : M — (Rﬁ) is
defined by setting

Yr:p o [es.ealp
where with [e3,e4) p we denote the oriented 2-plane generated by the vectors e3, e4 at

the point p.

We observe that, under a change of Darboux frames, Yy is in fact globally well
defined, and the orientation of the 2-plane [e3,e4] is also preserved.

THEOREM 6.1. Let f: M — Q4 be an immersed oriented Riemann surface.
Then f is & isotropic if and only if Yy : M — (R(’) is F holomorphic.

Proof. We recall that, given a Riemann surface M, amap f: M — Q (Rs) is respec-
tively £ holomorphic (that is, holomorphic or antiholomorphic) if the pull-back of the
forms £, ¢, 3 in (80) is respectively of type (1,0) or (0,1).

We begin by observing that if e is any Darboux frame along f, then the follow-
ing diagram is commutative.

This fact enables us to compute in a simple way v %, ¥5C*, v£(’. Indeed, setting

(81) e0,0t — g*q)g7 eOt,O — g*q)g7 eO(,i — g*q)ix
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and using (20), (53) and (42) we have:
17040 = piog
(82) Yi0% = —hiof
7;6%% = 0.
In order to see this, we observe that
Yig*® = (Roe)"¢* @ = e*(go )" ®.

And since To (GoT) = T, then for every g in the inverse image through 7 of the domain
of definition of ¢, it holds

S(7i(g)) = ¢K(2);
where K is an Hjy-valued function. Therefore

(GoR)*®, = K(g) "¢ 'dgK(g) +K(g)~'dK,,

and since K (g)*ldlz'g has values in the Lie algebra of Hp, we deduce that
o

(coR) @, = (R(g0) "85 " dgeuR(s0))

~ ~ 0
(coR)* @, = (R(g0) 87" dgauR(s0))_
~ ~ o
(Gom)"®f,, = (K(go)’lga'dggoK(go))i :

If for a fixed g we replace the section ¢ with the section QI? (2) ! obtained multiplying
¢ by a constant matrix, we will have defined a new section ¢ which satisfies, at the point
g (and in general only there), the equality S(7(g)) = ¢, and therefore

~ A~ ~_ o

(Com)*@f; = (3 'dgg), = P,

~ A a 0

(gon)*d)gg: (& ]dgg)a=<1>g§
o

Eom)*df; = (§_ldg§)l. D'z

Now let us fix pg € M and set g = e(py). Given a section ¢ defined in a neighborhood
of Y¢(po), and possibly replacing it with the section GK (e(po)) !, which we shall still
call ¢, we have at the point pg

S(7(e(po))) = e(po),
and thus
(rrevaf) = (e"(com)*®f),, = (¢"®f),, = 0f,, =0

(vrev@q)  =0h,, = Pi(p0)0h,

(vimef) =0, = hi(po)oby,
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Hence, setting ¢ = ¢(1] + iq)% and observing that, if oy, Bx are real-valued functions, one
has

(83) (o +iPr)df = {al ;Bz +iB' ;0‘2 }(H_{Oh ;Bz +iB' —iz-ocz }@

we get, with the aid of (43), at the point py,

i = (€ +ik*) o + (k3 - ik4)6

1 | f——
v = =5 (L +ilt)o—5 (L3 - iL4)¢
N 0 L5 78)\e

Y = (L +il)o+ E(L3 —1L4)(p

¢ =0,
It is therefore clear, using (46), that if y; is F holomorphic, then f is & isotropic. To
prove the converse, we need to show that L +iL* = 0 implies k> + ik* = 0. Towards this

aim we recall (68) and observe that, under the assumption L3 +iL* = 0, in particular
the coefficient of @ must vanish, which is the claim. O

Let us now further analyze the quantities k* defined in (53). For p > 2, consider
the condition
(84) JyeL] (M) suchthat |k} +ik| <y|LP+il*|  ae.
Of course we have to check that this condition actually makes sense, since the quantities
involved depend on the choice of the Darboux frame. To this end we use (55) and (45)
and observe that if condition (84) holds for some Darboux frame, then for any other
Darboux frame we can estimate
<

e 1
‘k3 iik“‘ = P10 ik 2 (& i) (L iL?)

<P (y+ %|x1 +ix2\> |23 +il?] = r<y+ %|xl +ix2|) 23 L.

Therefore condition (84) still holds, provided we replace y with another suitable func-
tion in Lf, .(M).

Condition (84) can be paired with Lemma 5.1 to obtain many applications in
this context, starting with the following

PROPOSITION 6.1. Let f: M — Q4 be an immersion satisfying (84). Then
either Yr is = holomorphic or the set Iy of F isotropic points of M is discrete.

