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Abstract. We develop a general approach to study geometric flows on homogeneous spaces.
Our main tool will be a dynamical system defined on the variety of Lie algebras called the
bracket flow, which coincides with the original geometric flow after a natural change of
variables. The advantage of using this method relies on the fact that the possible pointed (or
Cheeger-Gromov) limits of solutions, as well as self-similar solutions or soliton structures,
can be much better visualized. The approach has already been worked out in the Ricci flow
case and for general curvature flows of almost-hermitian structures on Lie groups. This paper
is intended as an attempt to motivate the use of the method on homogeneous spaces for any
flow of geometric structures under minimal natural assumptions. As a novel application, we
find a closed G2-structure on a nilpotent Lie group which is an expanding soliton for the
Laplacian flow and is not an eigenvector.

1. Introduction

The aim of this work is to develop a general approach to study geometric flows on
homogeneous spaces which relies on the variety of Lie algebras. The approach has
been worked out in [34, 35] for the homogeneous Ricci flow, in [26] for Ricci solitons
on homogeneous spaces and in [36] for general curvature flows of almost-hermitian
structures on Lie groups (see Section 5 for a short overview on more applications).
This paper is intended as an attempt to motivate the use of the method on homogeneous
spaces for any geometric evolution under minimal natural assumptions.

We consider a geometric flow on a given differentiable manifold M of the form

t
γ t q γ t ,

where γ t is a one-parameter family of (tensor fields attached to) geometric structures
on M and γ q γ is an assignment of a tensor field on M of the same type associated to
geometric structures of a given class. Typically q γ is a curvature tensor, a Laplacian
or the gradient field of some natural geometric functional. Recall that a geometric
structure may be defined by a set of tensor fields γ (e.g. a almost-hermitian structures),
so in that case the geometric flow will consist of a set of differential equations, one for
each tensor. Our basic assumption is that the flow is invariant by diffeomorphisms, i.e.
q ϕ γ ϕ q γ for any ϕ Diff M .
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REMARK 1. However, in the case when a complex manifold M,J is fixed
and a flow for hermitian metrics or any other geometric structure γ on M,J is to be
considered, the tensor q and so the flow will be assumed to be only invariant by bi-
holomorphic maps of M,J rather than by diffeomorphisms of M. The symplectic
analogous assumption will be made for flows of compatible metrics on a fixed sym-
plectic manifold and its symplectomorphisms.

1.1. Geometric flows on homogeneous spaces

On a homogeneous space M G K, if we fix a reductive (i.e. Ad K -invariant) de-
composition g k p, then any G-invariant geometric structure on M is determined by
an Ad K -invariant tensor γ on p ToM. Therefore, by requiring G-invariance of γ t
for all t, the flow equation becomes equivalent to an ODE for a one-parameter family
γ t of Ad K -invariant tensors on the single vector space p of the form

(1)
d
dt

γ t q γ t .

Thus short-time existence (forward and backward) and uniqueness (among G-invariant
ones) of solutions are guaranteed. This is an advantageous feature, as for most of
the geometric flows studied in the literature, short-time existence and uniqueness of
solutions are still open problems in the noncompact general case.

A second assumption we make on the geometric structure is that for any fixed
γ, the orbit

(2) GL p γ

is open in the vector space T of all tensors of the same type as γ. Such orbit con-
sists precisely of those tensors which are non-degenerate in some sense. We note that
this holds for many classes of geometric structures, including Riemannian metrics,
almost-hermitian and G2 structures (see Example 1). Consider θ : gl p End T ,
the representation obtained as the derivative of the natural left GL p -action on tensors
(i.e. θ A γ : d

dt 0 e tA γ). If gl p gγ qγ is an Ad Gγ -invariant decomposition,
where Gγ GL p is the stabilizer subgroup at γ and gγ : A gl p : θ A γ 0 its
Lie algebra, then, for each tensor q T , there exists a unique linear operator

(3) Q : p p, Q qγ, such that q θ Q γ.

REMARK 2. In the complex case (see Remark 1), GL p must be replaced with

GL p,J : h GL p : hJ Jh ,

which is isomorphic to GLn C if dimM 2n, and with

Sp p,ω : h GL p : htJh J Sp n,R

in the symplectic case.
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Let γ t be a G-invariant solution on the homogeneous space M G K to the
geometric flow (1), starting at γ : γ 0 . Assume that G is simply connected and K
connected, so M is simply connected. Since γ t is nondegenerate, for each t there
exists h t GL p such that γ t h t γ (see (2)). This implies that, for each t, there
is an equivalence of geometric structures

ϕ t : M,γ t Gµ t Kµ t ,γ ,

where

µ t : h̃ t , h̃ t h̃ t 1 , h̃ t 1 , h̃ t : I 0
0 h t : g g,

a Lie bracket on the underlying vector space g isomorphic to the Lie bracket , of
g, Gµ t is the corresponding simply connected Lie group and Kµ t the connected Lie
subgroup of Gµ t with Lie algebra k. Indeed, the equivariant diffeomorphism ϕ t
defined by the Lie group isomorphism G Gµ t with derivative h̃ t satisfies that
γ t ϕ t γ. Note that for each t, the homogeneous space Gµ t Kµ t is equipped
with the Gµ t -invariant geometric structure determined by the fixed tensor γ.

A natural question arises: How does the family of Lie brackets µ t evolve?

1.2. Bracket flow

It follows from (3) that for each t, there exists a unique operator Qt qγ t such that
q γ t θ Qt γ t . We can now formulate our first main result (see Theorem 5 for a
more complete statement).

THEOREM 1. If h t GL p solves the ODE d
dt h t h t Qt , h 0 I, then

γ t h t γ and

(4)
d
dt

µ t δµ t
0 0
0 Qµ t , µ 0 , ,

where Qµ qγ is the operator defined by θ Qµ γ q Gµ Kµ,γ and δµ : gl g
Λ2g g is given by

δµ A : µ A , µ ,A Aµ , , A gl g .

Conversely, if µ t is a solution to (4) and h t GL p solves the ODE d
dt h t

Qµ t h t , h 0 I, then γ t h t γ and µ t : h̃ t , for all t.

Evolution equation (4) is called the bracket flow. A direct consequence of the
theorem is that the geometric flow solution γ t and the bracket flow solution µ t differ
only by pullback by time-dependent diffeomorphisms. Thus the maximal interval of
time T ,T where a solution exists is the same for both flows, so the bracket flow can
be used as a tool to study regularity questions on the flow (see Sections 4.2 and 4.3).
We prove for instance that the velocity of the flow q γ t must blow up at a finite-time
singularity (i.e. either T or T ) for any geometric flow.
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The previous theorem has also the following application on convergence, which
follows from the discussion given in Section 3.4, based on [34], on convergence of
homogeneous manifolds. Suppose that the class of geometric structures involved either
contains or determines a Riemannian metric gγ for each γ (e.g. almost-hermitian and
G2 structures).

COROLLARY 1. Assume that µ tk λ for some subsequence of times tk T .

(i) If there is a positive lower bound for the (Lie) injectivity radii of the G-invariant
metrics gγ tk on M G K, then, after possibly passing to a subsequence, the
Riemannian manifolds M,gγ tk converge in the pointed (or Cheeger-Gromov)
sense to Gλ Kλ,gγ , as k .

(ii) In the case of a Lie group M G, the hypothesis on the injectivity radii in part (i)
can be removed. Moreover, if either Gλ is compact or G is completely solvable,
then the geometric structures M,γ tk smoothly converges up to pull-back by
diffeomorphisms to Gλ,γ , as k .

We note that the limiting Lie group Gλ in the above corollary might be non-
isomorphic to G, and consequently in part (i), the limiting homogeneous space Gλ Kλ
might be non-homeomorphic to M.

1.3. Solitons

It is well known that a geometric structure γ on a differentiable manifold M will flow
self-similarly along a geometric flow t γ q γ , in the sense that the solution γ t
starting at γ has the form γ t c t ϕ t γ, for some c t R and ϕ t Diff M , if
and only if

q γ cγ LX γ, for some c R, X X M (complete),

where LX denotes Lie derivative. In analogy to the terminology used in Ricci flow
theory, we call such γ a soliton geometric structure.

REMARK 3. The diffeomorphisms ϕ t must be bi-holomorphims (resp. sym-
plectomorphisms) for flows of hermitian (resp. compatible) metrics or any kind of
geometric structures γ on a fixed complex (resp. symplectic) manifold (see Remark 1).

On homogeneous spaces, in view of the equivalence between any geometric
flow and the corresponding bracket flow given by Theorem 1, it is natural to also won-
der about self-similarity for bracket flow solutions. This leads us to consider Lie brack-
ets which only evolves by scaling: µ t c t , , for some c t R (see (23)). Our
second main result shows that this gives rise to soliton structures of an algebraic nature,
which are simpler to handle.
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THEOREM 2. For a simply connected homogeneous space G K,γ endowed
with a G-invariant geometric structure γ of type r,s , the following conditions are
equivalent:

(i) The bracket flow solution starting at , is given by

µ t c t , , for some c t 0, c 0 1.

(ii) The operator Q γ qγ such that θ Q γ q γ satisfies

(5) Q γ cI Dp, for some c R, D 0 0
0 Dp

Der g .

In that case, G K,γ is a soliton geometric structure with

q γ s r cγ LXDγ,

where XD denotes the vector field on G K defined by the one-parameter subgroup of
Aut G attached to the derivation D.

A homogeneous space G K,γ endowed with a G-invariant geometric structure
γ and a reductive decomposition g k p is said to be an algebraic soliton if condition
(5) holds. The concept of algebraic soliton has been very fruitful in the study of homo-
geneous Ricci solitons since its introduction in [28] (see also [36, 11, 41, 39] for the
symplectic curvature flow and Chern-Ricci flow cases). It is a useful tool to address the
existence problem for soliton structures, as well as to study their uniqueness, structure
and low-dimensional classification.

