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Abstract. We study the algebraic constraints on the structure of nilpotent Lie algebra g,
which arise because of the presence of an integrable complex structure J. Particular attention
is paid to non-abelian complex structures. Constructed various examples of positive graded
Lie algebras with complex structures, in particular, we construct an infinite family ©(n) of
such algebras that we have for their nil-index s(®(n)):

s(D(n)) = [% dimCD(n):| .

Introduction

The Newlander-Nirenberg theorem [14] implies that a left-invariant complex structure
on a real simply connected Lie group G can be defined as an almost-complex structure
J on the tangent Lie algebra g of G (J is a linear endomorphism of g such that J> = —1)
satisfying the integrability condition (vanishing of the Nijenhuis tensor):

[JX,JY] = [X,Y]+J[JX,Y] +J[X,JY], VX.Y € g.

Extending an almost complex structure J on the complexification g€ it is easy to see
that the integrability condition is equivalent to the following one: the eigen-spaces
ggi of J corresponding to the eigen-values +i are (complex) subalgebras of g€. If
they are abelian subalgebras then the complex structure J is called abelian. It was
proved in [8] that a Lie group G admitting a left-invariant abelian complex structure
has to be solvable. On the another hand an abelian complex structure is nilpotent [15].
The study of nilpotent complex structures on nilmanifolds (nilpotent Lie algebras) was
the subject in [6]. The properties of nilmanifolds with abelian complex structures is
much more studied than the general case. For instance, the Dolbeault cohomology of a
nilmanifold with an integrable abelian complex structure can be expressed in terms of
the corresponding Lie algebra cohomology ([5], [6]).

Existing finite list of all real 6-dimensional nilpotent Lie algebras up to iso-
morphism [13] allowed S.Salamon in [15] distinguish among them algebras admitting
integrable complex structures, spend their classification from this point of view. In his
cassification there are examples of Lie algebras that admit only non-abelian complex
structures (as well as examples of Lie algebras that does not admit any complex struc-
ture). This approach does not work in the following even dimension 8, where, on the
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one hand, such a classification does not exist, on the other hand - there are infinite
families of pairwise nonisomorphic nilpotent algebras.

Another way is to find a priori algebraic constraints expressed in terms of the
nil-index, the dimensions of the ideals of descending central series, the first Betti num-
ber, etc., which narrow the range of possible candidates to possess an integrable com-
plex (or a hypercomplex) structure. This approach has been implemented in [7], [8],
where the authors managed to classify 8-dimensional real nilpotent algebras admitting
hypercomplex structure, despite the lack of a general classification.

As an example of an algebraic constraints, which we discussed above, we can
cite the following general result by Goze and Remm [11] that a filiform Lie algebra
g (i.e. a nilpotent Lie algebra with the value of nil-index s(g) = dimg — 1) does not
admit any integrable complex structure. Later this result was extended to the class of
so-called quasi-filiform Lie algebras, i.e. nilpotent Lie algebras with s(g) = dimg—2
[9]. An important role in the last proof was played by the classification of all naturally
graded quasi-filifrom Lie algebras [10].

In this article we prove a general estimate (18):

codimg* = dimg — dim g, [g,[g,g]]] > 5.

From this estimate one can deduce the main result of [11] as a corollary.

The main purpose of this article is to study nilpotent algebras admitting (non-
abelian) complex structures in high (arbitrary) dimensions. This requires a stock of ex-
amples of such algebras. As suitable examples we propose to study positively graded
Lie algebras. On the one hand it is more easy to study them (cohomology computa-
tions) on the other hand they have quite interesting properties. In addition, any nilpotent
algebra can be obtained as a special deformation of a positively graded Lie algebra.

The Theorem 6.1 claims that for the maximal value s(2n) of nil-index s(g) of
2n-dimensional nilpotent Lie algebras g admitting a complex structure we have the

following estimates (25):

4
[?n] <s(2n) <2n-2.

It follows from [15] that s(6) = 4. It appears possible to prove that s(8) = 5 and improve
the estimates (25) for higher dimensions.

1. Nilpotent Lie algebras
The sequence of ideals of a Lie algebra g

g'=go¢*=[gg]>...0d=gg

is called the descending central sequence of g.
A Lie algebra g is called nilpotent if there exists a natural number s(g) such
that:
@@+ — g, @] =0, ¢® =0
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s(g) is called the nil-index of the nilpotent Lie algebra g and g is called s(g)-step
nilpotent Lie algebra. Thus one can regard an abelian Lie algebra as 1-step nilpotent.

EXAMPLE 1. The Heisenberg algebra by, 1 is defined by its basis x1,y1, . . . , Xk, Vk, 2
and the commutating relations:

[xi,yi]=zi=1,...,k

REMARK 1.1. In the sequel we will omit trivial relations [e;,e;] = 0 in the
definitions of Lie algebras.

