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FREDHOLM OPERATORS AND SPECTRAL FLOW

Introduction

Fredholm operators are one of the most important classes of linear operators in math-
ematics. They were introduced around 1900 in the study of integral operators and by
definition they share many properties with linear operators between finite dimensional
spaces. They appear naturally in global analysis which is a branch of pure mathe-
matics concerned with the global and topological properties of systems of differential
equations on manifolds. One of the basic important facts says that every linear ellip-
tic differential operator acting on sections of a vector bundle over a closed manifold
induces a Fredholm operator on a suitable Banach space completion of bundle sec-
tions. Every Fredholm operator has an integer-valued index, which is invariant under
deformations of the operator, and the most fundamental theorem in global analysis
is the Atiyah-Singer index theorem [4] which gives an explicit formula for the Fred-
holm index of an elliptic operator on a closed manifold in terms of topological data.
An important special case are selfadjoint elliptic operators, which naturally appear in
geometry and physics but for which, however, the Fredholm index vanishes. Atiyah,
Patodi and Singer introduced in [6] the spectral flow as an integer-valued homotopy
invariant for (closed) paths of selfadjoint Fredholm operators. Roughly speaking, the
spectral flow is the number of eigenvalues which pass through zero in the positive di-
rection from the start of the path to its end. Atiyah, Patodi and Singer proved in [6]
that the spectral flow of a closed path of selfadjoint elliptic differential operators on a
closed manifold can be computed by a topological index in essentially the same way
as the Fredholm index in the previous index theorem [4] of Atiyah and Singer. In what
follows, we denote the spectral flow of a path 4 = {4 }, ¢ of selfadjoint Fredholm
operators by sf(4).

The spectral flow has been defined in several different but equivalent ways and it has
become a well known and widely used integer-valued homotopy invariant for generally
non-closed paths 4 = {4 },¢; of selfadjoint Fredholm operators (cf. [63], [14]). For
example, lots of efforts have been made to compute the spectral flow for paths 4 of
operators induced by boundary value problems for first order selfadjoint elliptic oper-
ators on manifolds with boundary. Several spectral flow formulas have been found in
this setting expressing sf(4) in terms of various invariants (cf. e.g. [50] among many
other references). The spectral flow has also been used in symplectic analysis, where,
e.g., Floer introduced it as a substitute for the Morse index in order to define a grading
of his celebrated homology groups [29]. It was thoroughly studied in this setting by
Robbin and Salamon in [68], and it was also used before by Salamon and Zehnder in
[70].
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The aim of these notes is an essentially self-contained introduction to the spectral flow
for paths of (generally unbounded) selfadjoint Fredholm operators. We begin by reca-
pitulating well known theory about bounded and unbounded operators in the first two
sections following [35], [36], [86] and [69], where we particularly focus on spectral
theory. The third section is devoted to the gap-topology on the space of all closed op-
erators on a given Hilbert space, which we need in order to deal with continuous paths
of operators. In the fourth section we construct the spectral flow and discuss some of
its properties following [14], [51] and [68]. The final section is devoted to a simple
example and some hints for further reading.

This manuscript are extended lecture notes of a PhD course that the author gave at
the Universita degli studi di Torino in Italy in spring 2013. We are grateful to Anna
Capietto and Alessandro Portaluri for inviting us to give these lectures, and to the
audience for several valuable questions.

1. Bounded Operators and Subspaces

Let E and F be non-trivial complex Banach spaces. We denote throughout by /g, Ir the
identity operators on E and F', respectively. Recall that a linear operator A : E — F is
bounded if there exists a constant ¢ = 0 such that

M Aul <clul, ueE.
The smallest possible bound in (1) is the norm |A| of A and it is given by
lAu] _

) |Al =sup=—= = sup [Aul = sup [Aul.
uz0 ||| Jul<t Jlul=1

It is a simple exercise for boring train trips to check the equalities in (2) as well as the
following lemmata.

LEMMA 1. The following assertions are equivalent:
e A is continuous,
e A is continuous at some u € E,

e A is continuous at 0 € E,

¢ A is bounded.

In what follows, we denote by L(E,F) the set of all bounded operators A : E — F
which is a normed linear space with respect to the operator norm (2).
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LEMMA 2. L(E,F) is a Banach space.