We use this approach to exhibit in Section 7 an expanding soliton closed G2-
structure on a nilpotent Lie group for the Laplacian flow introduced by R. Bryant in
[4]. As far as we know, this is the first example known of a Laplacian soliton which is
not an eigenvector (see [42] and the references therein).

2. Some linear algebra related to geometric structures

Let γ be a geometric structure on a differentiable manifold M, e.g. a Riemannian met-
ric, a complex structure, a symplectic structure, an almost-hermitian structure, a G2-
structure, etc. We also denote by γ the corresponding tensor field, or the set of tensor
fields, defining the geometric structure, i.e. a symmetric 2-tensor g, a 1,1 -tensor J, a
2-form ω, a tern γ ω,g,J such that ω g J , , a 3-form ϕ, etc., respectively.

After fixing a point p M and a basis e1, . . . ,en of the tangent space TpM,
we obtain a tensor γ γp on the vector space Rn TpM. As one can observe in
the examples above, the tensor γ is always non-degenerate in some sense: g is positive
definite, J2 I, ω is non-degenerate and ϕ is positive. Moreover, a common property
that is satisfied by all these geometric structures is that the orbit

(6) GLn R γ
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is open in the vector space T of all tensors of the same type as γ and consists precisely
of those tensors which are non-degenerate. This property will be assumed to hold for γ
in this paper. In particular,

(7) θ gln R γ T,

where θ : gln R End T is the representation obtained as the derivative of the
natural left GLn R -action on tensors h,γ h γ h 1 γ (i.e. θ A γ d

dt 0etA γ).
The Lie algebra of the stabilizer subgroup

Gγ : h GLn R : h γ γ ,

is given by
gγ : A gln R : θ A γ 0 .

It follows from (6) that the set of all nondegenerate tensors of the same type as γ is pa-
rameterized by the homogeneous space GLn R Gγ. We consider an Ad Gγ -invariant
subspace qγ gln R such that

gln R gγ qγ.

Since gh γ hgγh 1, we can set for simplicity qh γ : hqγh 1 for all h GLn R . By
(7) we have that

θ qγ γ T ;

moreover, for every tensor q T , there exists a unique operator Q qγ such that

(8) q θ Q γ.

By varying the point p, what one obtains is a tensor subbundle T T r,sM,
subbundles gγ and qγ of End T M T 1,1M such that End T M gγ qγ and a linear
map jγ : T qγ defined locally by θ jγ q γ q (i.e. jγ q Q if (8) holds). Note
that jγ is an isomorphism with inverse iγ : qγ T given by iγ Q : θ Q γ. It holds
that

(9) jh γ q h jγ h 1 q h 1, q T, h GLn R .

Let q q δ be a smooth tensor field on M associated to each geometric struc-
ture δ, of the same type as γ (i.e. q δ ,δ T ). It follows from (8) that for each γ, there
is a unique smooth 1,1 -tensor field Q γ jγ q γ on M, a section of the subbundle
qγ, such that at each point,

(10) q γ θ Q γ γ, Q γ qγ.

Assume now that the map δ q δ is diffeomorphism equivariant: q ϕ δ ϕ q δ
for any ϕ Diff M (e.g. any curvature tensor, or Laplacian associated to a geometric
structure, or the gradient field of any natural geometric functional). Then,

(11) Q ϕ γ dϕ 1Q γ dϕ,
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or equivalently at each point, Q h γ hQ γ h 1 for any h GLn R . Indeed, for
h : dϕ p we have that

θ Q ϕ γ h 1 γ θ Q ϕ γ ϕ γ q ϕ γ ϕ q γ
h 1 θ Q γ γ θ h 1Q γ h h 1 γ,

and so Q ϕ γ h 1Q γ h gh 1 γ qh 1 γ 0.

EXAMPLE 1. We now review each of the particular geometric structures men-
tioned at the beginning of the section.

(i) For a Riemannian metric γ g, by assuming that the fixed basis ei of Rn TpM
is orthonormal, we obtain that

T S 2 Rn , h g g h 1 ,h 1 , θ A g g A , g ,A ,

Gγ O n , gγ so n , qγ sym n : A gln R : At A .

Thus what condition (8) is asserting is simply that for any symmetric 2-tensor
q S 2 Rn , there exists a unique Q sym n such that q g 2Q , . For
example, if q g Rc g , the Ricci tensor of g, then Q g 1

2 Ric g , where
Ric g is the Ricci operator of g.

(ii) If γ J is a complex (or almost-complex) structure and dimM 2n, then

T gl2n R ,J , h J hJh 1, θ A J A,J ,

Gγ GLn C , gγ gln C , qγ A gl2n R : AJ JA .

(iii) For a symplectic structure γ ω, dimM 2n, we have that

T Λ2 R2n , h ω ω h 1 ,h 1 , θ A ω ω A , ω ,A ,

Gγ Sp n,R , gγ sp n,R , qγ A gl2n R : ω A , ω ,A .

(iv) An almost-hermitian (or hermitian, or almost-Kähler) structure γ ω,g,J , ω
g J , , dimM 2n, gives

T p,q,R Λ2 R2n S 2 R2n gl2n R ,J : p q J , g R , ,

h γ h ω,h g,h J , θ A γ θ A ω,θ A g,θ A J ,

Gγ U n , gγ u n , qγ q1 q2 q3,

where,
q1 : A gl2n R : At A, AJ JA ,

q2 : A gl2n R : At A, AJ JA ,

q3 herm n : A gl2n R : At A, AJ JA .
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We note that the following decompositions also hold:

sp n,R u n q1, so 2n u n q2, gln C u n q3,

Note that dimq1 n2 n, dimq2 n2 n, dimq3 n2 and so dimT dimqγ
3n2. According to (8), for each p,q,R T there exists a unique operator Q
Q1 Q2 Q3 qγ, Qi qi, such that

p θ Q ω θ Q2 Q3 ω, q θ Q g θ Q1 Q3 g,

R θ Q J θ Q1 Q2 J.

(v) A G2-structure on a 7-dimensional differentiable manifold M is a 3-form ϕ which
can be written on each tangent space as

ϕ e127 e347 e567 e135 e146 e236 e245,

with respect to some basis e1, . . . ,e7 of R7 TpM. Here ei jk : ei e j ek

and ei is the dual basis of ei . By varying the basis, one obtains the open orbit
GL7 R ϕ Λ3 R7 of positive 3-forms. Thus for a G2-structure γ ϕ, n 7
and

T Λ3 R7 , h ϕ ϕ h 1 ,h 1 ,h 1 ,

θ A ϕ ϕ A , , ϕ ,A , ϕ , ,A ,

Gγ G2 Aut O , gγ g2, qγ q1 q7 q27,

where q1 RI is the one-dimensional trivial representation of g2, q7 is the (7-
dimensional) standard representation and q27 is the other fundamental represen-
tation of g2, which has dimension 27 (see [24]). It follows that

so 7 g2 q7, sym 7 q1 q27, q27 sym0 7 ,

where sym0 7 : A sym 7 : trA 0 .

(vi) One may also fix a complex manifold M,J rather than a differentiable mani-
fold and consider a hermitian metric γ g on M,J . In this case, dimM 2n,
GLn C plays the role of GLn R in the previous cases, in particular in property
(11), and we have that

T g S 2 R2n : g J ,J g , Gγ U n ,

gln C gγ qγ, gγ u n , qγ herm n .

The assignment δ q δ above, which will be used to define a geometric flow, is
therefore assumed to be invariant by bi-holomorphic maps of M,J rather than
by diffeomorphisms of M (see Section 6 for an application in the complex case).
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(vii) The symplectic analogous to part (vi) consists in fixing a symplectic manifold
M,ω and consider a compatible metric γ g, giving rise to an almost-Kähler

manifold M,ω,g . If dimM 2n, then the group involved is now Sp n,R and

T g S 2 R2n : ω g J , implies J2 I , Gγ U n ,

sp n,R gγ qγ, gγ u n , qγ q1,

where q1 is as in part (iv). The assignment δ q δ is here assumed to be
invariant by symplectomorphisms of M,ω .

3. The space of homogeneous spaces

Our aim in this section is to describe a framework developed in [34] in the Riemannian
case, which allows us to work on the ‘space of homogeneous manifolds’, by parame-
terizing the set of all homogeneous spaces of dimension n and isotropy dimension q by
a subset Hq,n of the variety of q n -dimensional Lie algebras.

A connected differentiable manifold M is called homogeneous if there is a Lie
group G acting smoothly and transitively on M. Each transitive Lie group G (which can
be assumed to be connected) gives rise to a presentation of M as a homogeneous space
G K, where K is the isotropy subgroup of G at some point o M. Conversely, any
closed subgroup K G of a Lie group G defines a homogeneous manifold M G K
with isotropy subgroup at the origin o : eK G K given by Go K.

Consider an Ad K -invariant direct sum g k p, where g and k are respectively
the Lie algebras of G and K. This is called a reductive decomposition, its existence is
for instance guaranteed by the (relative) compactness of Ad K (e.g. if G K admits
a G-invariant Riemannian metric) and is in general non-unique. Note that p can be
naturally identified with the tangent space

p ToM ToG K,

via the derivative dπ e : g ToG K of the natural projection π : G G K. This is
equivalent to take the value at the origin o of the Killing vector fields corresponding to
elements of p (i.e. Xo

d
dt 0 exp tX o for any X p).

Any homogeneous space G K will be assumed to be almost-effective for sim-
plicity, i.e. the normal subgroup g G : ghK hK, h G K is discrete.

3.1. Varying Lie brackets viewpoint

Let us fix a q n -dimensional real vector space g together with a direct sum decom-
position

(12) g k p, dimk q, dimp n.

The space of all skew-symmetric algebras (or brackets) of dimension q n is parame-
terized by the vector space

Λ2g g µ : g g g : µ bilinear and skew-symmetric .
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DEFINITION 1. We consider the subset Hq,n Λ2g g, or more precisely
Hg k p if preferred, of those brackets µ such that:

(h1) µ satisfies the Jacobi condition, µ k,k k and µ k,p p.