The Heisenberg Lie algebra by is 2-step nilpotent.
Let consider the sequence of positive integers

a(g) = (a1(g),- - as(g)(9)) ,

where o
ai(g) =dim(g'/g"*"),i=1,...,s(g).

We have the following estimates on a;(g):
ai(g) =dim(g/[g,g]) > 2, ai(g) = 1,i=2,...,5(g).

DEFINITION 1.1. Let (my,ma,...,ms) be a sequence of positive integers. We
will call a nilpotent Lie algebra g of type (my,ma,...,my) if s(g) = s and

ai(g) = dimg' /gt =my,i=1,....5(g).
REMARK 1.2. Obviously

ai(g) + - +a(g) = dim(g/g" 1),k = 1,...,5(g).
It immediately follows, that we have the following estimate:

dimg = a(g) + - +ayg) = s(g) + 1.

DEFINITION 1.2. A finite dimensional nilpotent Lie algebra g is called filiform
ifs(g) =dimg—1.

REMARK 1.3. ALie algebra g is filiform if and only if it is of the type (2,1,1,...,1).

EXAMPLE 2. The Lie algebra mgy(n) that is defined by its basis ey, ez,...,e,
and the commutating relations:

[e1,ei] =€it1,i=2,...,n—1,

is obviously an example of a filiform Lie algebra.
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DEFINITION 1.3. A finite dimensional nilpotent Lie algebra g is called quasi-
Siliform if s(g) = dimg — 2.

Obviously a quasi-filiform Lie algebra g is either of type (3,1,...,1) or of type
(2,1,...,1,2,1,...,1) (the last case means that a;(g) = a,(g) = 2 for some positive
integer r,3 < r < 2n—2, and a;(g) = 1,i # 1,r). It was proved in [10] that r must to
be odd (apriori it is not evident). We will prove this assertion later as an elementary
corollary of Vergne’s calculation [17] of the two-cohomology H>(mq(n),R).

The direct sum of Lie algebras mo(n) @R provides us with a simplest possible
example of a quasi-filiform (n+1)-dimensional Lie algebra of the type (3,1,...,1).

The ideals g of the descending central sequence define a decreasing filtration
of the Lie algebra g

[gk7gl] c gk+l_

DEFINITION 1.4. The graded Lie algebra

gra =P (gro), (gra) =g" /g,
k=1

is called the naturally graded Lie algebra associated with g.

DEFINITION 1.5. A graded Lie algebra

a=P o [o00]C grrr-
k=1

is called naturally graded if there is an isomorphism @ : g — grg and ©(gi) = (grg)-

REMARK 1.4. Let g = @—19x be a finite dimensional naturally graded Lie
algebra then it is nilpotent and

dlmgk =ak(g)a k= 1,...,5(9)7 Ok = 0, k> S(g)+1

THEOREM 1.1 (M. Vergne [17]). Let g = @r=19x be a naturally graded n-
dimensional filiform Lie algebra then

1) ifn =2k + 1, then g is isomorphic to mo(2k +1);

2) if n = 2k, then g is isomorphic either to mo(2k) or to the Lie algebra m(2k),
defined by its basis ey, ... ey and commutating relations:
Jt+l,

le,ei] = eip1,i=2,...,2k—1; lej eans1—j] =(—1) T ex, j=2,...,k

REMARK 1.5. In the settings of the Theorem 1.1 the gradings of the algebras
mo(n), mj(n) are defined as g; = Span(ey,ez), 9; = Span(ej+1), i =2,...,n—1.

The first classification of naturally graded quasi-filiform Lie algebras was ob-
tained in [10] but there were some omissions in the classification list that were corrected
in [9].
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2. Lie algebra cohomology and central extensions

Let us consider the cochain complex of a Lie algebra g with dimg = n:

o, gx D A2(g) S An(g*) 50

where d : g* — A?(g*) is the dual mapping to the Lie bracket [,]: A’g — g,
and the differential d (that is a collection of d),) is a derivation of the exterior algebra
A*(g*) that continues d;:

d(p Am) =dp An+(=1)%Pp ndn, Vp,n e A*(g*).
The condition d? = 0 is equivalent to the Jacobi identity in g.

The cohomology of (A*(g*),d) is called the cohomology (with trivial coeffi-
cients) of the Lie algebra g and is denoted by H*(g). One can easily remark that H'(g)

is isomorphic to (g/[g,9])".
Let us define a family {V;g*} of subspaces in g*:
D) Vog* = {0},
2) Vig* = Kerdy, di f(X,Y) = f([X,Y]),
Vgt ={feg* dif e N(Viigh)}, [ >2.