Proof. Keeping in mind the expression (68) for the differential of the functions L3 +
iL*, we use (84) in order to apply Lemma 5.1 to these functions. The claim then follows
readily. O
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Let us now consider the canonical projection p : R®\{0} — P3, sending x to its
projective class [x]. Given two Darboux frames e and € along f : M — Q4, we have

Ps2oCo = ”ng*eoeﬁ-
Indeed, since p(Ax) = p(x) for every A € R* and for every x € R®\ {0}, then p,j,Asrv =
DsxV, that is pa,Av = pyyv. Therefore
P*Eogcx = p*r—leogoc = Dxey (rax) = ngp*eOeB.
Hence, setting Eq = pye,e0, We get
(85) Eq = rBEp.

It follows that the bundle P over M locally spanned by E3, E4 is globally well defined.
Let P. be its complexification and P, = PL(I’O) @Pfo’l) the splitting of P, into (1,0) and
(0,1) parts, locally spanned by E3z — iE4 and E3 + iE4 respectively. Observe that under
a change of Darboux frames, by virtue of (85) we have

(86) Es+iEy = re™(E3 +iEy).

On the other hand, if ¢ = ¢(1) + iq)% is the form that gives M its complex structure, by
(45), (86) and (41) we conclude that

pz = (L Fil*)(Es £iE) @9 @9
are sections of the bundles
PC(O,I) QT*M1O) @T*M10 and PC(1,0) QT*M10 @T*p(10)

respectively, which are globally defined on M. Under assumption (84) we can deduce
that these sections either vanish identically or have isolated zeros with positive integer
multiplicities. Indeed, since ¢ is a holomorphic section of T*M(-9), then

3

0
Doz = d(L® FiL*) (a?) (E*+iEHY®@¢* + (L FiL*)D » (E® +iEY) @¢?

and now, using (68), assumption (84), and the fact that PC( 10) and Pc(o’l) are line bundles,
we have
|D g s | <l F i | i = g |

for some ye Lf;c (M). Thus the sections uz satisfy a Cauchy-Riemann type inequality;
we can therefore apply Lemma 5.1 and deduce that they are of analytic type.

Assume now M compact. By virtue of Proposition 5.2, assuming Yy not +
holomorphic and letting z(u=) be the sum of the orders of the zeros of uz, using the
properties of the Chern classes of line bundles we obtain

{zw_) = —2x(M) +x (P = —23(M) —%(P)
2(uy) = =2x(M) +x (PL) = —23(M) +x(P).

We have therefore proved the following
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THEOREM 6.2. Let f: M — Qu be an immersed compact surface satisfying
(84). Then either Yy : M — (Ré) is + holomorphic or

2% (M) < —|x(P)|.

7. Willmore surfaces and S-Willmore surfaces

It is a known fact that an immersed surface f : M — Q, is Willmore if and only if its
conformal Gauss map is harmonic (as was first proved in [16]). This fact can be proved
by directly computing the tension field of the conformal Gauss map, whose vanishing
turns out to be equivalent to condition (63). This result is summarized in the following

THEOREM 7.1. Let f: M — Q, be an immersed oriented Riemann surface with
conformal Gauss map Yy : M — Q> (R"”). Then f is a Willmore surface if and only
if Yr is harmonic.

Let us now go back to surfaces in Q4. In this context the concepts of harmonicity
and + holomorphicity of the conformal Gauss map both make sense, and since +
holomorphicity implies harmonicity, we find that + isotropic surfaces in Q4 are in
particular Willmore surfaces.

In [9], Ejiri has introduced the notion of S-Willmore surface. In our setting,
with respect to a Darboux frame along f, the notion corresponds to the two following
conditions

(a) L%eq/\L%q

87) (b) k%eq//L%eq,

whose conformal invariance is apparent once we recognize that, at p € M, condition
(87a) is equivalent to
L3 rt

— __|#0  thatis  L’L*—I3L*#0,
R

and, by (50), this translates to
Kn(p) #0.

On the other hand, condition (87b) can be expressed as
BL*— k'L =0,
so, by (56), condition (87b) is satisfied at p € M if and only if
B(p) =0.

Ejiri proved that, in the Riemannian setting, an S-Willmore surface is a Willmore sur-
face. This can be easily checked in our setting, too.
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PROPOSITION 7.1. Let f: M — Qg4 be an S-Willmore surface, namely an im-
mersed oriented Riemann surface such that Ky # 0 and & = 0. Then f is a Willmore
surface.