The proof of the previous lemma only uses that F' is complete and hence the dual space
N*:= L(N,C) of any normed linear space N is a Banach space.

The following important result in functional analysis is called the open mapping theo-
rem, and it is frequently applied to prove the continuity of inverses of operators.

THEOREM 1. IfA€ L(E,F) is surjective, then A is an open map, i.e., A(U) C F
is open for any open subset U C E.

In contrast, compact operators are never boundedly invertible on infinite dimensional
spaces:

DEFINITION 2. A linear operator A : E — F is compactif A(U) c F is relatively
compact for any bounded subset U c E.

We denote by K (E, F) the set of all compact operators A : E — F.

LEMMA 3. Every compact operator is bounded; i.e., X (E,F) c L(E,F). More-
over, K(E,F) is closed and products of compact and bounded operators are compact.

Now we assume that U,V are subspaces of E such that E = U @V algebraically. In this
case we have a unique projection P : E — E onto U with respect to this decomposition
and we can ask about the boundedness of P.

LEMMA 4. The projection P : E — E is bounded if and only if U and V are
closed.

A strictly related problem concerns the following definition.

DEFINITION 3. A closed subspace U of a Banach space E is called comple-
mented if there exists a closed subspace V of E such that E =U @V.

A well known example of a non-complemented subspace of a Banach space is given
by

{{xntnen c C: nliﬂn,}‘x,1 =0}
which is a closed subspace of
1" = {{xn}nen = C:sup|xa| < o0},  [{xa}nen| = sup |xu.
neN neN
However, we have the following two positive results.

THEOREM 4. Any closed subspace U of a Hilbert space H is complemented.
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Note that the latter result is just the well known theorem on orthogonal projections and
decompositions H = U @ U for any closed subspace U c H.

LEMMA 5. Any subspace U of E of finite dimension is complemented.

Lemma 5 suggests the question if the same result holds if we require the codimension
of U instead of its dimension to be finite. That is, we assume to have a decomposition
E =U®V where V is of finite dimension. Since finite dimensional spaces are closed
we obtain immediately that any closed subspace of E of finite codimension is comple-
mented. However, by the following result, we cannot omit the closedness assumption.

LEMMA 6. In any Banach space E of infinite dimension, there exists a one-
codimensional subspace U which is not closed.

Proof. Since E is of infinite dimension, there exists an unbounded linear functional
f+E — R.Then U := ker(f) has codimension 1 and it is not closed. For, assume that
U is closed. Since V is of finite dimension, we have E = U @V, where U and V are
closed. But f |y=0 and f |y are continuous and consequently f : E — C would be
continuous. O

The following remarkable result implies that a finite codimensional subspace U c F is
complemented if it is the image of a bounded linear operator.

LEMMA 7. IfA € L(E,F) is a bounded linear operator and V C F is a closed
subspace such that F = im(A) @V, then im(A) is closed.

Proof. Let P: E — E/ker(A) denote the projection onto the quotient space. Then
A : E — F factorises as

E/ker(A)

where S : E/ker(A) — im(A) is the bounded and bijective map defined by S[u] = Au,
u € [u] € X/ker(A). We now define

S:E/ker(A) xV —F, S([u],v) = S[u] +w

and note that E/ker(A) x V is a Banach space as V and ker(A) are closed. Now §

is a bijective bounded linear operator and hence S~ is bounded by Theorem 1. As
E/ker(A) x {0} is closed in E/ker(A) x V, we obtain that

im(A) = S(E/ker(A)) = S(E/ker(A) x {0}) c F

is closed. O
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2. Closed Operators

As before, we let E and F be non-trivial complex Banach spaces. A linear operator
acting between E and F is a linear map 7' : D(T) — F, where D(T) is a linear subspace
of E. We usually write

T:D(T)cE—-F

in order to emphasise the space E. The operator T is called densely defined if D(T) is
dense in E and it is called bounded if there exists ¢ > 0 such that

|Tu| < clul,  weD(T).

