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LATTICES, COHOMOLOGY AND MODELS OF
6-DIMENSIONAL ALMOST ABELIAN SOLVMANIFOLDS

Abstract. We construct lattices on six-dimensional non-completely solvable almost abelian
Lie groups, for which the Mostow condition does not hold. For the corresponding compact
quotients, we compute the deRham cohomology (which does not agree in general with the
Lie algebra one) and a minimal model. We show that some of these solvmanifolds admit
non-invariant symplectic structures and we study formality and Lefschetz properties.

1. Introduction

A solvmanifold M is a compact homogeneous space M = G/I', where G is a con-
nected and simply connected solvable Lie group and I is a lattice in G (that is, a
discrete subgroup with compact quotient space). In the special case of nilmanifolds
(i.e., when the solvable Lie group is nilpotent), if the structure constants are ratio-
nal, a lattice can always be found [17], while for solvmanifolds the existence of I" is
harder to establish. Lattices determine the topology of solvmanifolds and actually co-
incide with their fundamental groups (indeed solvmanifolds are Eilenberg-MacLane
spaces of type K(m,1), i.e. all homotopy groups vanish besides the first). Actually,
lattices of solvmanifolds yield their diffeomorphism class (cf. Theorem 4). Much of
the rich structure of solvmanifolds is encoded by the Mostow fibration (see Section 2)
N/Ty = (NT)/T < G/T — G/(NT') = T¥, where T¥ is a (k-dimensional) torus and N
the nilradical of G (the largest nilpotent normal subgroup of G). In general, the Mostow
bundle is not principal.

An important special case is when the Lie algebra g of G has an abelian ideal
of codimension one. In this case the Mostow bundle is a torus bundle over S! (actually
a mapping torus, cf. [2]), G is called almost abelian and G can be written as a semi-
direct product R x o R". The action ¢ of R on R" is represented by a family of matrices
¢(r), which encode the monodromy or “twist” in the Mostow bundle (cf. [1]). In
particular the Lie algebra g has the form R x ady, | R”", where we consider R" generated

by {Xi,...,X,} and R by X4, and ¢(¢) = ™1 Moreover, a lattice can always be
represented as I' = Z x Z" (cf. [12]).

In this paper, we find lattices in six-dimensional almost abelian solvable Lie
groups, using a criterium of [3] (Proposition 3). The cases we deal with correspond to
situations when the deRham cohomology does not agree in general with the Chevalley-
Eilenberg cohomology H*(g) of the Lie algebra g. Namely the Mostow condition does
not hold (see [20], [24, Corollary 7.29] and Section 3). Intuitively, in these cases there
is some extra twist that modifies the topology and it turns out, in particular, that the
cohomology depends on the lattice and not on the solvable Lie algebra only (unlike
when the Mostow condition holds). We use two methods to compute cohomology and
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minimal models

e the modification of the solvable Lie group [13, 5] (Section 3). This consists in
altering the Lie group G to obtain a new G in such a way that G/ is diffeomor-
phic to G/f (where I is a finite-index subgroup in I', whose algebraic closure is
connected) and H* (G/T") =~ H*(§), where § is the Lie algebra of G;

* the Oprea-Tralle method [22, 23], that consists in applying a result of Felix and
Thomas [7] giving a Koszul-Sullivan model for non-nilpotent fibrations.

We summarize the results in Table 1, listing six-dimensional non-completely
solvable unimodular, almost abelian Lie groups [3] (see Subsection 3.1) which admit a
lattice I'; for some choice of 7 € R and of the parameters. We use the same notation as in
[3]. For each group in Table 1 we study formality (F), existence of invariant symplectic
structures (IS), existence of non-invariant symplectic structures induced by ones on the
modified Lie algebra (S) and the Hard Lefschetz property (HL). Minimal models are
computed in Section 5 where we prove the following

THEOREM 1. Gg;o/l", ng?/l“, GE " xR)T and GY 5 x R* )T are formal,
while G&70/T, G2, x R/T, G2 ¢ x R/T are not formal, for every lattice ' = I'; con-
sidered in Table 1.

Some of our results answer open questions on formality, the hard Lefschetz
property and the cohomology of six-dimensional solvmanifolds (see [3, Proposition
6.18], and in the decomposable case [3, Table 6.3]). Note that there are examples
where the cohomology depends strongly on the lattice: for example H*(G/T'y) %
H*(G/Tpz) # H*(g), for G = G |4 x R.

In theoretical physics, in the context of string theory, both nilmanifolds and
solvmanifolds are extensively used as compactification manifolds. Six-dimensional al-
most abelian solvmanifolds were considered by Andriot, Goi, Minasian and Petrini [1]
in string backgrounds whose internal type II compactifications are solvmanifolds. They
discuss solutions of the supersymmetry (SUSY) equations, and the twist construction
of solvmanifolds which serve as internal spaces. In our paper we try to fill in the con-
straints on the solutions they observe, which are due to the absence of an isomorphism
between the cohomology groups H*(g) and H*(G/T') for non-completely solvable
manifolds (and, more specifically, solvmanifolds not satisfying the Mostow condition).
By [11], solutions of the supersymmetry (SUSY) equations of type IIA possess a sym-
plectic half-flat structure, whereas solutions of the IIB system admit a half-flat structure
(see e.g. [4] for the definition of half-flat structure, cf. also Section 4).

In Section 4, we prove the following

Proposition 2. We have the following behaviour concerning half-flatness of (invariant)
symplectic structures for the above solvmanifolds:

. Ggfg /Tan and G(S).1 4 X R/Tay admit (non-)invariant symplectic forms which are
not half-flat.
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Table 7.1: Six-dimensional almost abelian solvmanifolds admitting lattices (for some
value of the parameter) but not satisfying the Mostow condition

G I H*(g) H*(G/T}) F|1S| s | HL
va?() i=2m bi=1,by =1, =2 by =3,b =3,b3 =2 Yes No No ~
r=mn73% bi=1,bp=1,b5=2 Yes | No ~ ~
F— — — — Q X
Gléi? i=2n bl =2.by =3y — 4 by =4,b, =7,b5 =8 No Yes Yes No
f=n%% by =2,by =3,b; =4 No | Yes ~ No*
GZTP i=2m bi=1by=1,bs =2 by =3,b =3,b3=2 Yes No No ~
r=mn73% by =1,bp =1,b5=2 Yes No ~ ~
P _ _ _ . . x
G[;HXR f=2n by = 3,by = 5,by = by =5,bp=11,b3 =14 No Yes Yes No
f=n%% by =3,by =5b3 =6 No Yes ~ No*
f=2mr ifp#0.r#+l p#0:by=2,by=50b;=8 Yes Yes Yes Yes*
bi=2by=1,b5=0 | p=0:by =6,by=15b; =20
= p#0:b =2by=1,b3=0 Yes Yes ~ Yes*
Gg’j;”" <R reven if p=0,r# +l1 p=0:b =4,b=7b3=8
i=m, orp#0,r=+=1 p#0:by =2,bp =5b3=28 Yes Yes N Yes*
rodd by =2by=3by=4 | p=0:b =2,by="7by=12
r:%e@ f=3,r=40 p=0:b =4,by=7,b3 =8 Yes | Yes ~ Yes*
Y ifp=0r=+1 PO =2b=3bi=4 | | v | | e
r=413 by =2,bp =5,b3 =8 p=0:by=2,bp=50b3=8
f=3r=42 p=0:b =2,by=3,by=4 Yes | Yes ~ Yes*
i=2n by =4,b, =9,b3 =12 No Yes | Yes No*
Gl g xR by =2,by=3,b;=4
- f=m, by =2,by =5,b3=8 No Yes ~ No*
i=13%% by =2,by =3,b3 =4 No Yes ~ No*
F— _ _ _ . . . (X
ng < R? i=2n by =4,by =7,bs =8 by =6,b, = 15,b3 =20 Yes Yes Yes Yes
f=m73 by =4,by =7,b3 =8 Yes | Yes ~ Yes*