Proof. Suppose f is S-Willmore. In particular &°L* —k*L3 = 0 on M. Setting k>L* —
k*L? = 01in (73), we can deduce that, in particular,

Pl = plL’.

Assume by contradiction that f is not a Willmore surface, that is, either p,fk # 0 or
P # 0, say p3, # 0. Then we have

A
iKy = LA — DL = D% - D) =0
Pk

which contradicts (87a). O

From the proof of Theorem 6.1, we have that Yy is & holomorphic if and only if
k3 = +ik* and L* = +iL*, hence in this case we automatically have © = 0, so that

PROPOSITION 7.2. Let f : M — Qg4 be a + isotropic immersed surface. Then f
is S-Willmore if and only if Ky # 0 on M.

The next result is another application of Lemma 5.1.

PROPOSITION 7.3. Let f : M — Q4 be an immersion without umbilical points
and such that the set of + isotropic points is not discrete. If f satisfies condition (84),
then f is S-Willmore.

Proof. By Proposition 6.1, f must be + isotropic. This implies & = 0 and
Ky = —i(LTA — L% = 72| = 72|

Therefore Ky (p) = 0 if and only if p is an umbilical point, and the result follows. [

8. Enneper-Weierstrass type representations for surfaces in Q4

So far we have considered immersions of oriented surfaces in the conformal sphere Q4
and we have associated to them certain maps with values in the conformal Grassman-
nian @ (Ré) ,1.e. the conformal Gauss map. This map has some remarkable properties,
for instance it is holomorphic if and only if the original immersion is — isotropic. Now
we are going to do the converse: starting from a holomorphic map 7y with values in
Q (R6) we want to see if, and under what conditions, it is possible to retrieve a Q4-
valued map whose conformal Gauss map is exactly the map Y.

First of all, let us observe that, given a — isotropic immersion f : M — Qy,
the conformal Gauss map 7Yy is constant if and only if f is totally umbilical, namely
f(M) € Q», or equivalently Wk (f) = 0 for any compact domain K < M.
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Let M be a Riemann surface and y: M — (Ré) a non constant holomorphic
map. Let ¢ be a (local) (1,0)-form defining the complex structure on M and let s : U <
Q& (R6) — Mob(4) be a local section of &t. Then

(88) =A%, yli=Ae v =AY,
where {0, ¥ and 3 are defined as in (37) with respect to the section s. The vector A
of components A?, A%, A3 is of analytic type, i.e. it either vanishes identically or has
isolated zeros. Indeed, let ® be such that d¢ = i® A @; then, differentiating (88) and
using (37) and the structure equations, we have
d(v* (") =dA° A 9+ A’d@ = (dA° +iN°@) A ¢ =
=y dl’ = —y*s* (DY +id}) A A@ —y*s* D) A AFo.
Hence
(dAO + iAo+ AOY* 5* (D) + i) +A’<y*s*c1>2) AQ=0

and similarly for d(y*C*) and d(y*(?), so that we obtain

dA® = —iA® (@ + y*s*Df — iy*s* D)) — Aky*s* DY mod @
dA* = —iA* (0 +7*s* DF) — Ay s* Dk — Ady*s*@f — APy*s*@)  mod ¢
dA} = —iN? (0 +7*s*DF + iy*s* D)) — Aly*s* Df mod ¢.

Thus dA® = P¢A? modulo ¢, for some gl(4,C)-valued 1-form ¥ = (W), namely the
vector A is a solution of the system

oA G
o L)A
z="(%)

and, by Lemma 5.1 (but see also [7] for a direct proof of this case), the claim follows.

Since we assumed 7y to be non constant, it follows that the zeros of A are isolated,
and in a neighborhood of any zero, A factorizes as A = z’/N\, with A # 0, z a local
holomorphic chart centered at the zero and ¢ € N.

Since (R(’) can be identified with an open subset of a quadric in P2, the map
¥ can be lifted to a smooth, C°\{0}-valued map {y} = e3 + ies, where e = soy: U C
M — Mob(4) (note that e is not necessarily an immersion, because in general 7y is not).
Denoting ¢ = ¢~ 'de, we have

N =g = e* @ + ie* DY = 05 + 0],
Ao =7*C" = 0§ +id},
Ao =70 =03 +i03,

and since de = e,

d{y} =i(e3 +ieq)0q +eo (03 +i0F) + ex (95 +i0s) +e5(03 +i03) =
= i{’Y}q)i —+ (Aoeo —+ Akek + A3e5)(p



148 Marco Magliaro, Luciano Mari and Marco Rigoli

If p: CO\{0} — IP’(SC is the canonical projection, then Y= po {y} and

Yy = Yax = Pairy(0) W ax = QP (13 () (/\060 +Afey +/\3€5) .