(h2) If Gµ denotes the simply connected Lie group with Lie algebra g,µ and Kµ is
the connected Lie subgroup of Gµ with Lie algebra k, then Kµ is closed in Gµ.

(h3) Z k : µ Z,p 0 0.

It follows from (h1) and (h2) that each µ Hq,n defines a unique simply con-
nected homogeneous space,

(13) µ Hq,n Gµ Kµ,

with reductive decomposition g k p. It is almost-effective by (h3). We note that any
n-dimensional simply connected homogeneous space G K which is almost-effective
and admits a reductive decomposition can be identified with some µ Hq,n, where
q dimK. Indeed, G can be assumed to be simply connected without losing almost-
effectiveness, and we can identify any reductive decomposition with g k p at a
vector space level. In this way, µ will be precisely the Lie bracket of g.

There is a natural linear action of GL g on Λ2g g given by

(14) h µ X ,Y hµ h 1X ,h 1Y , X ,Y g.

Note that h is precisely an isomorphism between the Lie algebras g,µ and g,h µ . If
µ Hq,n, then h µ Hq,n for any h GL g leaving k and p invariant (i.e. h GL k
GL p ). In that case, the isomorphism ϕ : Gµ Gh µ with derivative dϕ e h satisfies
that ϕ Kµ Kh µ and so it defines an equivariant diffeomorphism

(15) ϕ : Gµ Kµ Gh µ Kh µ, ϕ aKµ : ϕ a Kh µ.

Concerning the question of what kind of subset of Λ2g g the space Hq,n is,
we note that condition (h1) is closed as it is defined by polynomial equations on µ. On
the contrary, (h3) is open and (h2) may impose very subtle conditions on µ (see [34,
Examples 3.4, 3.6]). Note that Hq,n is a cone, i.e. invariant by nonzero scaling.

EXAMPLE 2. If q 0, then conditions (h2) and (h3) trivially hold and (h1)
is just the Jacobi condition for µ. Thus H0,n Ln, the variety of n-dimensional Lie
algebras, and the set Gµ : µ Ln parameterizes the set of all simply connected Lie
groups of dimension n.

3.2. Invariant geometric structures

Any G-invariant geometric structure on a homogeneous space M G K with reductive
decomposition g k p is determined by a tensor, or a set of tensors, γ on p ToM
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which is Ad K -invariant. This means that Ad k p γ γ for any k K, or equiva-
lently if K is connected, θ adZ p γ 0 for all Z k (see Section 2 for the notation). If
G K is not reductive, then one can work with the identification g k ToM, though there
will always be a reductive decomposition as soon as a Riemannian metric is involved
in some way in the geometric structure γ.

If in addition to the connectedness of K we assume that G is simply connected
(in particular, G K is simply connected), then we can apply (11) to the equivariant
diffeomorphism ϕ defined by the automorphism Ad k Aut g Aut G . Since
ϕ γ γ, we obtain that the operator Q γ End p attached to any G-invariant ten-
sor field q γ satisfies Ad k p,Q γ 0 for each k K, or equivalently,

(16) adZ p,Q γ 0, Z k.

In order to study invariant geometric structures on homogeneous manifolds, we
can therefore fix a tensor γ on p in addition to the vector space decomposition fixed in
(12) and consider the following extra condition:

(h4) γ is adµ k-invariant (i.e. θ adµ Z p γ 0 for all Z k, or equivalently, adµ k p gγ).

If we consider the subset of Hq,n given by

(17) Hq,n γ : µ Hq,n : condition (h4) holds true forµ ,

then each µ Hq,n γ now defines a unique (almost-effective and simply connected)
homogeneous space endowed with an invariant geometric structure,

(18) µ Hq,n γ Gµ Kµ,γµ ,

with reductive decomposition g k p and

γµ o γ, µ Hq,n γ .

Indeed, it follows from (h4) that γ is Ad Kµ -invariant as Kµ is connected and thus
the geometric structure γµ is Gµ-invariant. Gµ Kµ,γµ will be sometimes denoted by
Gµ Kµ,γ , as the whole ‘linear algebra’ part of γµ has been fixed.

REMARK 4. The complex and symplectic cases mentioned in Remarks 1, 2
and 3 can be treated in this section as special cases of almost-hermitian structures, by
adding to the definition of Hq,n γ the condition of integrability of Gµ Kµ,J ,

(h5-J) µp JX ,JY µp X ,Y Jµp JX ,Y Jµp X ,JY , for all X ,Y p,

in the complex case, and the condition dµω 0, where dµ is the differential of forms
on the manifold Gµ Kµ, in the symplectic case, which is equivalent to

(h5-ω) ω µp X ,Y ,Z ω µp Y,Z ,X ω µp Z,X ,Y 0, for all X ,Y,Z p.
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The group GL k Gγ, where Gγ GL p is the stabilizer subgroup of γ (with
Lie algebra gγ), leaves the set Hq,n γ invariant and for any h hk,hp GL k Gγ,
µ Hq,n γ , one obtains that the equivariant diffeomorphism

(19) ϕ : Gµ Kµ,γµ Gh µ Kh µ,γh µ ,

defined in (15) is an equivalence of geometric structures, that is, γµ ϕ γh µ. This
follows from the invariance of the structures and the fact that ϕ γ γ at the origins
(recall that dϕ o hp Gγ). In that case, any tensor field q defined for this kind of
geometric structures will satisfy that

(20) q γh µ hp q γµ , Qh µ hpQµh 1
p , h hk,hp GL k Gγ,

where Qµ qγ End p is the operator defined by

(21) θ Qµ γ q Gµ Kµ,γµ .

The statement on Q can be proved in much the same way as (11) by using that hp γ γ
as follows:

θ Qh µ γ q γh µ hp q γµ hp θ Qµ γ θ hpQµh 1
p hp γ θ hpQµh 1

p γ,

and so Qh µ hpQµh 1
p gγ qγ 0.

Recall from (19) that, geometrically, the orbit GL k Gγ µ Hq,n γ does
not bring anything new. The following result gives a useful geometric meaning to
the action of a subset of GL g on Hq,n γ , which is much larger than the subgroup
GL k Gγ.

PROPOSITION 1. Given µ Hq,n γ and h hk,hp GL k GL p , it holds
that h µ Hq,n γ if and only if

(22) hp adµ k ph 1
p gγ.

In that case, Gh µ Kh µ,γh µ is equivalent to Gµ Kµ,hpγ .

Proof. We have that h µ Hq,n γ if and only if adh µ k p hp adµ k ph 1
p gγ. The

equivalence is provided by the equivariant diffeomorphism defined in (15) (recall that
hpγ h 1

p γ).

COROLLARY 2. The subset

h µ : h hk,hp GL k GL p , hp satisfies condition (22) Hq,n γ ,

parameterizes the set of all Gµ-invariant geometric structures of the same class as γ on
the homogeneous space Gµ Kµ up to equivariant equivalence.

Assume that γ is an r,s -tensor field, i.e. r-times covariant and s-times con-
travariant (e.g. a Riemannian metric is a 2,0 -tensor field). It follows that

cI γ cs rγ, θ I γ s r γ.
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By setting h : I, 1
c I GL k GL p , c 0, we obtain from Proposition 1 that the

rescaled Gµ-invariant geometric structure cs rγµ on Gµ Kµ is equivalent to the element
of Hq,n γ defined by c µ : I, 1

c I µ, that is,

(23) c µ k k µ, c µ k p µ, c µ p p c2µk cµp,

where the subscripts denote the k- and p-components of µ p p given by

(24) µ X ,Y µk X ,Y µp X ,Y , µk X ,Y k, µp X ,Y p, X ,Y p.

The R -action on Hq,n γ , µ c µ, can therefore be considered as a geometric scaling:

Gc µ Kc µ,γ is equivalent to Gµ Kµ,cs rγ .

Given any µ Hq,n, if we define λ Hq,n by λ k g : µ, λ p p : 0 (note that
conditions (h1)-(h3) also hold for λ), what we obtain is the Euclidean space

Gλ Kλ K Rn K Rn,

for some closed subgroup K GLn R . Note that λ lim
c 0

c µ, so this can be viewed as

Gc µ Kc µ,γ converging in the pointed sense to the (flat) geometric structure Rn,γ ,
as c 0 (see Section 3.4).

3.3. Degenerations and pinching conditions

An elementary but crucial observation is that any kind of geometric quantity associ-
ated to the manifold Gµ Kµ,γ depends continuously on the Lie bracket µ Hq,n γ
Λ2g g. This can be used to study pinching curvature properties as follows.

DEFINITION 2. Given µ,λ Hq,n γ , we say that µ degenerates to λ, denoted
by µ λ, if λ belongs to the closure of the subset

h µ : h hk,hp GL k GL p , hp satisfies condition (22) Hq,n γ ,

relative to the usual vector space topology of Λ2g g.

The geometric meaning of the above subset of Hq,n γ has been explained in
Corollary 2.

PROPOSITION 2. If µ λ, µ,λ Hq,n γ , and Gλ Kλ admits a Gλ-invariant
geometric structure satisfying a strict pinching curvature condition, then there is also
a Gµ-invariant structure on Gµ Kµ for which the same pinching curvature condition
holds.

Proof. If µ λ, then there is a sequence hk GL k GL p with hk p satisfying
(22) such that hk µ λ, as k . The pinching curvature condition will therefore
hold for Ghk µ Khk µ,γ for sufficiently large k, which implies that it holds for the
corresponding equivalent (see Proposition 1) invariant structure hk pγ on Gµ Kµ for
sufficiently large k, concluding the proof.
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3.4. Convergence

We follow the lines of the article [34] about convergence of homogeneous manifolds.
In order to derive natural notions of convergence, of a sequence Mk Gk Kk,γk of
homogeneous spaces endowed with a geometric structure, to a homogeneous space
M G K,γ , we start by requiring the existence of a sequence Ωk M of open

neighborhoods of the origin o M together with embeddings φk : Ωk Mk such
that φk o o and φk γk γ smoothly as k . This means that the tensor field
φk γk γ and its covariant derivatives of all orders with respect to some fixed Rieman-
nian metric on M each converge uniformly to zero on compact subsets of M eventually
contained in all Ωk. Equivalently, for a chart contained in all Ωk for sufficiently large
k, the partial derivative α γk J of the coordinates γk J of the tensor fields converge to

αγJ uniformly, as k , for any multi-indices α and J. According to the different
conditions one may require on the size of the Ωk’s, we have the following notions of
convergence in increasing degree of strength:

• infinitesimal: no condition on Ωk, it may even happen that Ωk o . So
φk γk γ smoothly as k at p, in the sense that for any ε 0, there exists
k0 k0 ε such that for k k0,

sup
Ωk

∇ j φk γk γ ε, j Z 0.