z
°3
for both the invariant and non-invariant symplectic structures considered.
* for the invariant symplectic structures.

~

. Gé’fﬁp’r x R/Togy, (r = % € Q) admits an invariant symplectic form which is




98 S. Console and M. Macri

half-flat only for p = 0 and r = 1, and a non-invariant symplectic half-flat form.

. Ggl ¢ X R/Tyy and Ggs x R3 /Lo admit non-invariant symplectic half-flat forms.

2. The Mostow bundle and almost abelian solvmanifolds

Let M = G/I" be a solvmanifold and N the nilradical of G (of course, N is G if and only
if M is a nilmanifold). Then I'y :=T' n N is a lattice in N, N = NI' is closed in G and
G/(NT) =: T is a torus. Thus we have the so-called Mostow fibration [19]:

N/Ty = (N[)/T < G/T
l
T* = G/(NT)

In six dimensions, the nilradical n can have any dimension from 3 to 6. Dimension 6
corresponds clearly to nilmanifolds. In the codimension-one case the Mostow fibration
is simpler. A connected and simply-connected solvable Lie group G with nilradical N
is called almost nilpotent if its nilradical has codimension one. The group G is then
given by the semi-direct product G = R x N, where ¢ is some action on N depending
on the direction R

(t,x1) - (t2,%2) = (t1 -2, %1 - 0(11) (x2))  (ti, i) ERXN.

In general, we label by ¢ the coordinate on R and by X, = ¢;, n = dimN, the cor-
responding vector of the algebra. From a geometrical point of view, @(¢) encodes the
monodromy of the Mostow bundle. An almost abelian solvable group is an almost
nilpotent group whose nilradical is abelian N = R”". In this case, the action of R on N
is given by

gt adXn+l .

o(r) =

In general, finding lattices in solvable Lie groups is a hard task. Only a neces-
sary criterium is known, namely that G be unimodular [18, Lemma 6.2]. A nice feature
of almost abelian solvable groups is that there is a criterion for the existence of a lattice

(3]

Proposition 3. Let G = R x¢ R" be an almost abelian solvable Lie group. Then G
admits a lattice if and only if there exists a ty # 0 for which ¢(ty) can be conjugated to
an integer matrix.

We shall call almost abelian solvmanifold the quotient of an almost abelian solv-
able Lie group by a lattice. Lattices of solvmanifolds determine the diffeomorphism
class. Indeed,

THEOREM 4. [24, Theorem 3.6] Let G;/T'; be solvmanifolds for i € {1,2} and
v : 't — I, an isomorphism. Then there exists a diffeomorphism ¥ : G — G, such
that
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(l) lI’|l"1 =V,
(ii)) ¥(pY) =¥(p)w(Y), for any YE T and any p € G\.

As a consequence two compact solvmanifolds with isomorphic fundamental
groups are diffeomorphic.

3. Modification of the cohomology

If the algebraic closures 4(Ad (G)) and A(Adg(I')) are equal, one says that G and I’
satisfy the Mostow condition (see [24] for more details and definitions). In this case, the
de Rham cohomology H* (M) of the compact solvmanifold M = G/I" can be computed
by the Chevalley-Eilenberg cohomology H*(g) of the Lie algebra g of G (see [20] and
[24, Corollary 7.29]); actually, one has an isomorphism H* (M) =~ H*(g). A special
case is provided by nilmanifolds (Nomizu’s Theorem, [21]) and more generally if G
is completely solvable [14], i.e. the linear operators ady : g — g, X € g have only
real eigenvalues. For almost abelian solvmanifolds, Gorbatsevich found a criterion to
decide whether the Mostow condition holds [12]:

Proposition 5. The Mostow condition is satisfied if and only if i cannot be written as
a rational linear combination of the eigenvalues of tyady, , ,, where I is generated by
fo.

+10

Let M = G/T be a solvmanifold. By [24, Theorem 6.11, p.93] it is not restrictive
to suppose that 4(Ad(I")) is connected. Otherwise we could restrict to a finite-index
subgroup I" of I. This is equivalent to passing from M = G/T'to G/f, which is a finite
covering of M. Borel’s density theorem (see e.g. [24, Theorem 5.5]) says there exists
a compact torus T, such that T;,; A(Adg(I')) = A(Adg(G)). The main step of the
“modification method” is the following

THEOREM 6. [5] Let G be a solvable simply connected Lie group, I" a lat-
tice in G such that G/T is a solvmanifold and A(Adg(T')) is connected. Suppose
A(Adg(G)) = T, A(Adg(D)), with T, the maximal compact torus of A(Adg(G)).
Then there exists a normal simply connected subgroup G of T, x G such that A(Ad G(G)) =
A(Adz(T)).

The Mostow condition holds for G, so H*(G/T") = H*(§). The modified solv-
able group G is obtained from G by killing the action of subtorus S. that we get by
comparing the compact and C-diagonalizable parts of A(Ad(G)) and A(Adg(T)).
More precisely, let S. be a maximal compact torus of A(Adg (")) contained in T..
Let S, be a sub-torus of T, complementary to S, so that T. =S, x S.. Let ¢ be the
composite of the homomorphisms

; ; -1
6:G2% a(Ade(G) X2 T, K% s, 25 s
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One uses G to get rid of S, (see [5]). Tt turns out that G is diffeomorphic to G, both
are simply connected and, by Theorem 4, G/T" is diffeomorphic to G/I". Therefore
H*(G/T") = H*(G/T") and we get

Corollary 7. Let G be a solvable simply connected Lie group andI” a lattice in G such
that G/T is a solvmanifold and A(Ad (")) is connected. Then

H*(G/T) = H*(G/T") = H*(§),
where § is the Lie algebra of G.

Observe that the lattice I" has not been modified. Indeed, as already remarked,
G/T is an Eilenberg-MacLane space, so its topology is determined by the fundamental
group I only.