The complex tangent line to the curve y(M) at the point y(x) is therefore the vec-
tor space spanned over C by the non-zero vector py iy} (x) (Aoeo + Afep + A365). This
prompts us to define a new map, called the “derivative” of v, Y : M — ]P’fc which asso-
ciates to the point x € M the projectivization of the non-zero vector A%ey + Afey +Aes.
This map is trivially well defined and does not depend on the choice of the section s.

We will need to add the further assumption that ¥ be valued in the quadric
Q& (RG); this happens if and only if the vector (AO7 AX,0, O,A3) satisfies the equation
—2A%A3 + A*AF = 0.

DEFINITION 8.1. A mapy: M — Q (R®) will be called a totally isotropic holo-
morphic map if it is holomorphic, non constant, and if Y is valued in (RG).

Let §be another local section of the bundle 7 : Mob(4) — Q(R%), and & = §o¥.
Then ¢ = eK where K takes values in Hy as defined in (27). At any point p € M we can
therefore choose a section such that A3 = 0, hence A = a, A! = A and A? = i\, for
some a, A€ C. Since A is of analytic type, such sections can be locally smoothly chosen
in a neighborhood of p. The frame e corresponding to such section will be called an
isotropic frame, and the isotropy subgroup for such frames is exactly Mob(4)p as
defined in (15). With this choice of frame, (88) rewrites as

(89) V0 =ap, v('=rp, Y'C=ikg, v =0.

We can associate, to any totally isotropic holomorphic map v, a map Jy : M — Q4 de-
fined as follows. Let e be any isotropic frame along y and set Jy = [eo]. In this way Jy is
well defined, because isotropic frames change by matrices in Mob(4)p. Differentiating
the second and third equalities of (89), we obtain

Ay ) =0 AV — 0 ATV i3 AT -0V AYE =
= (—adg—iho3 — iM03) A @,
d(Y* ) = (~adf — 07 +103) A @,
but on the other hand y*{? = iy*{!, so we have
(—iado +202 +A03) A @ = (—af;—M0] +103) A @
that is, ia (¢(1) + i¢(2)) A ¢ = 0. Differentiating the last of (89) we get
0=d(y*¢*) = (~Mg — M) A ©.
Therefore we have obtained
a(y+idg) A@=0
A(0p+i05) A9 =0
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Since A is of analytic type, outside a discrete set (the set of zeros of a and A), we must
have

(90) )+ i0f = e

for some locally defined complex function u, whose vanishing is independent of the
choice of the isotropic frame. Differentiating (90), we have

dp A @+ i A @ = dog +iddG = pof) A @+ iuds A @,

that is

du=—iu(0—03 +i0))  mod¢.
Therefore u is of analytic type, and so it either vanishes identically or has isolated
Zeros.

Let us now consider an open set U < M where u is nonzero and let e be an
isotropic frame along y defined on U. Then e is trivially a zeroth order frame along J,
since o e = Jy. Moreover, it is a first order frame, since from (89)

0=v"C = ¢g +i6g,

so ¢ = 0. Also, Jy is a conformal immersion on U, since the only points where Jy is
not an immersion are the zeros of u. In the case of u vanishing identically, then Jy is
constant. Indeed in this case not only ¢§ = 0, but also (])(1) = ¢5 =0. So

dJy = padey = ps(e0d0) +ead) = 0o psea =0

where p : R%\{0} — Pj is the canonical projection.

Thus, either Jy is constant on M or it is a weakly conformal branched immersion.
Assume to be in this latter case; we will prove that an isotropic frame e along 7 is a
Darboux frame along Jy.

To this end we use (89) to deduce that

oD v =ivegl.
Now we set, as usual, ¢ = hg-q)é, hg- = h‘}‘i, and observe that

P = e (@ +idh) = —0F i = —(h}; + il )0

and equation (91) is equivalent to the following system

3 4
(s,
hy; = —hi;
which gives
3 4 3 4 3 4
hiy =hy = —hy,  hiy = —hy = —hy.