Given linear operators T : D(T)cE - F,S: D(S)cE - FR:D(R) c F — G and
o € C, we define

e al:D(aT)cE— Fby (ol )u=o(Tu),uec DoT)=D(T),
* T+S:D(T+S)cE—-Fby(T+S)u=Tu+Su,uc D(T+S)=D(T)nD(S),
* RS:D(RS) c E — G by (RS)u = R(Su),
ue D(RS) = S~H(D(R)) = {uecE: ue D), Sue D(R)}.
We write T c S if D(T) < D(S) and Tu = Su for all u € D(T). Moreover, we set T = S
if T < Sand S < T. Finally, we denote by O the operator acting by u — 0 on the domain

D(0) =E.
For three operators R, S, T acting between E and F, one easily verifies that

*0Tc0,0+T=T+0=T,
* (R+S8)+T =R+(S+T7),
e S+T=T+S,

e (S+T)-TcS.

Moreover, if T,T1,T, are operators from E to F, S,S1,S2 map from F to G and R has
its range in E, then

« (ST)R

S(TR),
S(aT) =o(ST) if o # 0,

08)T = 0(ST) < T(0S),

(
o (aS)T
(
(S] +S2)T =5T+ 8T,
. S(T] +T2) oS8T + 51>,

* IFTZT]E =T.
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DEFINITION 5. We call an operator 7 : D(T) c E — F invertible, if T maps
D(T) bijectively onto F. We say that T has a bounded inverse, if T is invertible and
T~!':F — D(T) C E is bounded.

Let us point out that there are various non-equivalent definitions of invertibility in the

contrary, in [39] an operator is said to be invertible if it has a bounded inverse according
to Definition 5.
For an operator T : D(T) c E — F, we denote by

graph(T) = {(u,Tu) e EXF : ue D(T)} cExF

the graph of T, which is a linear subspace of the Banach space E x F. Clearly, T c S
is equivalent to graph(7') c graph(S).

DEFINITION 6. The operator T : D(T) c E — F is called closed if graph(T)
is a closed subspace of E x F.

Note that T is closed if and only if, for every sequence {u,}neny © D(T) such that
(ttn, Tuy) — (u,v) € E x F for some u € E and v € F we have u € D(T) and Tu = v.

EXAMPLE 1. We consider the operator
T:C'0,1]cC[0,1] - C[0,1], Tu=u,

which is not bounded as || Tup|o, = n = n||uy||, for u,(r) =", n e N. We claim that T
is closed. Let {u,}nen < C'[0,1] be a sequence and v € C[0, 1] such that u,, — u and
Tu, = u}, — v uniformly. Then

fv(s)ds=f nmu;,(s)ds=”1iﬁrg£u;(s)ds=u(z)—u(()), teo,1],

0 o0 n—0

and hence .

u(t) = u(0) +j v(s)ds, te]0,1],

0
where v € C[0, 1]. Consequently, u € C'[0,1], Tu = v and so T is closed.

In what follows we denote the set of all closed operators acting between E and F' by
C(E,F). In contrast to L(E, F), the set C(E,F) is not a linear space:

EXAMPLE 2. Assume that D c E is dense and strictly contained in E and let
T:D(T)c E — F be a closed operator defined on D(T) = D (e.g., E = C[0,1],
Tu = u' on D(T) = C'[0,1] as in Example 1). Then T —T = 0T < 0 is not closed
because

graph(T —T') = graph(07) = D x {0}

is not a closed subspace of E x F.
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LEMMA 8. A bounded operator T is closed if and only if D(T) is closed in E.

Proof. Assume that T is bounded and closed, and let {u, },en < D(T) be a sequence
such that u, — u in E. Since T is bounded, {Tuy,},cn is a Cauchy sequence in F and
hence converges to some v € F. Consequently, (u,, Tu,) — (u,v), n — o0, and as T is
closed, we conclude that u € D(T) (and v = Tu).