REMARK 1. The Lie algebra § of G can be identified with
i=1{(X:,X)|Xeg}
with Lie bracket:
[(Xs,X), (Y5, Y)] = (0, [X, Y] —ad(X,) (Y) +ad(¥s ) (X)).
where X, is the image 6, (X) of X € g. (see [5, Proposition 6.1])

In the general case of a lattice I, the method runs as follows. Given M = G/T,
there is a finite covering space M = G/T’, i.e. I'/T is a finite group, with 4(Ad (T
connected. Hence H*(G/T") = H*(G/T")'/" (the invariant elements under the action of
the finite group I'/T).

REMARK 2. There is a natural injection H*(g) — H*(G/I"), [22, Theorem
3.2.10]. Hence cohomology classes in H*(g) correspond to cohomology classes of
invariant forms in H*(G/I').

3.1. Six-dimensional almost abelian Lie groups

We are interested in six-dimensional, unimodular almost abelian Lie groups which are
not completely solvable. There are eleven such Lie groups that can admit a lattice and
their Lie algebras are [3]:

géj'g’"‘” [X1,Xs] = aX, [X2,Xs] = bXa, [X3,X5] = cX3, [X4,Xs] = pXa —
X57
[X5,X6] = X4 + pXs, a+b+c+2p=0, 0<lc|<|b|<]al

ggfg"” [X1,Xs] = aX1, [X2,Xs] = bXa, [X3,X6] = Xo + bX3,
X4,X6]=pX4—X57 [X5,X6]=X4+pX5, a+2b+2p=0, a#
0.
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18]

a,—>d

9610 [X1,X]
[X4,Xs]

g [X1,Xe]
[X4,X6]
0.

—ap,

g6.l§p [leXG]
[X4,X6]

g TR [X1,X5]
[X4,X5]

9(5)14 @R [X27X5]

ot @R [X1,X5]
[X4,X5]

9(5)'13 @R [X17X5]
X3.

gi"" ®R? [X1, Xs]
0.

995 ®OR’ [X1,X3]

=aXy, [X2,Xs] = X1 +aXa, [X3,Xs] = Xo + aX3,
= —3aXy —Xs, [Xs,X6] = X4 — 3aXs.

=aXy, [X2,Xs] = pXo — x3, [X3,X6] = X2 + pX3,

=qXy4—sXs, [Xs5,Xs] = X4 +qXs5, a+2p+2q=0, as#

= —4pXi, [X2,X6] = pXo — X3, [X3,X6] = Xo + pX3,
=Xo + pX4 — X5, [X5,X6] = X3 + X4+ pXs, p#0.

=X1, [X2,Xs5] = (=1 —29)X2, [X3,X5] = X3 — rXq,
=rX3 +qXy, q;é—%, r#0, —1<¢<0.

= X1, [X3,X5] = — X4, [X4,X5] = X3.

=pX1 —X>, [X2,X5] = X1 + pX2, [X3,X5] = —pX3 —rXy,
:rX3_pX47 r#0.

=-2pXy, [X2,X4] = pXo— X3, [X3,X4] = X2+ pX3, p>

= _X27 [X27X3] :Xl'

Next, we apply Proposition 3 to determine for which values of ¢ = 7 tha map
¢(f) = exp(fady, ) determines a lattice I'; in G. Note in particular that as consequence
of Proposition 3, both the characteristic polynomial and the minimal polynomial of
exp(fady, ) must have integer coefficients. For computations we used the software

Maple. To illustrate the method, we develop in detail the case ngg,c.p , just writing
down the final results for the other cases.

b,c .
. GZ?S’C’p : From the structure equations of g’

exp(tady,) =

“’g’c’p , we get
e=b=c=2p) o 0 0 0
0 eb 0 0 0
0 0 e 0 0
0 0 0 eéPcost e€'Psint
0 0 0 —ePsint e'Pcost

The eigenvalues of ¢ ady, are

t(pti), th,te,~(b+c+2p),

so the Mostow condition does not hold when ¢ = is a rational multiple of 7. To apply
Corollary 7 we need to have 4(Adg(I';)) connected. Using the same arguments as

in the proof of Proposition

5 (see [12]), one can see that this is the case for 7 = 2.

Indeed, using the Jordan decomposition into semisimple and nilpotent parts, the only
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blocks whose algebraic closures are not in general connected are the subgroups given
by exponentiating the roots of the complex eigenvalues. They are the cyclic subgroups

cqs(m‘)_ sm(nt_) ,n€Z, fort =fe Qmn. The above subgroups are connected
—sin(nf) cos(nf)
only if trivial, i.e., for f = 2.

Let us consider then I'; for f = 2. Setting €™ = w, ¥ = v, e~ 2™ =k, we

have R
£ 0000
0w 0O O
exp(2rady,)=| 0 0 v 0 0
0 00 0
0 00 0 1

Its minimal polynomial is

Bwv +wi + v +v2w? v+ wk w2+ wvE +wPy
X+ X"+
wvk wvk
K 4 kwv? 4 kw?v + w s
wvk
So, it can have integer coefficients only if k € Z. We set w+v = r, wy = s and the
coefficients p; of x' in MinPol (x) become:

MinPol (x) = k—

+a*

Bs+i2r+ 52 2 Kr+s?
pi= =+ ,
ks ks
Br+krr+k2+rs KB4 krs+s
p=—", p3=—".
ks ks
_ K*res? _ KPtrs

Hence p; € Z if and only if q1 = 2= € Z and py —kq = 57 If p1,p2 € Z then
with h:= py —kg1 € Z and s = £ we have py = AL — hk 4+ 1. So py € Z if and
only if % €Z,butkeZ,so k= 1and p =0. Therefore I'yy is not a lattice for p # 0.

Next we check the existence of a lattice for p = 0. The characteristic polynomial
of exp(2mady, ) has coefficients

2 2 2
2 2 1 1
ag=—1 al=2+r+s a2=_l_w=_l_2s +I"_)’S+
s s s
2rs+2452 471 rs+1  s24r rs+1
Ga=l+——— =142 + ag=—2—
s s s s
2
1
Soa17a27a3,a4eZifandonlyifs +r7rs+ € Z and we must check that the solu-

s
tions make w, v positive. For this we consider the system

2
s +r=h1
s
rs+1
(1 S =
r>0

2
0<s<
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that admits solutions for some values of the integers h; and hy (for example h; =
5,hy = 6). In particular we can not accept {s = r — 1}, because these correspond to
b=0orc=0, nor {s =1}, because it corresponds to a = 0. Thus, for p = 0, we
can find values of b and ¢ (and a = —b — c) such that the characteristic polynomial
of exp(2mady,) has integer coefficients and we can check by direct computation that

00 1 00

1 0 =y 0 O
exp(2rwady,) is conjugatetoA= | O 1 hy 0 O |. Therefore, for some choice

00 0 10

00 0 01

a,b,c,0

of the parameters b and c, I'ay is a lattice. We denote the group G¢'g™", with the above
choices of a, b, c, by Gg;o for short.
Next we verify the Mostow condition: the eigenvalues of 2mady, are
+2mi, 2mb, 2nc, — (b +¢)2m,
so we can easily find a linear combination in Q that gives mi. Hence, by Proposition 5
the Mostow condition does not hold.