The infinitesimal convergence of homogeneous manifolds is somewhat weak,
notice that actually only the germs of the geometric structures at o are involved.
It is possible that all manifolds Mk, M be pairwise non-homeomorphic. In the
case when the geometric structure contains a Riemannian metric (e.g. almost-
hermitian structures) or univocally determines one (e.g. G2-structures), the cor-
respondence sequence Mk,gk has necessarily bounded geometry by homogene-
ity (i.e. for all r 0 and j Z 0, sup

k
sup

Bgk 0,r
∇ j

gk Rm gk gk ). However, the

injectivity radius of the Riemannian manifolds Mk,gk may go to zero.

• local: Ωk stabilizes, i.e. there is a nonempty open subset Ω Ωk for every k suf-
ficiently large. Again, if a Riemannian metric is involved in the geometric struc-
ture, then there is a positive lower bound for the injectivity radii inj Mk,gk,o ,
which is often called the non-collapsing condition.

• pointed or Cheeger-Gromov: Ωk exhausts M, i.e. Ωk contains any compact sub-
set of M for k sufficiently large. We note that in the homogeneous case, the
location of the basepoints play no role, neither in the pointed convergence nor in
the bounds considered in the items above, in the sense that we can change all of
them by any other sequence of points and use homogeneity. However, topology
issues may still arise at this level of convergence.

• smooth (up to pull-back by diffeomorphisms): Ωk M and φk : M Mk is
a diffeomorphism for all k. Thus φk γk converges smoothly to γ uniformly on
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compact sets in M. This necessarily holds for any sequence which is convergent
in the pointed sense if M G K is compact.

It follows at once from the definitions that these notions of convergence satisfy:

smooth pointed local infinitesimal.

None of the converse assertions hold for homogeneous Riemannian manifolds
(see [34]). However, in the case when a Riemannian metric is involved, it is worth
noticing that local convergence implies bounded geometry and non-collapsing for the
sequence of metrics gk associated to the geometric structures γk, and thus there must
exist a pointed convergent subsequence to a complete Riemannian manifold N,g by
the Compactness Theorem (see e.g. [51]). In [42, Section 7], the authors study pointed
convergence of G2-structures and prove a compactness result.

We may also consider convergence of the algebraic side of homogeneous spaces.
Recall from Section 3.2 the space Hq,n γ of Lie algebras parameterizing the set of
all n-dimensional simply connected homogeneous spaces with q-dimensional isotropy
endowed with an invariant geometric structure, which inherits the usual vector space
topology from Λ2g g. We shall always denote by µk λ the convergence in Hq,n γ
relative to such topology.

The following result can be proved in much the same way as [34, Theorem
6.12,(i)]. We take this opportunity to make the following corrigenda: [34, Theorem
6.12,(ii)] is false and in [34, Corollary 6.20], parts (ii)-(v) each follow from part (i), but
none of the converse assertions is true.

THEOREM 3. If µk λ in Hq,n γ , then Gµk Kµk ,γ converges to Gλ Kλ,γ
in the infinitesimal sense.

The converse does not hold in the Riemannian case (see [34, Remark 6.13]).
As some sequences of Aloff-Walach spaces show (see [34, Example 6.6]), in order to
get the stronger local convergence from the usual convergence of brackets µk λ, it is
necessary (and also sufficient) to require an ‘algebraic’ non-collapsing type condition.

DEFINITION 3. The Lie injectivity radius of a Riemannian homogeneous space
Gµ Kµ,g is the largest rµ 0 such that

πµ expµ : B 0,rµ Gµ Kµ,

is a diffeomorphism onto its image, where expµ : g Gµ is the Lie exponential map,
πµ : Gµ Gµ Kµ is the usual quotient map and B 0,rµ denotes the euclidean ball of
radius rµ in p relative to the fixed inner product , g o .

We note that expµ is in general quite different from the Riemannian exponential
map, unless the homogeneous space is naturally reductive.

The following is the analogue to [34, Theorem 6.14, (ii)] and can be proved
similarly.
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THEOREM 4. Assume that the geometric structures involved either each con-
tains or determines a Riemannian metric. Let µk be a sequence such that µk λ in
Hq,n γ , as k , and suppose that inf

k
rµk 0, where rµk is the Lie injectivity radius

of Gµk Kµk ,g . Then, Gµk Kµk ,γ converges to Gλ Kλ,γ in the local sense.

COROLLARY 3. Under the hypothesis of the previous theorem, there exists a
subsequence of Gµk Kµk ,g which converges in the pointed sense to a homogeneous
Riemannian manifold locally isometric to Gλ Kλ,g .

The limit for the pointed subconvergence may depend on the subsequence, as
a certain sequence of alternating left-invariant metrics on S3 (Berger spheres) and
SL2 R shows (see [34, Example 6.17]).

4. Geometric flows

We consider a geometric flow of the form

t
γ q γ ,

where γ γ t is a one-parameter family of geometric structures on a given differen-
tiable manifold M and q γ is a tensor field on M of the same type as γ associated to
each geometric structure of a given class. Usually q γ is a curvature tensor, a Lapla-
cian or the gradient field of some natural geometric functional. Recall that a geometric
structure may be defined by a set of tensor fields γ (e.g. an almost-hermitian structure),
so in that case the geometric flow will consist of a set of differential equations, one for
each tensor.

Assume first that short-time existence and uniqueness of the solutions hold,
which is usually the case for M compact. Our basic assumption is that the flow is in-
variant by diffeomorphisms, i.e. q ϕ γ ϕ γ for any ϕ Diff M . In the case of flows
of hermitian (resp. compatible) metrics on a fixed complex (resp. symplectic) mani-
fold, it is enough to assume that q is invariant by the group of all bi-holomorphic maps
(resp. symplectomorphisms) rather than by the whole group Diff M . Any solution
γ t starting at a G-invariant geometric structure on a homogeneous space M G K
will therefore remain G-invariant for all t. Indeed, ϕ γ t is also a solution for any
ϕ G starting at ϕ γ 0 γ 0 and hence ϕ γ t γ t for all t by uniqueness. Con-
sequently, if we fix a reductive decomposition g k p of G K as in Section 3.2, then
the flow equation is equivalent to an ODE for a one-parameter family γ t of Ad K -
invariant tensors on p of the form

(25)
d
dt

γ t q γ t .

Alternatively, without assuming short-time existence for the original flow, one
can require G-invariance of γ t for all t and obtain in this way short-time existence
and uniqueness of the solutions in the class of G-invariant structures. Recall that the
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set of all non-degenerate structures on p is parameterized by the homogeneous space
GL p Gγ for any fixed γ among them, and the subset of those which are Ad K -
invariant is a submanifold of it. As the 1,1 -tensor field Q defined by q is tangent to
this submanifold by (16), the solution γ t to (25) stays Ad K -invariant for all t. If
the uniqueness of solutions at least holds within a class of structures containing the G-
invariant or homogeneous ones, as for the set of complete and with bounded curvature
metrics in the Ricci flow case (see [6]), then this would imply, in turn, the G-invariance
since the solution must preserve any symmetry of the initial geometric structure by
arguing as above .

In any case, short-time existence (forward and backward) and uniqueness (among
G-invariant ones) of the solutions are guaranteed. The need for this circular argument
is due to the fact that for most of the geometric flows studied in the literature, unique-
ness of a solution is still an open problem in the noncompact general case, even for the
Ricci flow (see [5]).

4.1. Bracket flow

Let G K be a simply connected homogeneous space (G simply connected and K con-
nected) with reductive decomposition g k p. Let γ t be a solution to the geometric
flow (25) starting at γ : γ 0 . Since γ t is nondegenerate (see (6)), we have that

γ t GL p γ, t.

If say, γ t h t γ, for h t GL p , then for each t, the geometric structure G K,γ t
is equivalent to Gµ t Kµ t ,γ , where

µ t : I 0
0 h t , Hq,n γ ,

by arguing as in (19). The following natural question arises:

How does the flow look on Hq,n γ ?

More precisely,

what is the ODE a curve µ t Hq,n γ must satisfy in order to yield a
solution Gµ t Kµ t ,γ to the flow (25) up to pullback by time-dependent
diffeomorphisms?

REMARK 5. Recall from Example 1, (vi) and (vii) that GL p is replaced with
GL p,J GLn C or Sp p,ω Sp n,R in the complex and symplectic cases, re-
spectively.

It follows from (10) that for each t, there exists a unique operator Q t :
Q γ t qγ t End p such that

(26) q γ t θ Q t γ t .
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Consider the solution h t GL p to the ODE system

(27)
d
dt

h t h t Q t , h 0 I,

which is defined on the same interval of time as γ t . If we set γ t : h t 1 γ, and
h t : d

dt h t , then it is easy to see that

d
dt

γ t θ h t 1h t h t 1 γ θ Q t γ t .