Moreover, it is trivial to see that, outside the branch points of J;, we have Yy =", and
Jy is — isotropic, since Yy, is holomorphic by assumption.
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On the other hand, consider a weakly conformal branched immersion f: M —
Q4 with the property that its Gauss map Yy can be continuously extended to the branch
points, and let e be any Darboux frame along f. If f is — isotropic (outside the branch
points), then yy is holomorphic, and in this case, with the notations of (88), we have

AY = i3 +ik?, A1=—%(L3+iL4), A2=—é(L3+iL4), A =0,

so that
—2AA% 4+ AFAF =0
k

and vy is a totally isotropic map. Furthermore, Jy, =1
We have therefore proved the following

THEOREM 8.1. Let M be a Riemann surface. There is a bijective correspon-
dence between — isotropic, non totally umbilical, weakly conformal branched immer-
sions f : M — Qa, whose conformal Gauss map can be continuously extended at the
branch points, and non constant, holomorphic, totally isotropic maps Y: M — (]R6)
with non constant associated map Jy. The bijection is realized via the conformal Gauss
map.

Using an appropriate Grassmann bundle, we can extend the previous result so
as to include the totally umbilical surfaces.

Let us consider the product manifold Q4 x Qz(Ré) and define Q(Q4) as the
orbit of the point ([No], [€3,€4]) € Q4 x Q(R®) with respect to the natural left action
(defined componentwise) of the group Mob(4). In other words

(92) Qz(Q4) = {([T]],[Sl,sz]) |T] = PT]()7 S1 =P83, 52 =P€47 Pe Mob(4)}.

It is trivial to see that Mob(4) acts transitively on Q;(Q4), the action being given, for
P € Mob(4) and ([n], [s1,52]) € Q(Q4), by

P([n],[s1,s2]) = ([Pn],[Ps1, Ps2]).

Let us compute the isotropy subgroup of the point ([No], [€3,€4]). If P € Mob(4) fixes
the point ([No], [€3,€4]), then in particular it must fix the first component, hence P must
be an element of Gy, defined in (3), so it is bound to be of the form

b XA %r|x|2
P= 0 A rx
0 0 r

But, for P[€3] to belong to [€3,€4], we must have =0, A% = A% = 0 and analogously,
imposing P[es] € [€3,€4], we deduce x* = 0 and A} = A7 = 0. Putting these condi-
tions together we find that P € Mob(4)p. Since in turn any element of Mob(4)p fixes
([no]; [€3,€4]), we can conclude that the isotropy subgroup is exactly Mob(4)p. Hence
Q(Q4) =~ Mob(4)/Mob(4)p is realized as a homogeneous space with projection

7:Mob(4) > Q(Q4)
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given by
T:P— ([PT]()], [})837}:'84])7

that is, T = @ x . Also, we will denote by % : Q(Q4) — Q4 the canonical projection
x: ([n], [s1,52]) = [n]-

Observe that Q,(Q4) has a natural integrable complex structure defined as follows: let
€ be a local section of the bundle 7 : Mob(4) — Q:(Q4); then we declare the forms

o ! =&} +iE* D],
0¥ =&Y +it* DY,
of =E* Pk +it* Pk,
o’ = E* D) +i* D

93)

a local basis of the space of the forms of type (1,0) over Q(Q4). In order to do this,
first we need to check that the ideal they generate is differential. Setting, for the sake
of simplicity, @ = £*® and using the structure equations, we have

do' =—0"" A (Q)+i9)) — @3 A O — P4 A Q) — Q3 A Q) — iGF A Q) =
=—0"' A (@) +ipy) +ic' A Q) +i0” A Q) +0 A (3 +¢7)

and likewise for the differentials of the other forms. Lastly, one can easily check that
the space generated by these forms is well defined, i.e., it is independent of the choice
of the section &.

PROPOSITION 8.1. The fibers of Tt : Q(Q4) — Q4 are integral submanifolds of
the (invariantly defined) Pfaffian system

-1 _
©4) {G _—0
Proof. Since Q(Q4) € Q4 % Qz(Ré), for ([n], [s1,52]) € Q(Q4), we have

Tinn i) @(Q8) © Ty s  Tiy 1 @ (E°).

Thus, we can regard a tangent vector of Q(Q4) as a pair (X,V) with X € Tj;;Q4 and
Ve T 5@ (Ré). Now 7t is the projection on the first component, so

T fsr.o)) (X, V) =X

and
ket () fs1,52]) = £(0:V) € T 1,501y Q(Q4) }

We want to prove that
—1 _
{G([n]7[31,Sz])(O’V =0

3 pa—
G([Tl]a[sl 52]) (07V = 0,

~ ~—
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or equivalently that, if & is a local section of & : Mob(4) — Q,(Q4), then

&*q)é([n],[sl,sﬂ) (0, V) =0.