To compute the cohomology we have then to apply the modification method.
The Lie group Gé’go is defined by the map

P S B B 0 0
0 et 0 0 0
0 0 e 0 0
0 0 0 cost  sint
0 0 O —sint cost

exp(rady,) =

By definition the sub-torus S, is the compact part of the C-diagonalizable part, that
is the product of S, and the R-diagonalizable torus, so it is just the circle given by the
b= 0 0 0 0

1b
cost  sint ~p=0. 0 ¢ (,)C 00
block | sint cost | Therefore G ¢ is defined by 0 0 € 0 0
0 0O 0 1 0
0 0 0 0 1

Hence, the structure constants of gg;o are

[X|7X6] = —(b-f—C)X[, [XQ,X6] = bX>, [X3,X6] = cX3.

Consequently ﬁégo is isomorphic to the decomposable solvable Lie algebra gljﬁ;k71 ®

R? (for some k), cf. [3, Appendix A]. By Corollary 7 the cohomology of Gg;o /Tor is
given by the cohomology groups of 25 . If we set (§050)* = (a,..., a8y, where of
are the dual forms of X; (i = 1,...,6), they are

=0 ~p=0

Hl(Ggs /Tar) =H1(Eg48 )= <0€4a o, 0°6>
=0 ~p=0

H*(GE" /Ton) = H (0 ) = <o, a*, o)
=0 ~p=0

Hs(Ggs /Ton) = H? (ggs )= <0‘1237 05456>
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Here and in the sequel, for the sake of simplicity, we do not use any special
symbol for the cohomology class and just write one representative.

Next, let us investigate if there are integer values k for which Uy is a lattice
. p=0
inGgyg -

eZn(—b—c)/k 0 0 0 0

0 ek 0 0

exp(2m/kady,) = 0 0 ek 0 0
0 0 0 cos2m/k  sin2m/k
0 0 0 —sin2n/k cos2m/k

We set e2™/k =y, ¢?™/k =y, cos2m/k = u/2, and w+v = r, wv = 5. Then the coeffi-
cients of the characteristic polynomial of exp(27n/kady,) become:

us+r+s> r+s? ur+us>+1+rs
a) = =u+ apg=—1-—
s s K
u+urs+s*+r 1+rs+us 1+7s
a3=1+7 as = — — —u
s Ky Ky
Thus ap = —ua; +as +u+u?—1 and a3 = —uas +a; —u—u2+1,soifa1,a2,a3,a4e

Z, then a; +ay4 and a, + a3 are integers and u € Q. Therefore, if cos2m/k is not rational,
Doni is not a lattice. If u € Q, the characteristic polynomial has integer coefficients if
and only if the same system (1) as the one for 7 = 27 admits a solution. Again by direct
computation we can check that the matrix A is conjugate to exp(fady, ), for every 7 such
that cosf = +1,0, i%.

Hence we have a lattice in Gg;ofor = 27" such that cost = +1,0, i%.

We compute the cohomology groups by finding the invariants of the action of

I'7/Toy for f = %, %,Jt. For the other cases we get the same result for the cohomology.

Forf =7, let
eM=b=a)/2 0 0 O
0 M0 0 0
Yy 1= exp(m/2ady,)' = 0 0 &2 0 0
0 0 0 0 -1
0 0 0 1 0

Hence

Voot = 08, Yool = —at oS =af = HY(GL M) = (a),
Y205 = o5, o0 — %5, Yot =~ > HA(GLSY ) = (@,
S o g G ) = @, o),
HY (G5 [Taps) = (0. H (G5 Tx) = (o)
H (G5 [Taps) = (o), (Gl Tx) = (0

=0 =0
H3(Gg,g /rn/S) _ <0€123, 06456>. HS(Gg‘S /rn) _ <0£123, 0(456>
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. Ggfg’p : again exp(rady,) has a pair of complex-conjugate roots. One would get a
lattice I'; violating the Mostow condition and 4(Ad(I'7)) connected for 7 = 2m, but
one can show that there is no lattice for f = 2.

. GL61.10: exp(rady,) has a pair complex-conjugate roots. If a # 0 there is no lat-

tice t = 2w, but >y is a lattice for G2.10~ The eigenvalues of 2mady, are +27i, so
the Mostow condition does not hold. The Lie algebra gg‘lo has structure constants
[X2,X6] = X1, [X3,X6] = Xz and is isomorphic to g4, @R?, cf. [3, Appendix A]. The
cohomology groups of Gg.IO /Ty are

H'(Gg 19/T2rn) = H' (83 19) = (&, o*, o, 0°)
HZ(Gg,lo/FZR) _ H2(gg,10) _ <OC]67 OC23, ()(,34, 0635, (X457 (X46, 0656>
H3 (Gg,m/rh) — H3 (gglo) — <0L]23, 06126, 06146, 061567 0(234, 0(235, 06345, 0(456>

The subgroups 'y i (k € Z) are also lattices if and only if 2cos (27") € Z. In all these
cases we have

H'(Gg 1o/T7) = {0, a®)

H2(G2'10/1—‘t_) — <a16’ 06237 0(45>

H3(G2_10/F,-) — <061237 (11267 (1345, 0(456>'

REMARK 3. The lattice I'; was found in [3, Proposition 6.18]. Part (ii) states
that if there is a lattice in Gg.lo for which the corresponding solvmanifold has b; = 2
and by = 3, then the latter is symplectic and not formal. Here we show that I'; is such
a lattice. We will deal about symplectic structures and formality in Section 4.

&P, i a.p,q,8
° G6. 1 from the structure equations of g/} we get

—2(p+¢q) 0 0 0 O

0 p 1 0 O

ady, = 0 -1 p 0 O
0 0 0 ¢qg s

0 0 0 —-s ¢

We have two non-diagonal blocks with a couple of complex-conjugate roots. Hence
there could be several situations where the Mostow condition fails.

@G): If seQ (say s = %), then I'yns, would be the right chaif?e of parameter to have
A(Ad (T ons,)) connected. But oy, is not a lattice in nglﬁq"‘.

Proof. Exponentiating we get

e drram 0 0 0
0 e2rm™2 0 0 0
exp(27s; ady, ) = 0 0 e¥™ 0 0
0 0 0 M2
0 0 0 0 s
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We set e 2(P+0)™2 = g and e 292 4 ¢~ 2P™2 = B, 50 its minimal polynomial

2 1 3 2
MinPol () = — o+ BO‘: )x (o J;B)x i

@it
o
But then ?:B =+ g € Z implies g € Z and so B € Z. Therefore if o and B are not
both integers we have no lattice I'zx,,. Suppose o, € Z, then B + é €Zonlyifo=1
thatis a = p +¢ = 0, but this value is not acceptable, so 2z, is not a lattice. O

can have integer coefficients only if o € Z. Then =of + é € Z implies B € Q.