{0} CVig* <+ S Vigh CViig* e ..

The first subspace Vig* is the annihilator of gz=[g7 g] and it is isomorphic to
the first cohomology H'(g). Supposing by induction that V;_;g* annihilates g’ one can
remark that d, f € A?(Vig*) iff d, f(X,Y) = f([X,Y]) vanishes forall X e gand Y € g’
(f annihilates the subspace g'). Hence V;g* is the annihilator of g‘t!. Also we have

a(g) = dimg! /g'*! = dimV, g% /Vig*.

Now the nilpotency condition for a Lie algebra g can be interpreted in a following
way: a non-abelian g is s-step nilpotent iff there exists a positive integer s such that
Vsg* = g* and Vy_1g* # g*.

Recall that an one-dimensional central extension of a Lie algebra g is an exact
sequence

of Lie algebras and their homomorphisms, in which the image of the homomorphism
K — g is contained in the centre of the Lie algebra g. An extension

0-K->Kepg—9g—0

corresponds to the cocycle ¢ € A%(g*), where the Lie bracket in K@g is defined by the
formula

[(A8), (1, h)] = (c(g,h), 8, 1)
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It can be checked directly that the Jacobi identity for this Lie bracket is equivalent to ¢
being cocycle and that to cohomologous cocycles correspond equivalent (in a obvious
sense) extensions.

If g is a Lie algebra of the finite dimension dimg = n defined by its basis
el,...,e, and the structure relations

n
[eivej] = ) chie,
k=1

then the algebra g from (1) can be defined by its basis &7, ..., €y, &, and the structure
relations

n
o 21,8 = Y chjer+c(@,8))enp1, 1 <i<j<nm
k=1

[éi,eni1]=0,i=1,...,n.

Vergne calculated H?(mq(n),R) [17], it is spanned by the following homoge-
neous basic cocycles:

k-2
el/\e”, {wzk“ = Z(—l)lezﬂ/\ezk’l’lﬁ <2k—-1< n}
1=0

For instance

3 5

05 = 2 ned, 7 = e ned —e3/\e4,m9 =’ ne’ —ned + et ne.

The total number of basic cocycles are equal to the number of positive odd integers that
are less or equal to n.

dimH2(mo(n),R) = [”;’l]

One can consider a one-dimensional central extension of mg(n) that corresponds to
cocycle my4 1. We will denote it by m(z,k*l (n).

PROPOSITION 2.1. The Lie algebra m%kil (n) is a naturally graded quasi-filiform
Lie algebra of the type (2,1,...,1,2,1,...,1) with ay_, (mék_l (n)) =2.

Proof. We have the following structure relations of m%k_l (n):

[El7gi] =gi+lai:27"'>n_la

3)

~ o~ ~ o~ ki~ ~ ~

(62,80 1] = —[€3,801 2] = -+ = (—=1)"[ek, €k+1] = €ns1,
ey € M ()2 and & e m¥*'(n)!. Hence &,,1 € m¥ ! (n)%~1. Also &y €
m%kil (n)zk—l. On the another hand ¢, commutes with all other elements, hence

mg* ™ (n)! = mo(n)!,i = 2k+2,...,n—2. -
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3. Integrability condition

DEFINITION 3.1. An almost-complex structure J on a Lie algebra g (i.e. J is a
linear endomorphism of g such that J* = —1) satisfying the integrability condition

“4) VX, JY]=[X,Y]+J[JX,Y]+J[X,JY],VX,Yeg
is called a complex structure on g.

EXAMPLE 3. Let us consider the direct sum hox 1 @R, where the one-dimensional
abelian R is spanned by w. One can define an operator J on hoi 1 @R:

Jxi=yi,Jyi=—xii=1,....k; Jz=w, Jw=—z.

J* = —1 and J satisfies the Nijenhuis condition. In fact J satisfies to an identity even
stronger than (4).

DEFINITION 3.2. An almost complex structure J on a Lie algebra g is said to
be an abelian complex structure iff

®) [JX,JY] =[X,Y],VX,Y € g.

Obviously if an almost complex structure satisfies (5) it satisfies the Nijenhuis
condition (4). J from Example 1 is an abelian complex structure. It was proved in [8]
that a real Lie algebra admitting an abelian complex structure has to be solvable.

Extending an almost complex structure J on the complexification g€ we have a

splitting
o“ =500,

where g(g_ri = {x— +iJx: x € g} are the eigen-space of the complexification of J corre-
sponding to the eigen-values +i. It is easy to see that:

1) J is integrable iff both ggi are (complex) subalgebras of gC;

2) J is an abelian complex structure iff ggi are abelian subalgebras of gC.

One can point out another one important case:

3) the eigen-spaces g(i:i of J are ideals of gC.