Conversely, assume that T is bounded and D(T') is closed. If {u,}nen is a sequence
converging to some u € E, then u € D(T). As T is bounded, we obtain that Tu,, — Tu
and hence T is closed. O

We obtain as a consequence of the previous lemma that L(E,F) c C(E,F).
LEMMA 9. Let T € C(E,F) be a closed operator.
(i) oT is closed for any 0 # o € C.
(ii) If B: D(B) c E — F is bounded and D(T) c D(B), then T + B € C(E,F).
(iii) If T is invertible, then T~ € C(F,E).
Proof. For the first assertion we just note that the map
ExF—>ExF, (u,v)— (u,ov)

is a homeomorphism mapping graph(7') to graph(a 7). In order to show the second
assertion let {u,},en be a sequence in D(T + B) = D(T) such that u, — u € E and
assume that (T + B)u, = Tu, + Bu, — v, n — 00. As B is bounded, D(B) is closed
by Lemma 8 and Bu,, — Bu. We obtain Tu,, — v — Bu. Since T is closed, this implies
ue D(T) and Tu = v— Bu. Consequently, u € D(T + B) and v = (T + B)u. For the last
assertion, we only have to observe that

{(T'u,u) e ExF:ueF}={(u,Tu)e EXF:ueD(T)} = graph(T)

and that the left hand side is mapped to graph(7~!) under the homeomorphism E x
F—>FxE, (u,v) — (vu). O

EXAMPLE 3. Let us consider the operator 7 : D(T) c C[0,1] — C[0,1], Tu =
', where D(T) = {ue C'[0,1] : u(0) = 0}. Then T has a bounded inverse given by
!
T=1:Cl0,1]-C[0,1], (T~ 'u)() = j u(s)ds
0
and hence T is closed by Lemma 9 and Lemma 8.

LetT:D(T)cE — Fand S: D(S) c E — F be two linear operators such that D(T)
D(S). Then S is said to be T-bounded if there exists a, b > 0 such that

3

|Su|| < alu| +b|Tul|, ueD(T).



14 Fredholm Operators and Spectral Flow

The infimum of all » > 0 for which an a > 0 exists such that (3) holds is called the
T-bound of S. Note that the 7-bound is O if S is bounded. The second part of the
previous lemma can be improved as follows.

THEOREM 7. Let T : D(T) c E — F and S : D(S) c E — F be two linear
operators such that S is T-bounded with T-bound less than 1. Then T + S is closed if
and only if T is closed.

Proof. [86, Theorem 5.5] O
LEMMA 10. If T € C(E,F), then ker(T) C E is closed.
Proof. This follows from
ker(T') x {0} = graph(T') n (E x {0}),
as graph(7') and E x {0} are closed. O
The following important result is usually called the closed graph theorem.
THEOREM 8. IfT € C(E,F) and D(T) =E, then T € L(E,F).

Proof. By assumption, graph(T) c E x F is closed and hence a Banach space in its
own right. We define an operator

S:E — graph(T), Su= (u,Tu)

and note that S is bijective and its inverse is the restriction Py |grapn(r): graph(T) — E,
where P; denotes the projection onto the first component in E x F. As P | graph(T) 18
bounded and surjective, it is an open map by the open mapping theorem (Theorem 1).
Accordingly,

(Pt |graph(ry) ™' =S
is bounded. To show the assertion, we just have to observe that T = P, o S, where P>
denotes the projection on the second component in E x F. O

Note that Theorem 8 implies that D(T') # E if T € C(E, F) is unbounded. Moreover,
if T € C(E,F) is invertible, then T~! € C(F,E) by Lemma 9 and D(T~!) = F. Ac-
cordingly, T=' € L(F,E), and so a closed operator is invertible if and only if it has a
bounded inverse.

LEMMA 11. IfBe L(E,F) and T € C(F,G) are such that im(B) c D(T), then
TBe L(E,G).

Proof. By Theorem 8 we only need to show that 7B is closed since D(TB) = E by
assumption. Let {u,},cn be a sequence in E such that u, — u € E and assume that
(TB)u, — v, n —> 0. As B is bounded, we obtain Bu,, — Bu. Moreover, since T is
closed, we get that Bue D(T) and (TB)(u,) — T (Bu). Hence v = TBu and so TB is
closed. O
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Now let T : D(T) c E — F be a linear operator. The graph norm on D(T) is defined
by
1
lullr = (Jul® +1Tul?)2,  we D(T).

Note that 7 : D(T) — F is bounded when considered as an operator on the normed
linear space D(T) with respect to the graph norm. The normed linear space D(T)
with respect to || - |7 is isometric to the linear subspace graph(7') of E x F. Hence we
immediately obtain the following result.