(ii):  If s is irrational one can look for lattices T7 with A(Adg(I'7)) connected for
f =2m. For p # 0 there is no lattice for t = 2w, but >y is a lattice for Ggf(l)’lq“Y for some

value of g and s (recall, a+2p +2g = 0). We denote the group Ggf?’lq‘sfor these choices
0

of the parameters by G4 7.

The Mostow condition does not hold, and after modification f;gj? has structure
equations [X1,Xs] = —2¢X1, [X4,X6] = gX4 — 5Xs, [X5,X6] = sX4 + X5, so it is iso-
morphic to g;ék’k @R? for some k, cf. [3, Appendix A]. The Lie algebra ggjf is not
completely solvable, but satisfies the Mostow condition for our choice of lattice. The
cohomology groups are

H'(Gg 1) /Tan) = H' (§11) = (02, o7 a)
HY(GEL /Tox) = HA(8617) = (0, 02, o)
HY(Gg 1) [Tan) = H(§¢) = (o', a2)
The subgroups Ionyy. (k € Z) are lattices if and only if 2cos (27") € Z. In all these cases

H'(GL7)/T7) = (0
H2(GPT/T7) = (023)
H3(GU7Y/T7) = (a3, 0230y,

—4p, . .
. G6 lg’p: one can show that there is no lattice for t = 2.

—1-2 . .
e Gs i3 DT R: we must consider two cases. If r € R~ Q then A(Ad (Tz)) is
connected, whilst if r = % € Q, A(Ad(I'2ny,)) is connected, but one can show that
there is no lattice for either values of t.

. G(5).14 x R: for f = 21 A(Ad(I7)) is connected and T is a lattice, then the only
non-zero bracket of the Lie algebra § = g3.1 ®R? is [X2,Xs5] = X; and the cohomology
groups are

HI(G(S).M XR/FZTI) :Hl(g) = <(X2,(X3,(X47(XS,(X6>,
HZ(G(S)‘M % R/FZK) — HZ(Q) — <a12’ a157 (123, (124, (X26, a347 (X35,
a367 (X45, a46’ a56>,

3(0 3= 123 124 125 126 135 145
H(GS,14XR/F27F):H(9)= <(X. , O , O , A , O , & )
(XISG7 a234’ (X236, (1246, (1345, (1346, a356’ (X456>.
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The subgroups Tay i (k € Z) are again lattices if and only if 2cos (2£) € Z, in particular
for all these values we have the same invariants and the cohomology groups are:

HI(G(S)AM X R/FZTT‘) = <(12, (xsv a6>7
HZ(G(S)AM % R/F%) _ <0(‘127 (XIS, 0(‘267 OL34, (X56>,
H3(G(5)'14 % R/Fz%) — <OL]25, (x‘26, OL156, 062347 (1345, (X346>.

We note that these groups are isomorphic to the cohomology groups of the Lie
algebra 92‘14 ®R.

. Gg.’l_f’r x R: again we must consider two different cases: if r€ R\ Q then A(Ad (I'2z))
is connected, but we have no lattice. If r = % € Q then A(Ad (T'sny,)) is connected and

Tony, is a lattice if and only if €™ + e~ 2™ = he 7.

So for these values of p and r, the Lie algebra § is R® for p = 0, while for p # 0
the non zero brackets in § are given by

[X17X5] = th [X27X5] = PXZ» [X37X5] = _PX3: [X47X5] = _PX4

Thus if p # 0, § is isomorphic to gé:; LT @R. The cohomology groups of the solv-
manifold G£'\;”" x R /">y are

H'(GE" < R/Toxy,) = H'(§) = (o, o),

HZ(G‘g’ﬁp’r x R/FZMZ) — HZ(Q) — <OC13, 0614, 0{423’ Oﬁ24, 0056>,

H3(ng177p’r % R/anrz) — H3 (g) — <a135’ 0(‘136’ 06145, (X146, 062357 a236’
Oc2457 (1246>.

To study other lattices we consider r € Z and then t = 27“: the characteristic

polynomial of exp(tady,) has coefficients depending strongly on the relationship be-
tween k and r, so it is difficult to determine for which values of k they are integers, in
general. For this reason we consider only particular values of k:

(a) k =2: if r is even we have a lattice if and only if h —2 = n? for some n € Z, and the
cohomology groups of the solvmanifold are:
ifp#0 HY(GE " x R/Tz) =<, af),

H*(GY " x R/Ty) = (@),

H(GE1" < R/Ty) = {0};

2 , =Pt 12 4 4 44
H2(GE " x R/Ty) = (a2, 034, 0%, 0%, ¥, 0%, 0%,

(
(
ifp=0 H'(GE " x R/Ty) = (a0, 0, 00,
(
HB(G?GPJ X R/l“n) _ <06123,0(,124,(X125,06126706345,(X346,OC356,OL456>.

Note that for p # 0 these groups are isomorphic to the cohomology groups of the Lie
algebra.

If r is odd we have a lattice if there is an integer n such that h +2 = n2, and
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ifp#0 HY(GE" x R/Ty) =<, ab),
HZ(G§‘71—7PJ % R/Fn) — <a13,a14,a23,a24,a56>,
HS(G§‘71—7PJ % R/Fn) — <0L135,0(136, 0(145700146, 06235, 0(236,06245, 0(246>;

ifp=0 HY(GE" x R/Ty) =<, ab),
HZ(G?I;PJ % R/Fn) — <0€12,0613,(Xl4,0623,0624,0634,0656>,

3 (D= D 125 126 135 136 145 ~146 235
H(Gg177" xR/Ty) = (o'=,0 %00, 0°% a0, ™,
0236, 245 246 o345 o340,

(b) k=4: if r =0 mod 4 the characteristic polynomial has integer coefficients if and
only if p = 0, and for this value our matrix has integer entries, so there is a lattice:

H'(GE" < R/Tg) = (o o, o, 0%,
2( P =P 12 434 35 36 45 46 36
H (G5.17 XR/F%):<G‘ , 077, 0, o, o0, o, o >7
3(GP—PT 123 124 125 126 345 346 356 4356
H> (G54 XR/F%) =o' 00 ol o0 0 o o o o).
If r=1 mod 4 again we have a lattice only if & +2 = n? for some n € Z, and
iftp#0 H'(G{" xR/Tx) = (0,0,
HZ(G?BPJ % R/l“%) — <0613 +0€24, al4 — 06237 OL56>,
H3(nglf7p,r « R/l"%) = (@135 245 @145 — 235 146 — o236 136 4 246,
: 1(aP—Pr
iftp=0 H'(G{)" xR/Tx) = (0,0,
H2(Gg’_’f7"’” % R/F%) = (02,03 + a2, ol — a2, 0¥, a0,
H3(ngl—7p.,r « R/F%) = (05,026, o135 4 245 45 — o235,
0146 — 236 136 4 246 (345 (346,
For r = 1 these are isomorphic to the Lie algebra cohomology.