To this end we set g = §([n], [s1,s2]) and compute

A
E* DG (1 p51.501) (05 V) = PG Gl 1,27 (05 V) = (P e 1,521 (0 V) ) =
_ b
= (&™) Ea(mpLs1.500) (0.V)) o

where in the last equality we used the definition of the Maurer-Cartan form for classical
groups (see [1] or [3] for details):

op(X) = PX.
Now take ([1], [$1,52]) in the domain of &, set § = &([1], [51,52]) and observe that

~E(M] [51,521)) = 7(8) = ([8no], [8e3, 8ea])

and, since To§ = id,

([0, [51,52]) = (@ &)([71] [51,52]) = ([8Mo], [Ze3, 8e4])-

In particular we have that [)] = [g1o] and

[gno] = [Zo] = [(E([N], [51,52]))0] = [Eo([N], [51,52])],

that is, the projective class of the vector &y ([1],[51,52]) coincides with that of 1}. In

other words, calling
p:RO\{0} - P}

the canonical projection, we find that p(Eo([0], [51,52])) = p(1]). Hence po&y = &t and
(Po80)s(pi. 51,50 (0 V) = T35 (0, V) = 0,

that is
Py (1051 ,520) S0 ([i] [51.52]) (0, V) = 0-

Thus 8o g [51.51) (0 V) € Ker Py f5,.521)» Implying

8o (i1 51.51) (05 V) = A&o([A]; [51,52])

for some A € R. Therefore

Ea o fsral) (0 V) = ME(M]. [51.52]))6 = Agh.

So eventually,

g af

0 (I fs1s2]) (O V) = Mg ")pgs =28) =0.
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Let us consider the canonical projection ¢ : Q(Q4) —> @ (R6) defined by

c([nl;[s1,52]) = [s1,52],

which makes the following diagram commutative

Mob(4
Q(Q4) ——— Q(R%)

that is, T = coTt.

PROPOSITION 8.2. The map ¢ : Q(Q4) > @ (]R6) defined above is holomor-
phic.

Proof. Fix po = ([n],[51,52]) € @(Q4) and consider & a local section of the bundle
7 : Mob(4) — Q(Q4), defined on a neighborhood of py and ¢ a local section of the
bundle 7 : Mob(4) — Q(R®) defined on a neighborhood of [s1,s2]. We have to show
that ¢* QO, C*Ck and ¢*3, defined as in (37), are forms of type (1,0).

Set go = &(po). As in the proof of Theorem 6.1, we can assume that the section
¢ satisfies ¢(T(go)) = go, and

(o ﬁ)* (q)gc)go = (q)g)go
Then, observing that ¢ = T o &, we have that
0 i 0 2 0 0 i 0
(0),, = (ER*C), = & (R*" (B + i), = ¥, +iE" ], =),
and analogously for ¢*C* and ¢* (3. O

DEFINITION 8.2. Let f : M — Q4 be an immersed oriented surface. The con-
Sformal Gauss lift Ty : M — Q(Q4) is defined as

Ty =fxvy,

that is, given p € M and e any Darboux frame along f, defined on a neighborhood of
D,

in other words,
Ly p e ([eo]p. [e3,e4]p).

We are now ready to state the generalization of Theorem 8.1.

THEOREM 8.2. Let M be a Riemann surface. There is a bijective correspon-
dence between — isotropic, weakly conformal branched immersions f : M — Q4 whose
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conformal Gauss map can be continuously extended at the branch points, and holomor-
phic maps T : M — Qy(Q4), solutions of the Pfaffian system

6’ =0
o’—ic' =0

~1 = 0. The bijection is realized via the conformal Gauss lift Iy

but not of ¢
Proof. Let f: M — Q4 be as in the statement of the theorem. Then, in order to show
that the conformal Gauss lift I's is holomorphic, we proceed as for the conformal Gauss
map Yy in the proof of Theorem 6.1. Let us fix pg € M such that it is not a branch
point for f and choose a Darboux frame e along f defined on a neighborhood U of
po and a section & of the bundle T : Mob(4) — Q(Q4) defined in a neighborhood of
Tr(po). We set e(po) = go; then since To (o) = T, there must exist a function
K : &~ '(U) — Mob(n)p such that, for every g e &t (U)

E(n(g)) = gK(g)

and
(EoR)* D, = K(g)~'g~'dgK(g) +K(g) ' dK,

In particular we have

(Eom)* @b, = (K(g) ™'~ dgk(s)),
(Eom)* @Y, = (K(g)'s7"dgK(g)),,
(Eom)* @k, = (K(g) 's 'dsK(9))y,
(Eom)*®F, = (K(g)'s'dgK(g)),,

because K~'dK is valued in the Lie algebra of the group Mob(4)p. Replacing, if
necessary, the section & with £K(go) ™', we can assume that