LEMMA 12. T € C(E,F) if and only if D(T) is a Banach space with respect to
the graph norm.

The following result shows that the Banach space structures are essentially determined
by the underlying domains of the operators.

LEMMA 13. If T1,T» € C(E,F) have the same domain D = D(T1) = D(T»),
then the graph norms of Ty and T on D are equivalent.

Proof. We denote by Dy, and Dy, the space D with the graph norm of 7; and 1>,
respectively. Let us consider 7 : Dy, — F and let {(u,, Tiun)}nen < graph(7; : Dy, —
F) be any sequence which converges in Dy, x F to an element (u,v) € Dz, x F. Since
u, — u in Dr, implies that u, converges also to u with respect to the norm of E, we
get from the closedness of T} that (u,, Tiu,) — (u,Tiu) in E x F. Hence (u,, T1u,) —
(u,Tiu) in D, x F which implies that 7; : Dy, — F is closed. As Dy, is complete,
we obtain from Theorem 8 that 7} : Dy, — F is bounded. Accordingly, there exists a
constant ¢ > 0 such that

IThulF < e(llule + [ T2ul F)

and thus
lulle + [ Tiulr < (e + 1)(Jule + [ Toullr)-

By using elementary inequalities, we finally obtain

1

1 1
(Julz+ [ TrulF)? < V2(e+ 1)(Julf + | Toul7)2-
The assertion follows by swapping 7 and 75. O
We now consider special classes of closed Operators.

DEFINITION 9. An operator T € C(E,F) is called Fredholm if ker(T) is of
finite dimension and im(7") of finite codimension. The Fredholm index of a Fredholm
operator is defined as

ind(7T) = dimker(7) — codimim(7T’).

Note that T is assumed to be a closed operator. The following result is often required
as an additional assumption in the definition of a Fredholm operator.
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LEMMA 14. IfT € C(E,F) is Fredholm, then im(T) C F is closed.

Proof. If we consider T on its domain D(T') with respect to the graph norm, then T is
bounded. As a change of the norm in the domain does not affect im(7’), the assertion
follows from Lemma 7. O

EXAMPLE 4. Let us consider once again the operator T : C'[0,1] = C[0,1] —
C[0,1] given by Tu = u’. We have already seen in Example 1 that T is closed. The
kernel of 7 is the one-dimensional subspace of C[0, 1] consisting of the constant func-
tions. Given v € C[0, 1], then u(z) = §v(s)ds, t € [0, 1], defines an element in C'[0, 1]
such that Tu = v. Hence T is surjective and we conclude that T is a Fredholm operator
of index 1.

Finally, we mention without proof the following two results on the stability of Fred-
holmness.

THEOREM 10. Let T € C(E,F) be Fredholm. Then there exists Yy > O such that
forevery S:D(S) c E — F such that D(T) c D(S) and

ISull < Y(llell + [ Tull),  we D(T),
the operator T + S is Fredholm and
(i) dimker(T + S) < dimker(7),
(ii) codimim(7T +S) < codimim(7),
(iii) ind(T +5) = ind(T).
Proof. [35, Theorem XVIL.4.2] O
THEOREM 11. Let T € C(E,F) be Fredholm and S : D(S) ¢ E — F such that
D(T) < D(S) and S |pry: D(T) — F is compact with respect to the graph norm of T
on D(T). Then T +S is Fredholm and
ind(7 +§) = ind(T).

Proof. [35, Theorem XVIIL.4.3] O

3. Spectral Theory

Let 7 : D(T) c E — E be a linear operator. We call A € C an eigenvalue of T if there
exists u € D(T), u # 0, such that Tu = Au. If A is not an eigenvalue, then A — T is
injective and hence the resolvent operator

RAT)=(A-T)"", DRAT))=im(T) CE,
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is well defined. We define the resolvent set of T by
p(T) ={re C:A—T bijective, R(A,T) € L(E)}.
A first important observation reads as follows:
LEMMA 15. IfT ¢ C(E), then p(T) = .