If r =2 mod 4 then again there is a lattice only if p = 0 and we have an iso-
morphism with the invariant cohomology groups:

H'(G§ " x R/T'g) = (&, a0,
H?(G"" xR/Ts) = (a2, 0%, o),
H3(G§f1_7p‘r % R/F%) = ()25, 0126, 345 346,
If r=3 mod 4 we get the same coefficients as for r =1 mod 4, and we have a lattice
only if & + 2 = n? for some n € Z.
ifp#0 H'(GE" xR/Tx)={,0,
HZ(Gé’"ﬁp’r % ]R/F%) = (oM + a2, al? — 024, 06,
H3(G§jﬁp’r % R/F%) = (a5 235 135 — o245 136 — o246 146 4 o236,
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ifp=0 H' (G xR/T'x) = (0,
HZ(G?EPJ % R/F%) — <(1127OLI4 +0€23, OL13 _ (X24, OL3470L56>,

H3(G§7‘~,1*7PJ x R/l—%) — <O(.125, (X126, Oc145 + 0('235’0(‘135 _ (1245,
(1136 _ (1246, Oc146 + 0(,236,0(.345, 0(‘346>.

Again we have the isomorphism with the invariant cohomology, but only for r = —1.

. Gg.IS x R: forr = 21 4A(Ad(T})) is connected, there is a lattice and § = gs 1 ®R,
S0

HY(G? ¢ xR/Tr)
H*(G? ¢ xR/Tr)
H*(GS 14 x R/Taz)

H'(@)= (o ot o, 0
H2E) = (o, 005, ol + 023, a2, 025, 3%, 06, %6, 06

H3(g) _ <0(11257 (X134, 061357 (X136, 06146 +a236’ 061567 (X234,
(1235, 0(245, (1246, 0(12567 0“346>

Again we can have other lattices I'yn/ only for k = 2,3,4,6 and

k=2 H'(GY s x R/Tn) = (0, &)
HZ(G(S)JS x R/F,E) — <OLB, Oc14 + 0(23, 0624, 0(34, 0LS6>
3 G(5)418 x R/Fﬂ;) — <0c125,cx135,(x‘36,0c146 +0623670(.235,(X245,06246,(X346>
G 15 R/F%) = (&, o)
G(S)‘IS x R/rz%) — <(X13 +(1247 (x347 ()(,56>
G(S)‘IS X R/r%) — <(x1257 (1135 +0{42457 a136 +O€246, (X346>

T

(
k=3,4,6 H'(
H?(
H3(
The last case is isomorphic to the cohomology of the Lie algebra.

. G;ép,p x R2: Sfort =2m A(Ad(I})) is connected, but there is no lattice.

. Gg.S x R3: fort =2m, A(Ad(I;)) is obviously connected and we have a lattice, in
particular ggs x R3 = RS, 5o Gg.s X ]R3/F2n is diffeomorphic to a 6-torus.

Again, the subgroups Iy (k € Z) are lattices if and only if 2cos (3F) € Z.
In particular for all these values the cohomology groups are always isomorphic to the
invariant ones:

H'(GY s x ]R3/1“27n) =3, 04,00, b,
H2(GY5 x R3/l“z%) — (12,034,035, 036, 05, 046 156,

H3 (G(3)'5 x RS/F%) — <06123706124,(X125,0(126,0634570(346,0(356,06456>.

We list the Lie algebras g and modified Lie algebras g in Table 3.1.
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Table 7.2: Deformed Lie algebras

g g
p=0 2
96.8 gasOR
ad50 941 OR?
=0 2k,
gg.] 1 94?{ ‘ORr?
9(5)_14@R 93.1@R3
_ R67 pP= 0
957" OR L
957 @R, p#0
92,13®R 951 ®R
o OR’ RS

4. Symplectic structures and Lefschetz properties

Let us study symplectic structures on the solvmanifolds of concern. In general, since
G/F is diffeomorphic to G/I" (Theorem 4), symplectic structures on the modified Lie
algebra § yield non-G-invariant symplectic structures @ on G/I" (where I is the lattice
for which 4(Ad(I")) is connected). Recall from the previous Sections that these G/T’
cover solvmanifolds G/I". Observe that in general the symplectic forms @ are defined
only on the covering G/T" and not on G/T".

Let us start with the indecomposable case. We know from the classification
of symplectic structures on six-dimensional solvable Lie algebras (see [16]) that only
Ggﬁg /T’ have invariant symplectic structures (inherited by ggﬁg). The generic invariant
symplectic form is

(2)  ©=060% + 307 + 0607 + @3 60°° + 04 50* + @4 60 + 05 600

with 01 6002 30045 # 0 (det (w;;) # 0).
Next, let us look for non-invariant symplectic structures. In the case of Gg;o

we have that also gg;o does not admit symplectic structures. As for ngg , symplectic
forms on the modified ggjg (isomorphic to g4.; @R?) yield the (in general non—ngg—
invariant) symplectic form on G‘é‘jg /Ton

O=w0+mn,

where o is given by (2) and n = 0)3740(34 + (03750L35 is the “new part” (recall that the
invariant cohomology, i.e. the cohomology of the Lie algebra ggjg, is contained in
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the deRham cohomology of ngg /Tar, cf. Remark 2). Again ﬁg_?? does not admit
symplectic structures.

Consider now the decomposable case. The Lie algebra g = 9(5).1 4+ ®R admits the
symplectic form

© = 0120 + 01 507 + 507 4 @260 + 03 40 + 03 50°° + 4 50 + W5 60,
with det(w; ;) # 0,

® = 0+ w307 + @ 40 + @360 + 04 60* with det(@; ;) # 0.
The Lie algebra g = g£’,-”" ®R admits symplectic structures only for particular values
of the parameters p and r, [16], but:
for p = 0: § is isomorphic to R® so it is symplectic;
for p # 0: § has generic symplectic form

»= (,0173()(13 + 0)1,4(X14 + (,01’50‘15 + (0230623 + (1)2740624 + 0)2,506254-

(,03~5(X35 + (1)4#50645 + (05760656

with det(@; ;) # 0. The Lie algebra g = 92'18 @R admits the symplectic form

o = 013(a +02*) + 0 50! + @y 507 + @3 403 + @3 50% + @4 50% + 05605,
with 1 3056 # 0, but the solvmanifold G(S)_1 ¢ X R/T"y also has a non-invariant sym-
plectic structure inherited by §:

®=0+0 30" +op4(a" +03) + 03,600 + 04 60,

with det(@; ;) # 0. The Lie algebra g = g3 s @R admits symplectic structures, but
§ is isomorphic to R®, so Ggs x R3 /T'2x admits obviously a non-invariant symplectic
structure too.