The last condition is equivalent to the following one:

(6) [JX,Y]=J[X,Y], VX,Y € g.

And it is the definition of a complex Lie algebra structure, i.e. (g,J) can be regarded
as a complex Lie algebra.

EXAMPLE 4. Let us consider a Lie algebra mo(n)R,n > 2 defined by its basis
X1,Y1,%2,Y2, - - -, Xn,yn and the structure relations:

[xl7'xi] = [yi7yl] =Xit+1, [xlvyi] = [y17xi] = VYi+1, i= 2,...,}’[—1.
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2n-dimensional Lie algebra mo(n)® is (n—1)-step nilpotent.
An almost complex structure J on mo(n)]R that is defined by Jy, =x;i=1,...,n
satisfies (6) and (mg(n)R,J) is isomorphic to the complex filiform Lie algebra mg(n).

Now we are going to start study of complex structures on nilpotent Lie alge-
bras. Let g a nilpotent Lie algebra with integrable complex structure J and {g/} its
descending central sequence.

An ideal g’ is not in general an invariant subspace with respect to J. One can
consider g/(J) = g/ +Jg' — the smallest J-invariant subspace of g containing g/. We
have a decreasing sequence of J-invariant subspaces

g'()=9 > () =[a.0]+J[g.0] ... o @) > {0}.
PROPOSITION 3.1 (S.Salamon, [15]).
['().6' (D] < a1 (V).
Proof. One can take arbitrary X;,X5,Y1,Y> € gl . Then
[X1 +JY1, X + Y] = [X1,X2] + [JV1,X2] + [ X1, JY2] + [JY),JY2].

The first three summands on the right part of the equality are obviously in g/*!. It fol-
lows from the integrability condition (4) that [JY,JY>] is in g’ +Jg' as all commutators
1,12, V71,2, [V1, Y] e g m

COROLLARY 3.1. A subspace g'(J) is a subalgebra in g(J) and an ideal in
o' =1 (J) forall I.

PROPOSITION 3.2 (S. Salamon, [15]).
g*(J) =[g.0] +J[o.0] £ =g'()).
Proof. Let assume that g?(J) = g, then exists 2 < jo < s(g) such that
¢’ =g, ') =e

It follows that [g,g] = [g/°(/),g/°(J)] < g/0+!(J) # g, the subspace g/o*!(J) is J-
invariant, hence J[g, g] = g/0*!(J) also. Combining these results we have an inclusion

g*(J) = [8,0] +J[g,0] c ¢ (J) # g
that contradicts to our initial assumption. O
4. Minimal models and complex structures

Given a Lie algebra g with an integrable complex structure J. One can consider its
conjugate J (we will keep the same notation for it) acting on g*.

JfX)=f(X),feg" Xeg.
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Proceeding to the complexification of J we have a splitting
(7) (g*)C — AI’O@AO’I,
where A0 = {f —iJf: feg*}and A% = {f+iJf : f € g*} are the eigen-spaces of

the complexification of J that correspond to the eigen-values +i respectively. Also we
have A0 = (g©)* and A! = (g€,)*.

—1

The splitting (7) induces a decomposition

A((e9)) = @ A,

p+q=k

where AP = AP((g€)*) @ AY((g%,)*) is the subspace of (p, q)-forms relative to J.
For a given subspace a C g let us denote by a®"" its annihilator in g*:

a™ ={feg*|f(X)=0,YX €a}.

Now one can consider an obvious lemma:

LEMMA 4.1. Let a and b be two subspaces of g then

db™™ = g A g*
if and only if [a,a] C b.
Proof. Let f € bt". Thendf € a®" A g*, or
df(X,Y)=f([X,Y]) =0,VX,Y € q,

if and only if, [X,Y] € b,VX,Y € a. O

COROLLARY 4.1. Let a be a subspace of a Lie algebra g. The ideal I{a®"")
generated by the annihilator a®™" in the exterior algebra A(g*) is d-closed

ann Ed

da™ ca™ A g
if and only if a is a Lie subalgebra of g.