Thus γ t and γ t , as curves in the differentiable manifold GL p Gγ GL p γ T
of nondegenerate tensors of the same type as γ (see Section 2), satisfy the same ODE
(see (25) and (26)). Since γ 0 γ 0 γ, they must coincide by uniqueness of the
solution. Thus

(28) γ t h t 1 γ h t γ,

where h t is the family of invertible maps obtained in (27). In the light of the approach
proposed in Section 3, this implies that if we consider the family of Lie brackets

µ t : h̃ t , , h̃ t : I 0
0 h t : g g,

where , is the Lie bracket of g, then µ t Hq,n γ for all t by Proposition 1 (recall
that γ t h t γ is G-invariant) and the equivariant diffeomorphism defined in (19),

ϕ t : G K,γ t Gµ t Kµ t ,γ ,

is an equivalence between geometric structures (i.e. ϕ t γ γ t ). In particular, by
(20), q γ t h t q γ , or equivalently, Qµ t h t Q t h t 1, where Qµ is defined
as in (21). Thus h t Qµ t h t , and since d

dt µ t δµ t h̃ t h̃ t 1 (see the
computation of d

dt λ in the proof of [35, Theorem 3.3]), we obtain that the family µ t
Λ2g g of brackets satisfies the following evolution equation, called the bracket flow:

(29)
d
dt

µ t δµ t
0 0
0 Qµ t , µ 0 , ,

where δµ : End g Λ2g g is minus the derivative of the GL g -action (14) and
it is given by

(30) δµ A : µ A , µ ,A Aµ , , A End g .

The bracket flow is therefore the answer to the questions formulated at the be-
ginning of the section. Equation (29) is well defined since Qµ can be computed for any
µ Λ2g g, not only for µ Hq,n γ (Qµ is usually polynomial on µ). However, as the
following lemma shows, this technicality is only needed to define the ODE.
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LEMMA 1. The set Hq,n γ is invariant under the bracket flow, in the sense that
if µ0 Hq,n γ , then the bracket flow solution µ t Hq,n γ for all t where it is defined.
Furthermore,

µ t Z,X µ0 Z,X , Z k, X g,

i.e. only µ t p p is actually evolving.

Proof. We must check conditions (h1)-(h3) in Definition 1 and condition (h4) at the
beginning of Section 3.2 for µ µ t . We first note that for each µ, the field defined as
the right hand side of (29) is tangent to the differentiable submanifold H µ Λ2g g,
where

H : I 0
0 GL p GL g .

Thus such a field is tangent to H µ0 at every point µ H µ0, and so its integral curve
µ t H µ0 for all t. This implies that condition (h1) holds for µ t and that µ t k k

µ0 for all t.
Let us now prove that µ t k p µ0 for all t. For each Z k, consider ψ :

eadµ0 Z Aut µ0 . By using that ψp γ γ for ψp : ψ p, one obtains from (20) that
Qψ.µ ψpQµ ψp

1 for any µ. Thus the curve λ t : ψ µ t satisfies

d
dt

λ t ψ d
dt

µ t ψ δµ t
0 0
0 Qµ t

δψ µ t ψ 0 0
0 Qµ t ψ 1 δλ t

0 0
0 Qλ t .

But λ 0 ψ µ0 µ0, so λ t µ t for all t by uniqueness of the solution. Thus
ψ µ t µ t for all t, which implies that ψp commutes with Qµ t and hence

(31) adµ0 Z p,Qµ t 0, Z k.

It follows from (29) that

d
dt

adµ t Z p adµ t Z p,Qµ t ,

and since the same ODE is satisfied by the constant map adµ0 Z p, it follows that

(32) adµ t Z p adµ0 Z p, Z k,

that is, µ t k p µ0. Conditions (h3) is therefore satisfied by µ t for all t. Finally,
since Kµ0 is closed in Gµ0 , it follows that Kµ t is also closed in Gµ t as it is the image
of Kµ0 by the isomorphism between Gµ0 and Gµ t with derivative at the identity given

by I 0
0 h t (recall that µ t H µ0 for all t). This implies that condition (h2) holds for

µ t , concluding the proof of the lemma.

According to Lemma 1, the bracket flow equation (29) can be rewritten by using
(30) as the simpler system

(33)

d
dt µk t µk t Qµ t , µk t ,Qµ t ,

µk 0 µp 0 µ0 p p,
d
dt µp t δµp t Qµ t ,
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where µk and µp are respectively the k- and p-components of µ p p defined in (24).
We also conclude from Lemma 1 that a homogeneous space Gµ t Kµ t ,γ

endowed with an invariant geometric structure can indeed be associated to each µ t in
a bracket flow solution provided that µ0 Hq,n γ (see (18)).

We are finally in a position to state and prove the main result of this section.
Let G K,γ be a simply connected homogeneous space (G simply connected and K
connected) endowed with a G-invariant geometric structure γ and a reductive decom-
position g k p. We consider the one-parameter families

G K,γ t , Gµ t Kµ t ,γ ,

where γ t is the solution to the geometric flow (25) starting at γ and µ t is the solution
to the bracket flow (29) starting at the Lie bracket , of g, the Lie algebra of G.
Recall that g k p is a reductive decomposition for each of the homogeneous spaces
involved.

THEOREM 5. There exist equivariant diffeomorphisms ϕ t : G K Gµ t Kµ t
such that

γ t ϕ t γ, t.

Moreover, each ϕ t can be chosen to be the equivariant diffeomorphism determined
by the Lie group isomorphism G Gµ t with derivative h̃ t : I 0

0 h t : g g,
where h t : dϕ t o : p p is the solution to any of the following ODE’s:

(i) d
dt h t h t Q t , h 0 I, where Q t qγ t End p is defined by

θ Q t γ t q G K,γ t .

(ii) d
dt h t Qµ t h t , h 0 I, where Qµ qγ End p is defined by

θ Qµ γ q Gµ Kµ,γ .

The following conditions also hold:

(iii) γ t h t γ h t 1 γ.

(iv) µ t h̃ t , .

Proof. We have already proved through (26)-(29) that part (i) implies all the other
statements in the theorem. Let us now assume that part (ii) holds, and so h t is defined
on the same time interval as µ t . Using that

d
dt

h̃ t , δh̃ t , h̃ t h̃ t 1 ,
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we obtain that h̃ t µ0 satisfies the same ODE as µ t and it also starts at , . Thus
h̃ t , µ t Hq,n γ for all t (i.e. part (iv) holds), from which easily follows that
h t satisfies (22) and therefore γ t : h t γ defines a G-invariant structure on G K
for all t. Moreover, we have that the corresponding equivariant diffeomorphism

ϕ t : G K,γ t Gµ t Kµ t ,γ

is an equivalence for all t (see Proposition 1), which implies that Qµ t h t Q γ t h t 1

and so h t h t Q γ t . Thus γ t is a solution to the flow (25) by arguing as in
(28), and consequently, γ t γ t for all t by uniqueness. In this way, parts (i) and
(iii) follow, concluding the proof of the theorem.

The following useful facts are direct consequences of the theorem:

• The geometric flow solution γ t and the bracket flow solution γµ t differ only
by pullback by time-dependent diffeomorphisms. So the behavior of any kind of
geometric quantity can be addressed on the bracket flow, which provides a useful
tool to study regularity questions on the flow (see Sections 4.2 and 4.3 below).

• The flows are equivalent in the following sense: each one can be obtained from
the other by solving the corresponding ODE in part (i) or (ii) and applying parts
(iv) or (iii), accordingly.

• The maximal interval of time T ,T where a solution exists is therefore the
same for both flows.

The above theorem has also the following application on convergence, which
follows from Corollary 3. Recall the geometric scaling c µ given in (23).

COROLLARY 4. Let µ t be a bracket flow solution and assume that ck µ tk
λ Hq,n γ , for some nonzero numbers ck R and a subsequence of times tk T . As-
sume that the geometric structure involved either contains or determines a Riemannian
metric and that the corresponding Lie injectivity radii satisfy inf

k
rck µ tk 0. Then,

after possibly passing to a subsequence, the Riemannian manifolds G K,c 2
k g tk

converge in the pointed (or Cheeger-Gromov) sense to a Riemannian manifold locally
isometric to Gλ Kλ,g0 , as k . Here g t is the family of G-invariant metrics
associated to the geometric flow solution γ t on G K starting at γ.

We note that the limiting Lie group Gλ in the above corollary might be non-
isomorphic to G, and consequently, the limiting homogeneous space Gλ Kλ might be
non-diffeomorphic, and even non-homeomorphic, to G K.

At most one limit up to scaling can be obtained by considering different nor-
malizations of the bracket flow. More precisely, assume that c t µ t λ 0, as
t T . Then the limit λ̃ of any other converging normalization a t µ t necessarily
satisfies λ̃ c λ for some c R (see [26, Proposition 4.1,(iii)]). Recall that the above
observation only concerns solutions which are not chaotic, in the sense that the ω-limit
is a single point.
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4.2. Evolution of the bracket norm

In addition to the direct sum g k p fixed in (12) and the tensor γ fixed in (17), we
can also fix an inner product , on g such that k,p 0 The norm µ of a Lie bracket
is therefore defined in terms of the corresponding canonical inner product on Λ2g g
given by

(34) µ,λ : µ ei,e j ,λ ei,e j ,

where ei is any orthonormal basis of g. The natural inner product on End g , A,B :
trABt , is also determined by , .

We now compute the evolution equation for the norm µ t along a bracket
flow solution µ t . Our motivation here is that this may be useful, for instance, to prove
long-time existence. Indeed, if µ t remained bounded then µ t would be defined
for all t 0, and long-time existence would follow for the original geometric flow
solution γ t by Theorem 5.

For each µ Λ2g g, consider the symmetric operator Mµp : p p defined
by

(35) trMµpE 1
4 δµp E ,µp , E End p .

It follows that Mµp sym p since for any E so p ,

δµp E ,µp
d
dt 0

etE µp,µp
1
2

d
dt 0

etE µp
2 1

2
d
dt 0

µp
2 0.

Note that Mµp depends only on µp : p p p, the p-component of µ p p (see (24)).
It is easy to check that if m : Λ2p p sym p is the moment map for the natural
action of GL p on Λ2p p (see e.g. [18] or [30] and the references therein for more
information on real moment maps), then

(36) m µp
4

µp
2 Mµp .

We collect in the following lemma three useful facts which easily follow from (35).

LEMMA 2. For any µ Λ2g g, the following conditions hold:

(i) If δt
µp

: Λ2p p End p is the transpose of δµp , then

δµp I µp, δt
µp

µp 4Mµp .