&(%(g0)) = go

and hence
(§om)*@f, = P,
=\ x50  _ H0
(&o‘}t) q)‘xgo CDO%’O
= k k
(§oT)* D gy = Plrg,
(&oft)*q)ggo = (Dggo'

Therefore we can compute

(95) (r;':crl)po = ((Gotoe)* (P +id])),, = (€*(D4+iD)) , = Ppy
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and likewise for 6* and 6>. This proves the holomorphicity of Iy outside the set of
branch points of f. But since f is continuous and by assumption Yy can be continuously
extended to the branch points, then I'y = f X Y7 is continuous on M, and therefore
holomorphic.

The same computation also proves that I'y is a solution of the Pfaffian system
0’ =0, 6% —ic! =0, since it is easily verified that

o’ =0,
t6' =—— (L +il*)o
Iic” = ' (L +iL*) g
Moreover, (95) assures that
o' #0.

On the contrary, assume I' : M — Q(Q4) is a holomorphic map such that I'*c* = 0,
I'*c6? = iT*c' and Mo6~! # 0 and define fr = oI For any local section & of 7, the
map e = §ol is a local frame along f-, since

Toe=moEol =RoftoEol =fol = fT.

Moreover, let @ be a local (1,0)-form defining the complex structure on M; then, since
I' is holomorphic, there must exist a smooth function u 0 such that

(@) +iB) = T*o~" = up.
As usual, we set ¢ = e*®, so that the previous equality becomes (])(1) + i(])(z) = u¢@. Dif-
ferentiating this last equality and using the structure equation we can deduce that
du=—ip(@—0;+i05)  mod @,

where o is such that d¢ = i® A ¢. Hence y is of analytic type, and its zeros must be
isolated and of finite order, proving that fr is a weakly conformal branched immersion.
In addition, since by assumption I'* 63 = 0, we know that e is a first order frame along
Jfr. We can prove that e is actually a Darboux frame along fr using

(96) *o? =il*c'.

Indeed, setting as usual ¢ = h?;q)é, h = hS;,

I*c* = e* (@ + idk) = —07 —iof = —(hlscj +ih2j)¢6

and equation (96) becomes

{ h§j=h‘2‘j4
h2j = —hT.

which gives
3 4 3 4 3 4
hiy =hy = —hy,  hiy=—hy = —hy.
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Now since ¢ = oI is a Darboux frame along fT, it makes sense to consider its con-
formal Gauss map, defined as usual as

Vi = [63,6’4] =Toe

outside the branch points of fr-. We want to prove that y5. can be continuously extended
at the branch points, and that the extension is holomorphic. To this end, we define
Y:M—-Q (]R6) as follows

97) Y=col

and observe that Proposition 8.2 implies that 7y is holomorphic. By the commutativity

of the following diagram
Mob(4

04 <—fr M

we have that, on the open set where Yy is defined,
Y =Toe=ToEol =coftofol=col =Y.

Therefore Y. is holomorphic, hence fr is — isotropic. Lastly, we obviously have

and
so the claim is proved. O

9. Appendix: Euclidean vs conformal description of Willmore surfaces
We shall now compare the Riemannian structure of an isometric immersion F : M —

R" with its conformal counterpart. Let { , ) denote the metric induced on M via F.
The Euclidean space R" can be given the homogeneous structure E(n)/E(n)o, where

s = {(19) 55, )

{( (1) 2 > : AeSO(n)} ~ SO(n).

m
~
S
=
S

Il
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Via the Dirac-Weyl chart y in (1), R” is isometric to ¥ (R") c Q, endowed with its
homogeneous space structure

E(n) _ Mob(n)
R") = 7 = O
"D = By < Mob(myy ~ @
with
1 0
eR”?
E(n) = : A L LE < Mob(n),
%|Z‘2 tZA 1 AESO(n)
1 00
Eo(n) = 0 A 0 |:AeSO(n) y <Mob(n)g, Mob(n)g asin (3).
0 0 1

We associate to F' the immersion f =Y oF : M — Q,,.. Therefore, we have the following
commutative diagram:

M R AR —— 0,

where i : E(n) — Mob(n) denotes the group inclusion. We shall identify R” with y(R")
and F with f = % o F, when no possible confusion arises. The Maurer-Cartan form of
E(n) is i*®, where @ is that of Mob(n).