Now we can view AV as the annihilator of the Lie subalgebra g© ; and applying
Corollary 4.1 rewrite again the integrability conditions:

1) (4) holds for an almost complex structure J iff
dAY0 c AZO @Al
2) the abelian property (5) holds for J iff

dAl.O c Al,l.
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3) J is a complex Lie algebra structure (6) iff
dA"0 < AP0,
Let us consider an increasing sequence of complex subspaces in A!0:

VOI’0 ={0} c Vll"(J c---C Vvl(’;)) =AY,

where
V0= (ig") A, 1=0,1,...,5(g).
REMARK 4.1. Vl1 Ois the subspace of closed holomorphic 1-forms.
PROPOSITION 4.1. Vll"O is the annihilator of g+ = g!*1())® + g€,
Proof.

ann
((6")E+5%)"" = (Via")Cn (@) = v/,
But in the same time
g g5 ="+t
because X +iJX € g&;, VX € (g't!)C. O

PROPOSITION 4.2. §' = (g")C+g%,=g/())C+g%, is a Lie subalgebra of gC,
moreover

[§.g1cg™".
Applying Lemma 4.1 and the previous two propositions we obtain
COROLLARY 4.2 ([15]).
dVll,O - Vllfi A (QC)*.
However we need to precise this statement
LEMMA 4.2.
®) av* e VL A (Vise)©.
Proof. Vll’o = (Vlg"‘)(C A A0 is a subspace in (Vlg"‘)(C and hence
av;* cd(Vig*)© < (Vie19%)° A (Vie1g%)©.

The intersection of two subspaces Vllj A (g©)* and (Vi_1g*)C A (Vi_1g%)C gives the
answer. O
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THEOREM 4.1 ([15]). A real nilpotent 2n-dimensional Lie algebra g admits an
integrable complex structure if and only if (g%)* has a basis {®',...0",®',...®"}
such that

do'tlel(o!,...0"), 1=0,...,n—1,

where I(®',... ") is an ideal in A*((g€)*) generated by @', ...

COROLLARY 4.3 ([15]). A nilpotent Lie algebra g admits an abelian complex
structure if and only if (g*)C has a basis {®',...@",®',...®"} such that

dot'e AM(0',.. .0, ®',...@"),i=0,...,n—1,
EXAMPLE 5. Define a graded Lie algebra B (n) = @]_,B; such that:
dim®B; =2,1=1,2,....n.

Let x;,y; denote basic elements in ®8; for / = 1,...,n. Then a Lie algebra structure of
B(n) is defined by:

[x1,01] =2, [,x] = eyl = x, [xoy] = oyl =y, 1=2,3,.0,n—1
One can define an abelian complex structure J:
Jxp=—y, Jyr=x,1=1,2,....n.
Taking 1-forms o/ = x/ +iy!, [ = 1,2,... we have

1
® do' =0, do® = E(DlAml,duP =@ A0?,...,do" = ®' A"

Obviously B(n) is n-step nilpotent Lie algebra and real 1-forms x!,y! x? are closed.
Moreover dimH! (B(n)) = by (B(n)) = 3.

REMARK 4.2. A complex structure J on a nilpotent Lie algebra g corresponding
to a basis {®',...@",®',...®"} of g* such that

dotle A (0',... 0, ®',...@"),i=0,...,n—1,

was called in [6] a nilpotent complex structure.

One can give an invariant definition of nilpotent complex structure.

DEFINITION 4.1 ([15]). An almost complex structure J on a Lie algebra g is
called (integrable) nilpotent complex structure if for all | = 1,...,s(g),

10 1,0 10 1,01
dvim ViAWV ev).

PROPOSITION 4.3. A nilpotent 2n-dimensional Lie algebra g admits a complex
Lie algebra structure, i.e. g can be regarded as a n-dimensional Lie algebra over C, if
and only if (¢*)C has a basis {®',... 0", ®',...®"} such that

dot'e A’ (0',.. @), i=0,...,n—1.
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Obviously an abelian complex structure and a complex Lie algebra structure are
examples of nilpotent complex structures. However there are examples of nilpotent Lie
algebras that admit only non-nilpotent complex structures.

EXAMPLE 6 (S. Salamon, [15]). Let us consider the 6-dimensional Lie algebra
ge.8 defined by its basis ey, ..., eq and structure relations:

[e1,e2] = e3, [e1,e3] = eu, [e2, €3] = €5, [e1,e4] = [e2,€5] = e6.
One can verify that an almost complex structure J on ge g defined by
Jey = —ex,Jer = ey, Jea = —es,Jes = ey, Je3 = eq,Jec = —e3,

is integrable and non-abelian.

1

Proceeding to the dual picture (taking the dual basis e',e?,...,e° of g¥,) we

have the following relations for the differentials of basic forms:

de' = 0, de* = 0, de’ = e /\327 de* = /\(33, de’ = e2/\e3, de® = e' ne* + 2 ne’.

Now let us consider the complexification ( ggg)* and complex forms

o' =e¢! +i€2, o =¢ +ies, o = +ied.
They are a basis of holomorphic forms Al’o(ggs) *,
Now one can verify the formulas

] 1 1
do' =0, do® = (1)1/\%(6)3—0)3), do® = ~(0' A& + @' A@?) — 50)1/\6)1.

One can generalize this example for an arbitrary even dimension dimg > 6.