(ii) trMµp
1
4 µp

2.

(iii) trMµpD 0 for any D Der µp .

We also need to introduce, for each µ Λ2g g, the skew-symmetric maps

Jµk Z : p p, Jµk Z X ,Y µk X ,Y ,Z , Z k, X ,Y p.
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PROPOSITION 3. If µ t is a bracket flow solution, then

d
dt

µp t 2 8 trQµ t Mµp t ,
d
dt

µk t 2 4 trQµ t

q

i 1
Jµk Zi

2,

where Z1, . . . ,Zq is an orthonormal basis of k.

Proof. It follows from (33) and Lemma 2, (i) that

d
dt

µp
2 2

d
dt

µp,µp 2 δµp Qµ ,µp 2 Qµ,δt
µp

µp 8 Qµ,Mµp .

To prove the evolution of µk
2 we use orthonormal bases Xi and Zk of p and k,

respectively, to compute using (33):

d
dt

µk
2 2

d
dt

µk,µk

2
i, j

µk QµXi,Xj ,µk Xi,Xj 2
i, j

µk Xi,QµXj ,µk Xi,Xj

4
i, j

µk QµXi,Xj ,µk Xi,Xj 4
i, j,k

µk QµXi,Xj ,Zk µk Xi,Xj ,Zk

4
i, j,k

Jµk Zk QµXi,Xj Jµk Zk Xi,Xj 4
i,k

Jµk Zk QµXi,Jµk Zk Xi

4trQµ
k

Jµk Zk
2,

concluding the proof of the proposition.

4.3. Regularity

In the presence of any geometric flow, a natural question is what is the simplest quan-
tity that, as long as it remains bounded, it prevents the formation of a singularity. In
this section, as an application of the bracket flow approach developed in Section 4.1,
we obtain a general regularity result for any invariant geometric flow solution on a
homogeneous space.

Let T ,T denote the maximal interval of time existence for the bracket flow
solution µ t (see (29)), or equivalently, for the solution G K,γ t to the geometric
flow (25) starting at a G-invariant geometric structure G K,γ . Recall that
T 0 T . It follows from (29) that

d
dt

µ 2 2 µ
d
dt

µ 2C Qµ µ 2, t,

for some constant C 0 depending only on the norm of the representation

π : gl g End Λ2g g , π A µ : δµ A .
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This implies that

2C
s

0
Qµ dt log µ s 2 log µ0

2, s 0,T ,

and since µ t must blow up at a finite singularity T (in the sense that µ tk
for some subsequence tk T ), we obtain from Theorem 5 that

T

0
Q γ t t dt .

Here the norm t corresponds to the inner product , t : h t , , where h t
GL p is as in Theorem 5 (recall that Qµ t h t Q γ t h t 1 for all t). We note
that if the metric , is compatible with, or determined by the geometric structure γ in
some sense, then so is , t relative to γ t for all t.

We can now use that jγ t t jγ (see (9)) to conclude that there exist a positive
constant C depending only on the dimension n and the type r,s of the geometric
structures such that

(37) q γ t t C Q γ t t .

Thus the following general regularity result in terms of the velocity of the flow follows.

PROPOSITION 4. Let t γ t q γ t be a geometric flow which is diffeomor-
phism invariant. If a G-invariant solution γ t on a homogeneous space G K has a
finite singularity at T (resp. T ), then

T

0
q γ t t dt resp.

0

T
q γ t t dt .

This was proved for the pluriclosed flow on any compact manifold in [55, The-
orem 1.2], and may be considered as the analogous to N. Sesum’s result on the Ricci
flow (see [53]). It also generalizes the result obtained in [36, Corollary 6.2] in the
context of curvature flows for left-invariant almost-hermitian structures on Lie groups.

In addition to diffeomorphism invariance, in what follows, we shall assume that
the tensor q in the geometric flow equation (25) satisfies the following scaling property
for any γ:

(38) q cγ cαq γ , c R ,

for some fixed α R. This does hold for most of the curvature tensors considered in
different evolution equations in the literature. We note that α 0 if q γ is for example
the Ricci tensor of some connection associated to a metric or to an almost-hermitian
structure γ, and that α 1 3 for the Laplacian and any Dirichlet flow for G2-structures
(see [42, 58]).

Condition (38) is equivalent to

(39) Q cγ cα 1Q γ , c R .
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By using the fact observed in (23) that for any c 0, the map I, 1
c I determines an

equivalence of geometric structures

Gµ Kµ,cs rγ Gc µ Kc µ,γ ,

we obtain from (39) that the operators defined in (21) satisfy

(40) Qc µ c r s 1 α Qµ, c R ,

for a tensor γ of type r,s .
We now show that not only the supreme but actually µ t must converge to

infinity as t approaches a finite time singularity. The proof of the following proposition
is strongly based on the arguments used by R. Lafuente in [25] to prove that the scalar
curvature controls the formation of singularities of homogeneous Ricci flows.

PROPOSITION 5. Assume that T is finite (resp. T ). If r s 1 α 0, then

µ t
C

T t
1

r s 1 α
, t 0,T

(resp. µ t C t T 1 r s 1 α , t T ,0 ), for some positive constant C de-
pending only on q n and the geometric flow. In particular, µ t , as t T .

Proof. Assume that T (the proof for T is completely analogous). It
follows from (29) that

(41)
d
dt

µ C1 µ r s 1 α 1, t,

for some constants C1 0 depending only on q n and the flow. We are using here
that

(42) Qµ µ r s 1 α Qµ µ ,

a fact that follows by arguing as in (23) but for h : µ 1I, µ 1I , and that the con-
tinuous map µ Qµ attains a maximum value on the sphere of Λ2g g depending
only on q n. This implies that

d
dt

µ 2 2C1 µ r s 1 α 2 2C1 µ 2 r s 1 α
2 1,

and so for any t0 0,T ,

µ t 2 r s 1 α C1 t t0 µ t0 r s 1 α
2

r s 1 α
, t t0,T .

Thus T t0
µ t0 r s 1 α

r s 1 α C1
since µ t must blow up at a singularity, concluding

the proof of the proposition.
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The following corollary thus follows from (37) and (42).

COROLLARY 5. Let t γ t q γ t be a geometric flow of type r,s which is
diffeomorphism invariant and such that the scaling property (38) holds for some α, and
assume that r s 1 α 0. If a G-invariant solution γ t on a homogeneous space
G K has a finite singularity at T (resp. T ), then

q γ t t
C

T t
, t 0,T

(resp. q γ t C t T 1, t T ,0 ), for some positive constant C depending
only on q n and the geometric flow.

4.4. Self-similar solutions and soliton geometric structures

A geometric structure γ on a differentiable manifold M will flow self-similarly along a
geometric flow t γ q γ , in the sense that the solution γ t starting at γ has the form

γ t c t ϕ t γ, for some c t R , ϕ t Diff M ,

if and only if

q γ cγ LX γ, for some c R, X χ M (complete),

where LX denotes Lie derivative (see Remark 3 concerning the complex and symplectic
cases). This can be proved as follows. For γ t c t ϕ t γ, c 0 1, ϕ 0 id, one
has that

t
γ t c t ϕ t γ c t ϕ t LX t γ,

where X t is the time-dependent family of vector fields generating the diffeomor-
phisms ϕ t (i.e. X t ϕ t p : d

ds s tϕ s p ), and on the other hand, from the scaling
property (38) and the diffeomorphism invariance of the flow, we have

q γ t c t αϕ t q γ .

The sufficiency therefore follows by evaluating at t 0 with c c 0 and X X 0
d
dt 0ϕ t , and for the necessary part we can take

c t : 1 α ct 1 1 1 α ,

if α 1, which satisfies c t c t α, c 0 1 (and c t ect for α 1) and consider
the flow ϕ t generated by the time-dependent vector fields X t : c t α 1X .

In analogy to the terminology used in Ricci flow theory, in the case when α 1,
we call such γ a soliton geometric structure and we say it is expanding, steady or
shrinking, if c 0, c 0 or c 0, respectively. Note that the maximal interval of
existence T ,T for these self-similar solutions equals 1

1 α c , , , and
, 1

1 α c , respectively.
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On homogeneous spaces, in view of the equivalence between any geometric
flow and the corresponding bracket flow given by Theorem 5, we may also wonder
about self-similarity for bracket flow solutions. A natural way, as usual for any ODE
system on a vector space, would be to consider solutions which only evolve by scaling.
From our ‘geometric scaling’ given in (23), what we obtain are bracket flow solutions
of the form µ t c t µ0 for some c t R . However, recall that Gµ t Kµ t ,γ
is equivalent to Gµ0 Kµ0 ,c t s rγ t for each t (i.e. they coincide up to pull back
by a diffeomorphism), and so geometrically µ t c t µ0 can indeed be viewed as a
self-similar solution in the above sense.

THEOREM 6. For a simply connected homogeneous space G K,γ endowed
with a G-invariant geometric structure γ, the following conditions are equivalent:

(i) The bracket flow solution starting at , is given by

µ t c t , , for some c t 0, c 0 1,

or equivalently,

µ t k g , , µk t c t 2 , k, µp t c t , p.

(ii) The operator Q γ qγ End p such that θ Q γ q γ satisfies

Q γ cI Dp, for some c R, D 0 0
0 Dp

Der g .

In that case, if we set ar,s,α : s r 1 α , then the geometric flow solution starting
at γ is given by

γ t b t es t Dp γ,
where

b t ar,s,αct 1 1 1 α , s t 1
ar,s,αc log ar,s,αct 1 ,

(for c 0, s t t) and G K,γ is a soliton geometric structure with

q γ s r cγ LXDγ,

where XD denotes the vector field on G K defined by the one-parameter subgroup of
Aut G attached to the derivation D.

Proof. Assume first that part (i) holds. By taking derivatives at t 0 we obtain that

δ ,
0 0
0 c 0 I µ 0 δ ,

0 0
0 Q γ ,

from which part (ii) follows with D 0 0
0 Q γ c 0 I Der g and c c 0 .