DEFINITION 1. An SU (3) structure on a six-dimensional manifold M (i.e., an
SU(3) reduction of the frame bundle of M) defines a non-degenerate 2-form ®, an
almost complex structure J and a complex volume form Y. The SU(3) structure is
called half-flat if ® A @ and the real part of Y are closed [4]. If in addition ® is closed,
the half-flat structure is called symplectic.

Proof of Proposition 2. We use the classification of [8] together with the above discus-
sion on symplectic forms, possibly coming from forms on the modified Lie algebra (cf.
Table 2). By [8, Proposition 4.2], there is no 4@®?2 decomposable Lie algebra admitting
symplectic half-flat structures. Hence the symplectic forms on ngg /T2 we found
are not half-flat (recall that ﬁ%ﬁg is isomorphic to g4.1 @R?). By [8, Proposition 4.3],
the 5@ 1 decomposable Lie algebras having symplectic half-flat structures are g5, ®R
(isomorphic to b3 in the notation of [8]), gt ”" @R for p > 0and r = 1, and g£ 4" ®R
forp=g=—landr=1. O
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Next we consider the hard Lefschetz property. Recall that a symplectic manifold
(M?", o) fulfils the hard Lefschetz property if for every 0 < k < n

Lnfk . Hk(M) N H2n7k(M)
[o] = [0 FAd]

is an isomorphism. More in general, (M?",®) is called s-Lefschetz if L"* is an iso-
morphism for all £ < s [9]. The property of being 0-Lefschetz is equivalent to being
cohomologically symplectic, i.e. there exists @ € H>(M) such that @" % 0.

We need to consider G¢70/T7, G2 |, x R/T7, G2 1o x R/T7, G2 7" xR/T7, GY 5 x
R3 /T7 (for the above choices of 7). As a start, we consider the generic (non-invariant)
symplectic form @ on G/T" with 4(Ad(I")) connected.

Proposition 8. The hard Lefschetz property does not hold for the symplectic form ®
on ngg/FZK, G2.14 x R/Tag, Gglg x R/Tan. More in general, these solvmanifolds are
O-Lefschetz but neither 1- nor 2-Lefschetz.

The hard Lefschetz property holds for the symplectic form @ on Gg“l;p TxR/ Tony, (r=
1 eQ), Gy 5 xR /oy

Proof. We prove the statement for the first solvmanifold only, because the other cases
are quite similar and the proposition comes from the direct computation of the mor-
phisms L"~*, First, G‘éjg /Tar is O-Lefschetz because cohomologically symplectic. By
direct computation we find that for every o€ A2Q(G/T"), &t'?*3 never appears in ® A o;
as it is a generator of H*(G/T'), L' : H*(M) — H*(M) cannot be an isomorphism. This
implies that ngg /T'ax is not 2-Lefschetz. Moreover, @ A0 is cohomologous to zero,
so L? : H'(M) — H>(M) cannot be an isomorphism (recall that o® is a generator of
H'(GY 0/T2x)) and G&79 /Tar is not 1-Lefschetz.

The rest of the proposition is quite obvious because § is in both cases isomorphic to
RC. O

If we consider the invariant symplectic form ®, then one can see that the hard
Lefschetz property holds for (G207 x R/T7,®) and (G27"*! x R/T%, @), but not for
(G2, xR/T7,m), (G2 4 x R/T7,0) [3, Proposition 7.12] and (G¢79/I'7, ) [3, Propo-
sition 7.9].

5. Minimal Models and formality

We now compute the minimal model of the above solvmanifolds. We shall use a
method developed by Oprea and Tralle [22, 23] that exploits the Mostow fibration.

THEOREM 9. [22, 23] Let F — E — B be a fibration and let U be the largest
7y (B)-submodule of H* (F,Q) on which 7t (B) acts nilpotently. Suppose that H* (F) is
a vector space of finite type and B is a nilpotent space. Then in the Sullivan model of
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the fibration
A4(B) A(E) A(F)

T T |

(AX,dy) — (A(X®Y),D) — (AY, dy)

the homomorphism a.: (AY,dy) — A(F) of differential graded algebras induces an
isomorphism o* : H*(AY,dy) — U.

In the case of the Mostow fibration
N/Ty = (NT)/T < G/T — G/(NT) = T*,

we can construct the minimal model (A(X @Y), D) of the solvmanifold using the mod-
els of the base T* (for almost abelian solvmanifolds k = 1, i.e., a circle S') and the
fibre N/T'y (actually its submodule U). In general finding U is very difficult, but when
the solvmanifold is almost nilpotent (in particular almost abelian), the monodromy ac-
tion of Z = 7;(S') on H*(N/T'y) is exploited by the (transpose of) twist action that
defines the semi-direct sum g = R x n, that in our case is just exp(¢ady,) (see [22,
Theorems 3.7 and 3.8]). Unfortunately, in some of our examples we cannot find the
model uniquely using this method, because there are different choices for constructing
(A(X@Y),D). However, we can identify the right one using the cohomology groups
from the previous computations.

We write down the computations explicitly only for some of the solvmanifolds,
trying to show all possible different cases, while for the others we only provide the
minimal model.

p=0
o G68 / FZn:
oty c H! (n)
(a®) < H*(n)
U=3 (a¥)cH(n) ;
<(X1234,OL]235> c H4(t‘l)
<OL12345> = H5 (n)

and a minimal model for U is My = (A(x1,y1,z3),0). The minimal model of the base
S'is (A(A1),0) and the minimal model of the solvmanifold is M = (A(A1,x1,¥1,23),0).

=0
*Geg /Trzz

7273:
M = (A(A1,%,B3,y3),D),  DA=Dx=Dy=0,DB=x".
=0 .
* Gg1o/Ton:
U=H*(n) = My=(A(x1,y1,21,P1,41),0)

The minimal model of the solvmanifold is M = (A(Ay,x1,y1,21,P1,91),D), but we
have 7 different choices for D:
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1. D=0,

2. DA=Dx=Dy=Dz=Dp =0, Dg = Ax,

3. DA=Dx=Dy=Dz=0Dp =Ax, Dg = Ay,

4. DA = Dx =Dy =Dz =0Dp = Ax, Dg = Ap,

5. DA=Dx=Dy=0Dz=AxDp = Ay, Dg = Az,

6. DA =Dx =Dy =0Dz=AxDp = Az, Dg=Ap,
7. DA=Dx=0Dy=AxDz=AyDp =Az, Dg=Ap.

Computing the cohomology groups of these commutative differential graded algebras
(CDGAs) and comparing with those of G‘G’jg /Tax, we find that (4) is the right one.

a=0 .
° Gﬁ.lo/rn,%.,%~

(o' 0%, 0%y c H'(n)
<061270613706237OL45> c Hz(l‘l)

U= <(x123,0c145,(x24570c345>CH3(n) = MU = (A(X],y|7217t2,53),d)7
(ol g3 o234y = H4(n) dx=dy=dz=dt =0, dp =1*
<O(12345> = H° (‘(1)

The minimal model of the solvmanifold is M = (A(Ay,x1,y1,21,t2,B3),D), but we

have 13 different choices for D. Fortunately, only the following are not isomorphic
with each other:

1. DA=Dx=Dy=Dz=Dt =0, DB =12,
2. DA=Dx=Dy=0,Dz=AyDt =0, DB =12,

3. DA=Dx =0, Dy = Ax, Dz = Ay Dt =0, DB = 1.

Computing the cohomology groups of these CDGAs and comparing with those of
Gg_:lg/lﬂn,%’%, we find that (3) is the right one.