EXAMPLE 7. ALie algebra €(n+1),n>3,: letwo,wpy1,x,y,l =1,3,4,...n,
be its basis. Structure constants are defined by:

[x17y1]=227 [xlvw2]=x37 [)’17W2]=)’37 [xl7xn]=[y17yn]=wn+17

(10
[Xl»xl]=[)’17yl]=xl+17[)’l’xl]=[x17)’l]=)’l+17 = 3,...71’!—1.

We define a complex structure J:
IJwy =wpi1,JWp1 = —wo,JJxp = =y, Jyr=x5, 1 =1,3,4,... n.

Taking 1-forms 0> = w1 +iw? o' = x' +iy!, [ = 1,3,4,...,n, we have

(11
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5. Integrable complex structures and algebraic constraints

Consider again the decreasing sequence of Lie subalgebras gk(J ):
(12) g=g'() 2’ > 2@ () > {0}.
We have already noted that the first inclusion in this sequence is strict, but this is not

necessarily so for the other inclusions.

Recall the example 6 of the 6-dimensional nilpotent Lie algebra g g endowed
with the non-abelian complex structure J. ge g is 4-step nilpotent and one can easily
remark that

865 2 058(J) = Gas(/) 2 o s(J) = {0},
where
0% 5(/)=Span(es.es,e5.¢6)=ga5(J), 9bs(J)=Span(es.e).
Let E denotes the total number of equalities in the sequence (12).
Obviously we have the following estimate:

(13) 2(s(g) —E) < dimg,

it follows from the fact that the dimension dim g*(J) decreases at each strict inclusion
at least by two.

PROPOSITION 5.1. Let g be a Lie algebra endowed by nilpotent complex struc-
ture. Then we have the following estimate on its nil-index:

(14) 5() < 5 dimg.

Proof. 1t follows that for a nilpotent complex structure J in the decreasing sequence

(12) all inclusions are strict, i.e. E = 0. The Example 5 shows that our estimate on nil-

index of nilpotent Lie algebras with nilpotent or abelian complex structures is sharp.
The estimate (14) of nil-index have not been discussed in [6], although it easily

follows from the arguments there. O

REMARK 5.1 ([6]). Another restriction imposed on the algebraic structure of g
by the existence of a nilpotent complex structure was the following estimate [6]:

bi(g) = dimg—dim|[g,g] > 3.

This estimate follows from the properties of the canonical basis ®',®', ..., ®", ®" in
(g*)C. Real and imaginary parts of ®' are linearly independent closed forms. If d®? =
0 then it evidently follows that b;(g) > 4. If d®?* # 0 one can choose @, such that
dw’ = o' A ®', but the 2-form @' A ®' is pure imaginary and hence the real part of @’
must to be closed, that gives us at least three linearily independent closed real 1-forms.

The complex Lie algebra structure J can be regarded as abelian complex struc-
ture as we have seen. But in order to have sharp estimates we have to precise our
estimates.
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PROPOSITION 5.2. If a real nilpotent Lie algebra g admits a complex Lie alge-
bra structure, then

1
(15) s(g) < Edimg—l, bi(g) = dimg —dim[g,g] > 4.
Proof. The 2n-dimensional real Lie algebra g can be regarded as a complex n-dimensional
Lie algebra and hence
1
s(g)<n—-1= idimg— 1.
Its first cohomology groupe H' (g) as a complex space has dimension at least 2. Hence

dimg — dim[g,g] = b1(g) > 4. The Lie algebra m(n) from Example 4 shows that
these estimates are sharp. O

As we have already noticed, the nil-index s(g) of even-dimesional real nilpo-
tent Lie algebra g can exceed the value %dim g if we have positive number E > 0 of
equalities in the sequence (12).

LEMMA 5.1. Letk>2 and
16 ') o) =) = =g 2 g ), p2 1,
where the first and the last inclusions are strict. Then
dimg“ P+ — dim gF*+P+2 > 2.
Proof. The condition (16) is equivalent to the dual one

1,0 10 _ 10 _ 10 1,0
ViieVir =V = —Vk+p<:Vk+p+l,k>2.