It is easy to see that for γ t b t es t Dp γ, b 0 1, s 0 0, one has

d
dt

γ t b t es t Dp γ b t es t Dp θ s t Dp γ,
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and on the other hand,

q γ t b t αes t Dp q γ b t αes t Dp θ Q γ γ.

Assume that part (ii) holds. It follows that

θ Q γ γ cθ I γ θ Dp γ c s r γ θ Dp γ,

and therefore γ t will be a solution as soon as b t s r cb t α and b t s t
b t α, which hold for the functions b t and s t given in the proposition. On the other
hand, since Q γ ,Dp 0, we have that

Q γ t b t α 1es t DpQ γ e s t Dp b t α 1Q γ ,

and thus h t : e s t Q γ satisfies h t h t Q γ t . It now follows from Theorem
5 that

µ t I 0
0 h t , I 0

0 e s t cI e s t D , ecs t , ,

which implies part (i) for c t ecs t ar,s,αct 1 1 ar,s,α .
It only remains to prove the last statement on solitons. Since D Der g we

have that etD Aut g and thus there exists ϕ̃t Aut G such that dϕ̃t e etD for all
t R. By using that K is connected and Dk 0 we obtain that ϕ̃t K K for all
t. This implies that ϕ̃t defines a diffeomorphism ϕt of G K by ϕt uK ϕ̃t u K for
any u G, which therefore satisfies at the origin that dϕt o etDp . Let XD denote the
vector field on G K defined by the one-parameter subgroup ϕt Diff G K , that is,
XD p d

dt 0ϕt p for any p G K. It follows that

(43) LXDγ o
d
dt 0

ϕt γ o
d
dt 0

e tDp γ θ Dp γ,

but since Q γ cI Dp, we obtain that

q γ θ Q γ γ cθ I γ θ Dp γ c s r γ LXDγ,

by using that every tensor in the previous formula is G-invariant (recall that the flow of
XD is given by automorphisms of G). This concludes the proof of the theorem.

The above theorem motivates the following definition.

DEFINITION 4. A homogeneous space G K,γ endowed with a G-invariant
geometric structure γ and a reductive decomposition g k p is said to be an algebraic
soliton if there exist c R and D 0 0

0 Dp
Der g such that

Q γ cI Dp.

REMARK 6. We note that any simply connected algebraic soliton is a soliton
geometric structure by Theorem 6. The hypothesis of G K being simply connected
is in general necessary; see [32, Remark 4.12] for a counterexample in the Ricci flow
case.
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REMARK 7. Nothing changes by allowing a derivation of the form D 0
0 Dp

Der g in Definition 4 since Dk 0 must necessarily holds. Indeed, it follows from (16)
that

adDZ p D p,adZ p Q γ ,adZ p 0, Z k,

and thus Dk 0 by almost-effectiveness.

REMARK 8. There is a more general way to consider a soliton G K,γ ‘alge-
braic’; namely, when there exists a one-parameter family ϕ̃ t Aut G with ϕ̃ t K
K such that γ t c t ϕ t γ is the solution to the geometric flow t γ q γ start-
ing at γ for some scaling function c t 0, where ϕ t Diff G K is the diffeomor-
phism determined by ϕ̃ t . As in the Ricci flow case, such G K,γ may be called a
semi-algebraic soliton (see [20, Definition 1.4] and [26, Section 3]). A study of semi-
algebraic solitons for any geometric flow will be performed in a forthcoming paper.

4.5. Lie group case

Our aim in this section is to go over again the case of left-invariant geometric structures
on Lie groups, i.e. H0,n γ , the one which has been mostly applied in the literature (cf.
for example [33, 35, 36] and the references therein). Recall from Example 2 that H0,n
is simply the variety Ln of n-dimensional Lie algebras, and since (h4) does not either
give any restriction here, we obtain that H0,n γ Ln and we identify

µ Ln Gµ,γµ Gµ,γ ,

where γµ denotes the left-invariant metric on the simply connected Lie group Gµ de-
termined by the fixed tensor γ we have on the Lie algebra g,µ of Gµ. Condition (22)
also holds trivially here, so every h GLn g defines a Lie group isomorphism which
is a geometric equivalence

Gh.µ,γ Gµ,h γ .

The orbit GL g µ Ln therefore parameterizes the set of all left-invariant structures
on Gµ and the orbit Gγ µ parameterizes the subset of those which are equivalent to
Gµ,γ via an automorphism.

We note that g p and µ µp in this case, thus h t h t in Theorem 5 and
the formulas and notation in Proposition 3 and Theorem 6 simplify considerably.

The following lower bound for the Lie injectivity radius gives rise to special
convergence features for Lie groups which are not valid for homogeneous spaces in
general. Recall that µ Ln is said to be completely solvable if all the eigenvalues of
adµ X are real for any X g. It is well known that the exponential map of any simply
connected completely solvable Lie group is a diffeomorphism.

LEMMA 3. [34, Lemma 6.19] Let rµ be the Lie injectivity radius of µ Ln
H0,n. Then,

(i) rµ
π
µ .
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(ii) rµ for any completely solvable µ (in particular, Gµ is diffeomorphic to Rn).

We can therefore rephrase Corollary 3 in the case of Lie groups in a stronger
way as follows.

PROPOSITION 6. Let µk be a sequence in Ln H0,n such that µk λ.

(i) λ Ln.

(ii) Gµk ,γ converges in the local sense to Gλ,γ .

(iii) If either Gλ is compact or all µk are completely solvable, then Gµk ,γ smoothly
converges to Gλ,γ up to pull-back by diffeomorphisms.

(iii) γµk γλ smoothly on Rn Gµk , provided all µk are completely solvable.

5. Overview of applications in the literature

The approach that proposes to vary Lie brackets rather than metrics or geometric struc-
tures has been used for decades in homogeneous geometry. In what follows, we review
some selected examples and applications in the literature, in a chronological way on
each topic. For a more complete study, we refer the reader to the references in the
cited articles. In most of these applications, geometric invariant theory of the variety
of Lie algebras, including moment maps, closed orbits, stability, categorical quotients,
Kirwan stratification, etc., has been exploited in one way or another.

5.1. Pinching curvature conditions

• [17] Classification of Lie groups admitting a metric of negative sectional curva-
ture.

• [43] Scalar, Ricci and sectional curvature properties of Lie groups.

• [29] Degenerations of 3-dimensional real Lie algebras.

• [7] Ricci curvature of 2-step nilpotent Lie groups.

• [48, 47] Existence of Ricci negative metrics on solvable Lie groups.

• [62] Existence of Ricci negative metrics on some Lie groups with a compact Levi
factor.

5.2. Einstein solvmanifolds and nilsolitons

• [16] Foundational structure and uniqueness results on Einstein solvmanifolds
(i.e. Einstein left-invariant metrics on solvable Lie groups).
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• [28] Introduction of nilsolitons (i.e. algebraic Ricci solitons on nilpotent Lie
groups), uniqueness, variational characterization and relationship with Einstein
solvmanifolds.

• [59, 10, 12] Classification of Einstein solvmanifolds and nilsolitons in low di-
mensions.

• [14, 40, 45, 60, 61, 46, 19, 50] Structure and classification of Einstein solvmani-
folds and nilsolitons.

• [31] Proof of the standard property for Einstein solvmanifolds.

• [30] Survey on Einstein solvmanifolds and nilsolitons up to April 2008.

• [38] Nonsingular 2-step nilpotent Lie algebras: Pfaffian forms, classification and
nilsolitons.

5.3. Ricci flow

• [15, 49, 33] Ricci flow for nilmanifolds (i.e. left-invariant metrics on nilpotent
Lie groups).

• [13] Ricci flow evolution of 3-dimensional homogeneous geometries.

• [35] Ricci flow on homogeneous spaces, after a study of different kinds of con-
vergence of homogeneous Riemannian manifolds in [34] introducing the space
Hq,n of homogeneous spaces.

• [1] Ricci flow of almost-abelian solvmanifolds (i.e. solvable Lie groups with a
codimension one abelian normal subgroup).

• [25] Scalar curvature controls the formation of singularities of homogeneous
Ricci flows.

5.4. Homogeneous Ricci solitons

• [32] Structure, uniqueness and classification of solvsolitons (i.e. algebraic Ricci
solitons on solvable Lie groups).

• [20] Any homogeneous Ricci soliton is isometric to a semi-algebraic soliton.
Ricci solitons under transitive semisimple and solvable Lie groups.

• [26] Bracket flow evolution of invariant Ricci solitons on homogeneous spaces,
including a geometrical characterization of algebraic solitons as those for which
the Ricci flow solution is simultaneously diagonalizable.

• [27] Structural results on homogeneous Ricci solitons, providing new insights
into the longstanding Alekseevskii conjecture: any connected homogeneous Ein-
stein manifold of negative scalar curvature is diffeomorphic to a Euclidean space.
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• [21] Any homogeneous Ricci soliton is isometric to an algebraic soliton.

• [2, 3] Classification of homogeneous Ricci solitons and the Alekseevskii conjec-
ture in low dimensions.

• [23] Linear and dynamically stability of algebraic Ricci solitons on many classes
of Lie groups, including an open set of two-step solvsolitons, all two-step nilsoli-
tons and all nilsolitons of dimensions six or less.

• [22] A refinement of the structure result in [27].

5.5. Curvature flows on almost-hermitian Lie groups

• [8] Long-time existence for any pluriclosed flow solution on a nilpotent Lie
group, as an application of the bracket flow approach.

• [36] General curvature flows on almost-hermitian Lie groups and their algebraic
solitons.

• [11] Existence of solitons for the symplectic curvature flow on any 2- and 3-step
nilpotent Lie group of dimension 6.

• [41] Symplectic curvature flow and algebraic solitons on three large classes
of almost-Kähler Lie groups: almost-abelian solvmanifolds, a construction at-
tached to each left-symmetric algebra (which provides intriguing examples of
shrinking solitons) and 4-dimensional solvable Lie groups.