Let e : U € M — E(n) be a zeroth order frame along F. If € is another frame,
then € = eK, where K has values in the subgroup E(n)o.

The Cartan connections ¢ = ¢*i*® and ¢ = &*i*® are related as follows:

(00) = "A(05) . (d) = ‘A(5)A + ‘Ada,

the other forms being zero. Therefore, at every point there exists a frame such that
¢¢ = 0, and since the isotropy subgroup preserving such frames is

1 0 00

E(n)p = 0 A 0 0 | AeSO(m)
0 0 B 0] BeSO(n—m)
0 0 0 1

the reduction can be carried on smoothly around every point. This frames are called
Euclidean Darboux frames. In a Euclidean Darboux frame, the metric { , ) is given
locally by 3; 0% ® ¢}, the volume form dV, by ¢} A ... A 0% and, denoting with {E;}
the dual basis of {(])6}, the Levi-Civita connection V¢ is given by

V'E; = 0/ ®F;.
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From the structure of E(n)p, there is a natural, well defined (Euclidean) normal bundle
N°M — M given, in a neighbourhood of every p € M, by the span of {ey}. The normal

connection on N°M is defined by setting Ve, = 0, ®eg.
Differentiating ¢ = 0 and using the structure equations and Cartan’s lemma we
obtain that there exist bf; = bf; such that ¢f* = b?;-(j){). The tensor

11 = b0} @ 0h @ e

is the Riemannian second fundamental form.

Now we view the frames as sections of the larger bundle Mob(n) — Q,, that is,
for every e : M — [E(n) we consider ioe : M — Mob(n). In this setting, since

(ioe)*® =™ (i*®) = ¢,

a Euclidean Darboux frame e gives rise to a first order conformal frame i o e. For sim-
plicity, we still denote ioe with e. By (11), for every conformal first order frame,
differentiating ¢ = 0 gives ¢ = h%q)é, so that we deduce hf; = b;. To have a confor-
mal Darboux frame, we set

1o M2

01 0 0 1 !
K = 00 I H , where H“=%h2‘k=%b,§k

00 0 1

is the o-th component of the mean curvature vector H. Then, by (13), € = eK is
Darboux and

~ 1
(98) /’lg = bg — %b,‘fkﬁi_i = bg —H“S,-_,-,
so that the definition we gave in Section 2 of umbilic points coincides with the standard
definition in the Riemannian setting. The Willmore functional (26) can be written as

1
T m

Wolf) fg (| S@H|"AV,.

In particular, for surfaces in R”, via Gauss Equations 2K = 4|H|?> — |I1|* (K the Gaus-
sian curvature of M) and Gauss-Bonnet theorem the Willmore functional for compact
surfaces M without boundary has the familiar expression

W) = | 1HPav. = o).

M

Under ¢ = eK, the whole set of forms changes as follows:

80 = HH(SH3;; — b2)0) = —H(0% — JHOG)),  §% = dH* — HPof,

(99) N . - N
O = (b% —H*8;)0p, 09 =07 =0, 0% = 03
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Since ¢y = eq, and &g = ¢g, there is a natural isomorphism between the Euclidean

normal bundle N¢M with its normal connection V1 and the conformal normal bundle
N locally spanned by {€g}, with the connection V given by (23). Substituting (98) and
(99) in (17) and simplifying we get

n%, 0k = db% — b0k — b0k + bli0% = (VeIn %0k,

showing that {hl‘.’;k} coincide with the coefficients of the covariant derivative of /I with
respect to the natural connection (still called V¢) on T*M @ T*M ® N°M. Tt follows

that | |
1
pi = hig = — (VI = (VEH)E,
where the last equality follows from the linearity of V¢ and the fact that, by the very
definition of V°II, the covariant derivative on the N°M part of T*M @ T*M Q N°M is

computed with respect to the normal connection V. Substituting in (59) we obtain

pRol = dl(VEH)¥]— (VEH)POk + (VEH) og+
(100) — (0% — HO8;) (SHPHPS ;. — HPBE, )0l
pE = (VEVEH)E 4+~ LHPBY + L HPHS + HP % — HOHPBY,

where the norm of H is meant with respect to the metric on N°M. Taking traces we

deduce
Pl = (ATH)® + HPBY b — m|HH®,

A™ being the Laplacian on N°M. In particular, when M is a surface of R”, by Theorem
4.2 the Euler-Lagrange equations of the Willmore functional are

(AYH)* + HPOE b2 —2|HPPH® =0,  3<a<4.
which reduces, for n = 2, to

AH +2(H?> —K)H =0.
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