. 1,0 1,0 : 1 J1 1,0
Let us consider o € Vkv&p+1’(° ¢ Vk+p. Fix a base ®,...,0" of V;". Add

thereto new elements 0)%7 . 70052 (if necessary) to obtain a basis of V21’0. Continue this

process sequentially. In the last step we add 1-forms 0),1(7 .. ,(Di" € Vkl’0 such that the

whole set
1 J1 ol J2 1 Jk
OF, .., 0,0, @O, O

would form a basis of Vk] 0 1t follows from (4.2) that
dm:Q:m{A§{+...+m{1,\§{n+ Z ol nEL
A7) 2<m<k 1 <I<jim
(Din € Vrrlz’()v gffn € Vk+p7M(g*)(C7 1<m< ka I1<I< jm-

Consider two inclusions g c g?(J) C g. We recall that the second one is strict.
We choose a basis in the annihilator gz(J )*" and complete it (if necessary, i.e. o> #
g%(J)) to a whole basic of V;g. We denote the elements that we add by

1 r
€ly...,€].
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Remark that

1 J1 1 IR r
(0],...70)1 ,(0]7...70)1 3€15-44,€7,

is a basis of subspace Vi (g*)C. We denote by
e,l,e,%w..?eik, 2 <k<s(g),
linear independent 1-forms such that
Vig = Span(e}we%, ... ,e,{")@Vk,lg7 2 <k <s(g).
It is obvious that

Vi(a)® = .S‘panc(e,l(,e,%,...,e',i")(—BVk_l(g)C7 2 <k <s(g).

PROPOSITION 5.3. Cohomology classes [Q] and [Q] are linearly independent
inkerQpy p < H*(A*(Viy p(8%))), where the mapping in the cohomology

Prrp s H (N (Vg (%)) = H (%)),
is induced by the inclusion of exterior d-algebras
A* (Vi p(g%)%) = A*((6%)°)-

Proof. Among &},... &' there is at least one <‘,]f° that belongs to Vi ,(g*)C and does
not belong to Viy ,—1(g*)C (otherwise Q € A%(Viy p—1(g*)*) and hence ® € Vi, , (g*)©
which contradicts to our choice of ®).

We decompose &y, into a linear combination of basis vectors:

. Mitp ) J1 J1

0 __ . J r 4 =5

0= 3 Ajkepeli,+ > Argel+ Y B + > G,y
j=1 I<r<mg,1<q<k+p—1 t=1 s=1

There is Iy, 1 < Iy < ju, such that Ay x4, # 0. Hence
ko lo
Q = Ay s p®p° Ay, + 81, Ajpip #0.

The key observation is that in the expansion of Q there is no term proportional to (I)'If0 A

lo
Crip

. £
can not contain terms 0)10 Ne

. On the other hand, the expansion of an arbitrary coboundary dp,p € Vi, ,,(g"‘)(C

lo

_ko o
e p and ®,° A €ip because

dp € Az(Vk+p—1 (g*)(c)v pe Vk+p(g*)c~

Thus the cohomology classes [Q] and [Q] are linearly independent in ker @ . . O
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EXAMPLE 8. Consider again Example 6. In the first step we chose o', ®' as a
basis of Vi (ge.s)*. The kernel of the cohomology map induced by the inclusion

A(0'0") - A*((g55)°),

is one-dimensional and it is spanned by [@ A ®;] = —2i[e' A €?]. In the second step
VII 0 _ V21 0 and we added a new generator ¢ in order to kill the kernel ker @; :

i _
de® =e' A = Eml/\(ol.

The third step. We have a strict inclusion Vzl’O c V31’0 and and we took ®?, which

together with @! constitutes the basis of the subspace V3l"0‘ Thus the following equality
holds
do? =) =o' A,

The cocycles Q) = o' A e® and O = ®' A €3 are obviously linearly independent in

A*(0',®',¢). Anarbitrary 2-coboundary has the form a®' A ®', o e C. Hence coho-
mology classes [Q;] and [Q,] are linearly independent in ker @, in 2-cohomology and
they span this kernel. So we add new generators ®”, ®> and kill ker @s.

The last step. Again we have a strict inclusion V31’0 c V41 0 We add 3 and get
a basis ©', 02, @3 of A10:

The kernel of the cohomology map induced by the inclusion
Ao!,0',e, 0% ) _)Az((ggis)c)7
is5 one-dimensional and it is spanned by [Q3] = [0' A@*+®' A@?] = 2[e! A et +€% A
e’l.
] We see that
Q—Q3 =o' Ad' =d(-2i?).

So in this case 2-classes Q3 and Q3 are linearly dependent in ker@z. There is no
contradiction with Lemma 5.1, because we have the case of two consecutive strict
inclusions:
1,0 1,0 1,0
V, eV v,

O

PROPOSITION 5.4. Let g be a nilpotent Lie algebra endowed with an integrable
complex structure and dimg > 6. Then we have the following estimate:

(18) dimg —dimg* = dimg —dim g, [g. [g.0]]] = 5.
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Proof. Our assertion is necessary to prove only for Lie algebras g with the first Betti
number by (g) = 2 (for all other Lie algebras our inequality holds automatically). In
this case forms ', ®' span the space V;(g*)C and

do? =o' A8 ED eV (g*)C k>2,60 ¢ vy (g*)C.