REMARK 4. The model (7) in the case of G¢79/I2x has cohomology groups
isomorphic to the cohomology groups of Ggﬁg /T = =, and conversely the first model

7253
: a=0 a=0
in Gg7o/I'z 3 = has the same cohomology as Gg7jo/Ton.

=0
° Gg.n/rmi M = (A(A1,x1,51,23),0)

=0
o Ggll/l“n’%: M = (A(A1,x2,B3,3),D), DA = Dx = Dy =0, DB = x°.
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0 .

° G514 X R/FZTC
M = (A(uy,Ar,x1,¥1,21,1),D), Du= DA = Dx = Dy = Dz =0, Dt = Ax.

0 .

. G5_14 X ]R/Fz%.

M = (A(u1,A1,%1,1,22,B3), D), Du= DA = Dx =Dz = 0, Dy = Ax,Dp = 2*

Py 274
G517 xR /Doy, (r = = €Q):
<0£13,(X14,0£23,(X24> c HZ(n)
<(x1234> — H4(r1)

Listing all generators in My is almost impossible in this case: in every degree
we need to add several generators to get the isomorphism in cohomology, but in this
way we increase the number of generators. Let us denote by MM™ the subalgebra of M
generated by generators of M of degree n. Then M} = {0}, M7 = (A(x2,¥2,22,12),0),

and forany n>2 M} can be computed inductively ([6, Theorem 2.24]). The minimal
model of the solvmanifold is

pr#O:U={

M= (Au,A;,My),D), Du=DA =Dx=Dy=Dz=Dr=0,
D|Mz’1’ =dVn>2.

Ifp=0:
U=H*(n) = My=(A(x1,)1,21,11),0).
The minimal model of the solvmanifold is M = (A(u1,A1,x1,y1,21,11),D), with dif-
ferent choices for D. But we know that it is isomorphic to R®, so D =0.
P,—p,r .

L] G517 X R/rn

r even:

if p # 0, then M = (A(u1,A1,x4,B7),D), Du= DA = Dx =0, DB = x°.

if p =0, then

M = (A(“hAl,le)’l,Zz,B3)aD)7 Du=DA =Dx=Dy=Dz=0, DB :Zz'
r odd:

if p # 0 we have the same model of t = 2.

If p =0 we are not able to list all generators of My, but as in the case of
t =27mry, p # 0 we have

M= (A(u1,A1,My),D), Du=DA=Dx=Dy=Dz=Dt =Ds=Dq=0

. ngﬁp’r X R/F%
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r=0 mod4: p =0 and we have the same computation of the case t = T with r even.
r=1 mod4: M = (A(ur,A1, My),D), Du= DA =0, Dl =d.
r=2 mod4: p=0and

M = (A(u1,A1,%2,y2B3,73),D), Du= DA = Dx = Dy = 0,DB = x*, Dy = y*.

r =3 mod 4: the model is the same as for r =4 1.

¢ GY o x R/Top:

M = (A(u1,A1,x1,y1,21,h1),D), Du= DA = Dx = Dy = 0, Dz = Ax, Dt = Ay.

¢ GY o xR/Ty:

M= (A(u,A;,My),D), Du=DA=Dx=Dy=Dz=Dt=0,Ds=Ax,
Dq =Ay,D|gpn =dVn>2.

¢ G o xR/T

2n:

I
oy

T
3

M= (A(u1,A1,My),D), Du= DA =Dx=Dy=0,Dz=Ax, Dt = Ay,
D|M5£an>2.

* GgS x R?’/rzn M = (A(W17V17Alvxl7y1)70)~
« G35 x R*/T:

M = (A(wi,vi,u1,A1,%2,B3),D), Dw=Dv=Du=DA=Dx=0,Dp = x°.

Next, we use these models to decide which solvmanifolds are formal. Recall
that a manifold is formal if its minimal model is formal, meaning there exists a ho-
momorphism y : M — H*(M) of CGDAs that induces the identity in cohomology.
In particular, every closed generator must be sent to its cohomology class, while the
others must be sent to zero. Alas, this construction does not always give the identity,
even in higher cohomology.

Proof of Theorem 1. If we have the explicit computation of the model of the solvman-
ifold we can define y and see directly if the map induced in cohomology is the identity
or not.

For example, in the case ngg /T2n we have

V:Ae [Al,x— [x],y— [y],z2— [z],p— 0,0,

so Y([Ap]) = w([0]) = 0; as [Ap] # 0, y* is not the identity. A similar proof can be
carried out for the other solvmanifolds, of which we have the explicit minimal model.
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In absence of the model, we consider a weaker notion of formality introduced
by M. Ferndndez and V. Mufioz in [9], namely s-formality. We shall define it as
follows (see [10, Lemma 2.7]). Let M be a manifold with minimal model M =
(A\V,d). Then M is s-formal if and only if there is a map of differential algebras
o: (A\VS,d)— (H*(M),d = 0), such that the induced ¢* : H*( A VS*,d) — H*(M)
equals i* : H¥*(AVS*,d) —» (H*(/\V,d) = H*(M), induced by the inclusion i : (A VS, d) —
(AV.d).

To study formality we use the following fact

THEOREM 10. [9] Let M be a connected and orientable compact smooth man-
ifold of dimension 2n or 2n— 1. Then M is formal if and only if is (n — 1)-formal.

We can apply this theorem to the CDGA My because the manifold M in the
hypothesis can be replaced by a real CDGA A4 with the following properties:

« H'(2)=R;
* H'(4) =0 for any i > dim(4);
o HYmM)~i(g) ~ H(4) (Poincaré duality).

My has dimension 4 and always satisfies these properties, so to prove that it is
formal we must only prove that it is 1-formal. In the cases where there is no explicit
model, My is always simply connected because U' = {0}, so it is 1-formal and hence
formal. Now we use the formality of (My,dqy,) to study the formality of the model
of (M,D): if M has differential D such that D], = dgy,, then it is obviously formal,
otherwise we can show that it is non-formal by defining y as in the case of Ggﬁg /Toax.

O

In particular one can verify that all non-formal solvmanifolds considered are
0-formal but not 1-formal.
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