• [39] Chern-Ricci flow and algebraic solitons on hermitian Lie groups, including
a complete picture in the almost-abelian case and a Chern-Ricci soliton hermi-
tian metric on most of the complex surfaces which are solvmanifolds, where an
unexpected shrinking soliton appeared.

• [37] Laplacian flow of closed G2-structures and its algebraic solitons on homo-
geneous spaces.

6. Chern-Ricci flow

The Chern-Ricci flow (CRF for short) is the evolution equation for a one-parameter
family g t of hermitian metrics on a fixed complex manifold M,J defined by

(44)
t
g t 2p t ,J , or equivalently,

t
ω t 2p t ,

where ω g J , and p p J,g is the Chern-Ricci form (see [56] for further infor-
mation on this flow). The 2-form p is closed, of type 1,1 , locally exact and in the
Kähler case coincides with the Ricci form Rc J , , so CRF becomes Kähler-Ricci flow
as soon the starting metric is Kähler. The CRF on Lie groups has already been studied
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in [39] using the bracket flow approach. Our aim in this section is to show that most of
the results obtained in [39] for Lie groups are still valid on homogeneous spaces.

Let G K,J be a homogeneous space endowed with a G-invariant complex
structure J, which will be fixed from now on. Given a reductive decomposition g
k p for G K, it can be proved in much the same way as in [57, Proposition 4.1]
(see also [52]) that the Chern-Ricci form of any G-invariant hermitian metric g on the
homogeneous complex manifold G K,J is given by

(45) p X ,Y 1
2 trJ adp X ,Y p

1
2 tradp J X ,Y p, X ,Y p,

where adp X Y : X ,Y p for all X ,Y p. Remarkably, p only depends on J, it is
independent from the metric g. This implies that along the CRF-solution g t starting
at a G-invariant hermitian metric g0 on G K,J , the Chern-Ricci form p t p0 :
p J,g0 , and so g t is simply given by

(46) g t g0 2t p0 ,J , or equivalently, ω t ω0 2t p0.

The Chern-Ricci operator P End p of the hermitian manifold G K,J,g is the her-
mitian map defined by p ω P , g JP , . We note that by (46), the solution exists
as long as the hermitian map I 2tP0 is positive, where P0 denotes the Chern-Ricci op-
erator of g0, so the maximal interval of time existence T ,T of g t can be easily
computed in terms of the extremal eigenvalues of the symmetric operator P0 as follows:

(47) T
, if P0 0,

1 2p , otherwise,
T

, if P0 0,

1 2p , otherwise,

where p is the maximum positive eigenvalue of the Chern-Ricci operator P0 of g0 and
p is the minimum negative eigenvalue.

Since the velocity q g of the CRF equals 2p ,J (see (44)), we obtain from
Example 1, (vi), that

Q g P qg herm p,J,g ,

and thus the bracket flow is given by

(48)
d
dt

µ t δµ t
0 0
0 Pµ t , µ 0 , ,

where Pµ herm p,J,g0 is the Chern-Ricci operator of the hermitian homogeneous
space Gµ Kµ,J,g0 . It follows from (46) that the Chern-Ricci operator of a CRF-
solution g t equals P t I 2tP0

1P0.
The solution h t GL p,J to the ODE in Theorem 5, (i) is therefore given by

h t I 2tP0
1 2, from which follows that the bracket flow solution is

µp t I 2tP0
1 2 , p, µk t I 2tP0

1 2 , I 2tP0
1 2

k
.
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Thus with respect to any orthonormal basis X1, . . . ,X2n of p,g0 of eigenvectors of
P0, say with eigenvalues p1, . . . , p2n , the structure coefficients of µ t p p are
(49)

µp
k
i j t 1 2t pk

1 2t pi 1 2t p j

1 2
ck

i j, µk
l
i j t 1

1 2t pi 1 2t p j

1 2
cl

i j,

where ck
i j are the structure coefficients of the Lie bracket , of g: Xi,Xj p ck

i jXk;
Xi,Xj k cl

i jZl , Zl any basis of k.
A straightforward analysis using (49) gives that µ t converges as t T if and

only if T (i.e. P0 0) and p0 : KerP0 satisfies p0,p0 p p0. Moreover, the
following conditions are equivalent in the case when T :

(i) µ t 0, as t .

(ii) p,p0 p 0.

(iii) 2t 1 1 2µ t converges as t .

Following the lines of [39, Section 5], one can obtain many results on conver-
gence from Corollary 4 and Section 3.4, including some information on to what extent
the Chern-Ricci form and the homogeneous space structure of the pointed limit are de-
termined by the starting hermitian manifold G K,J,g0 . For instance, the following
can be proved:

• If P0 0 (i.e. T ) and p,p0 p 0, then g t t converges in the pointed
sense, as t , to a Chern-Ricci soliton G K ,J,g0 with reductive decom-
position g k p0 p0 and Lie bracket , such that , k p ,
and

p0 ,p0 p0 , p0 ,p0 p0, p0,p0 0.

The Chern-Ricci operator P of the soliton satisfies P p0
I, P p0 0.

In particular, if the starting hermitian metric g0 has negative Chern-Ricci tensor
p0 ,J , then g t t flows to a homogeneous hermitian manifold with p ω.

• If the eigenspace pm of the maximum positive eigenvalue of P0 satisfies 0
pm,pm p pm, then T and g t T t converges in the pointed sense,

as t T , to a Chern-Ricci soliton G K ,J,g0 with reductive decomposition
g k pm pm and Lie bracket , such that , k p , and

pm,pm pm, pm,pm pm , pm ,pm 0.

The Chern-Ricci operator of G K ,J,g0 is given by P pm
1
2 I, P pm

0.

REMARK 9. The Chern scalar curvature

trP t
2n

i 1

pi

1 2t pi
,
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is strictly increasing unless P t 0 (i.e. g t g0) and the integral of trP t must
blow up at a finite-time singularity T . However, trP t C

T t for some constant
C 0, which is the claim of a well-known general conjecture for the Kähler-Ricci flow
(see e.g. [54, Conjecture 7.7]).

7. Laplacian flow for G2-structures

The following natural geometric flow for G2-structures on a 7-dimensional manifold
M (see Example 1, (v)), called the Laplacian flow, was introduced by R. Bryant in [4]:

t
ϕ t ∆tϕ t ,

where ∆t : ∆gt is the Hodge Laplacian operator of the Riemannian metric gt : gϕ t
determined by ϕ t (i.e. ∆t d t d t t d t d, where t is the Hodge star operator
defined by the metric gt and orientation). We refer the reader to [42] and the references
therein for further information on this flow.

For each x,y R, consider the 7-dimensional nilpotent Lie algebra n n x,y
with basis e1, . . . ,e7 and Lie bracket µ µx,y defined by

µ e1,e2 xe5, µ e1,e3 ye6; or equivalently, dµe5 xe12, dµe6 ye13.

The 3-form
ϕ e147 e267 e357 e123 e156 e245 e346,

is positive and so it determines a left-invariant G2-structure ϕ on the simply connected
Lie group N with Lie algebra n. It is easy to check that dµϕ y x e1237, which
implies that ϕ is closed (or calibrated) if and only if x y.

We ask ourselves whether N,ϕ is a Laplacian soliton, i.e. a soliton G2-structure
for the Laplacian flow. In the light of Theorem 6, it would be enough to find a derivation
D Der n such that

(50) ∆ϕϕ kϕ LXD ϕ, for some k R,

where XD is the vector field on N defined by the one-parameter subgroup of auto-
morphisms Ft with derivative etD Aut n for all t. Note that our fixed basis ei is
conveniently orthonormal (and oriented) with respect to the metric gϕ, so ∆ϕ ∆µ

dµ dµ dµ dµ.
We propose, with a certain amount of optimism, a diagonal

D : Diag a,b,c,d,a b,a c,e Der n ,

in terms of the basis ei . By a straightforward computation we obtain that

∆ϕϕ x y e123 y x y e267 x x y e357,
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and, on the other hand by (43) that

LXDϕ ϕ D , , ϕ ,D , ϕ , ,D

a d e e147 a b c e e267 a b c e e357 a b c e123

3a b c e156 a 2b d e245 a 2c d e346.

It follows that (50) can hold only if y x y x x y , that is, x y. In fact, if
we set x y 1, it can be easily checked that the derivation D Diag 1,1,1,2,2,2,2
solves the soliton equation (50) with k 5 and provides us with an expanding Lapla-
cian soliton N,ϕ which is closed. Note that ϕ is far from being an eigenvector of
∆ϕ.

The following remarks are in order.

• The Lie group N is diffeomorphic to R7 and it admits a cocompact discrete sub-
group Γ. However, the corresponding closed G2-structure on the compact man-
ifold M N Γ is not necessarily a Laplacian soliton since the vector field XD
does not descend to M.

• The Laplacian flow solution ϕ t on M N Γ starting at ϕ remains locally equiv-
alent to ϕ, is immortal and has apparently no chances to converge in any reason-
able sense. However, the norm of the intrinsic torsion T of ϕ t converges to
zero, as t .

• On the other hand, it follows from Theorem 6 and Proposition 6 that the solution
on the cover N smoothly converges to the flat R7,ϕ up to pull-back by time-
dependent diffeomorphisms, as t , uniformly on compact sets of N R7.
Laplacian flow evolution of G2-structures on homogeneous spaces and their soli-
tons is the subject of the forthcoming paper [37].

• XD is not the gradient field of any real smooth function on N, so ϕ is not a
gradient soliton.

• The metric gϕ is a Ricci soliton. This was proved in [9], where existence of
closed G2-structures on nilpotent Lie groups inducing Ricci solitons is studied,
as well as the Laplacian flow evolution of such structures. The solution ϕ t was
explicitly given in [9, Theorem 4.2], and previously in [4, Section 6.2.1, Example
2], though the fact that ϕ t is a self-similar solution was not mentioned in these
papers.

• Existence and uniqueness of closed Laplacian solitons on some nilpotent Lie
groups admitting a closed G2-structure is studied in [44].
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