IO ey (g"‘)(C then either ? is closed or @' A £(©) is proportional to ®! A @' which
is pure imaginary form and hence in this case the real part of @? has to be closed and it
condradicts to the assumption that b;(g) = 2.

We see that d&(0) = 0! AEM ED eV (g*)C.

Continuing step-by-step process, we get at the end two linearly independent
2-cocycles

o' AEE2 — ! A (0 +Bo' +1@'), @' AERD) = @' A (6’ +B0! +700"),
where de® = el Ae?, @' = e! +ie? and o, # 0. Hence
dimV3(g*)® —dimVa(g*)® > 2,
which means that dim g3 —dimg* > 2, Finally we have
(dimg —dimg?) + (dimg® — dimg®) + (dimg® — dimg*) > 5.
O

As an elementary corollary we get the result obtained by Goze and Remm [11]:

COROLLARY 5.1. A filiform Lie algebra g does not admit any integrable com-
plex structure.

Proof. 1t follows from the definition that for an arbitrary filiform Lie algebra g the
following equality holds on:

dimg—dimg*=2+1+1=4.

6. Main example

EXAMPLE 9. Define a positively graded Lie algebra D (n) = @}_,D; such that:

. L, I=2kI<n
d‘mgl(")z{ 2,1=2k-1,I<n.

Let vor_1,uo—; denote basic elements in Doy (1) and wy in Dy (n) respectively.
Then a Lie algebra structure of D (n) is defined by:
(19)

R uiﬂ-,i—i—an; ) . vj+1,j+l<n; 1_ Wi, l+i < ng
[viw] = { 0, ij>n DuI= Y0 Ty s = 0 s

We recall that indexes i,/ (index j) in (19) are taking odd (even) positive integer values.
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REMARK 6.1. ©(4) is isomorphic to the algebra ge g from the Example 6.

PROPOSITION 6.1. ©(n) is naturally graded nilpotent Lie algebra and

6m, n=4m,

6m+2, n=4m+l,
6m+3, n=4m+2,
6m+5, n=4m+3,

dim®(n) = , s(D(n)) =n.
Proof. It is easy to see that
D(n)? = [D(n),D(n)] = S_, 2.
Continue this process step-by-step we have that
D(n)" = [D(n), D))" =@, D1, m=2,....n.

Hence D (n)"/D(n)"+! = ®,,(n) that proves that D (n) is naturally graded. The for-
mulas for the dimension and nil-index can be easily verified. O

PROPOSITION 6.2. The positively graded (nilpotent) Lie algebras ©(4m) and
D (4m+1) admit complex structures.

Proof. Define an almost complex structure J on D (4m) by

(20) Jvarpr = g1, =0,1,....2m—1, Iwagyo = wagya, k=0,1,...,m—1.

The proof consists of verifying the integrability condition (4) for basic elements u, vi, wy,.
To define a complex structure on D (4m+1) one should add to (20) one relation:

21 JVami1 = Udma1s Judmp1 = —Vamy1.

!

Taking the duals #”,v”,w' one can define the following 1-forms fork=1,2,... ,m—1:

oy = w2 iy,
(22) @31 = T i
@s3pa = uH3 43,
It follows from (19) that
(23) du” = 2 viawl, dvP = Z waul, dw' = Z u AV,
it+j=r i+j=p i+ j=l

One can easily write out the formulae for the differentials d;:
24
do; =0, do, = —@ Ain?, dos = %(0)1/\632—6)1/\0)2) + %0)1/\6)1,
dog = —m Aiwt — (o)) /\iwz, dws = —; Aiw® — (Dzl\iw4 — 0)4/\1’w27
dwg = %(a)l AD5—@ AOs) + %(mzx\(m—é)z/\uu) + é(ml ADy—@®] AOy) + %0)2/\6)2,

cey
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O

Remark that the algebras ©(4m+2) and ® (4m+3) are odd-dimensional ones.

PROPOSITION 6.3. Graded Lie algebras ©(4m+2 @R and D (4m+3 @R are
(6m-+4)-dimensional and (6m+6)-dimensional respectively and they admit complex
structures defined by (20) and (21) with the additional relation

IWagro =1, Jt = —wap 0.

Obviously s(D(4m+2) ®R) = 4m+2 and s(D (4m+3) ®R) = 4m+3 because the new
generator t belongs to the centre of our algebra.

We proved the Theorem

THEOREM 6.1. Let s(2n) denotes the maximal value of nil-index s(g) of 2n-
dimensional nilpotent Lie algebra g that admits a complex structure. Then we have the
following estimates:

(25) [43711] <s(2n) <2n-2.

REMARK 6.2. It follows from [15] that s(6) = 4. But it appears possible to
improve the estimates (25) for dimensions 2n > 8.
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