Proof. If e p(T) # &, then R(A,T) = (A— T)~! is bounded and hence closed by
Lemma 8. Then A — T is closed by Lemma 9 and so T is closed as well. O

Accordingly, we assume in what follows that T € C(E). Note that in this case we obtain
from Theorem 8 that

p(T) = {Ae C:A—T is bijective}.

We define the spectrum o(T) of T to be C\p(T') and the point spectrum ¢,(T) c o(T)
as the set of all eigenvalues of 7.

LEMMA 16. The resolvent set p(T) < C is open and, accordingly, o(T) c C is
closed. Moreover, if Ao € p(T) # & and |L—Ao| < [|[R(Ao,T)|~", then A€ p(T) and

o0
ROLT) =) (A=) R(ho, T,
k=0
where the series converges in the norm of L(E). In particular, R(-,T) is analytic on
p(T).
Proof. We assume that p(T) # & and take some Ag € p(T). If |\ —Ao| < |[R(Xo, T)|~!

then the series

Z (A—2o) kR (Mo, )k+1

converges absolutely and we claim that S(A) = R(A, T) = (T — 1)~ If ue D(T), then
@ R, T)(T —Nu= (T k)™ (T —ho—A—2o))u=u—(r—Ao)R(Ao,T)u

and we obtain

ST —Mu = (7» 20) R(Mo, T) (1= (A —20)R(Ro, T )u)

M\

=~
Il
o

NgE)

(x M) R(Ao, T Z (A=%0) TR0, TYHu = u.
k k=0

Il
o

Consequently, S(A)(T — L) = Ip(r). Now let v € E be given. We define

= 3 AR, neN,
k=0
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which is a sequence in D(T') converging to u := S(A)v € E. By using a computation as
in (4), we obtain

(A —M)X(T — MR(ho, T+

M:

(T —AN)u, =

k=0

(A —20)* Iy — (A—2A0)R(ho, T))R (Mo, Ty

M:

k

0
n

(A=20) R(h0, T)'v = > (A =2o) T R(ho, T)*F 1y
k=0
_ (7\‘_ 7\.())"+1R(7\,0, T)n+1v

Il
Nagh

- >

and so we see from our assumption on A that (T —A)u, > veEE, n— 00. AsT —Ais
closed, we conclude that u € D(T) and (T —A)S(A)v = (T — A)u = v. Consequently,
(T —A)S(N) = I and we finally obtain that S(A) = (T —A)~' = R(A, T). O

Let us point out that in contrast to operators in L(E), the spectrum of elements in C(E)
can be unbounded and even empty:

EXAMPLE 5. We consider again the closed operators
T:D(T)cCl0,1] - C[0,1], Tp:D(Ty) < C[0,1] — C[0,1],

where
D(T) = C'[0,1], D(Tp) = {ue C'[0,1] : u(0) = 0}

and both operators map elements « to their first derivative.

For the operator T, we see that ¢*' € ker(A—T) for all A € C and hence 6(T') = C. For
Ty it is readily seen that ker(A — Tp) = {0} for all A € C. Moreover, if g € C[0, 1], then
ut) = —eM S(t) e Mg(s)ds, t €[0,1], is a solution of the equation (A — Ty)u = g and so

- A
| =To) "8 = ] < eM|g]-
Hence 6(Ty) = &.

There are various definitions of subsets of 6(T") other than 6,(T"). Here we just want
to introduce the essential spectrum Gs(T) which consists of all A € C such that A — T
is not a Fredholm operator. In contrast to the case of bounded operators, it is possible
that 6.4(7T) = . Note that in general we neither have 6(T) = 6,(T) U Gey(T) nor
6,(T) N GCess(T) = &.

As next step we introduce Riesz projections. Let T € C(E) and assume that we have
a disjoint union 6(7') = 6 U T, where G is contained in a bounded Cauchy domain* A
such that T A = . Let I' denote the oriented boundary of A. For N e N sufficiently

*The definition of Cauchy domain can be found in [35, Sec. I.1]. For example, any open and connected
subset of C whose boundary is a closed rectifiable Jordan curve is a Cauchy domain.
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large we approximate I" by a union of straight-line segments A;, i = 1,...N, such that
U?’:I A; is a closed polygonal contour containing 6. We choose A; € A;, i = 1,...,N
and set

1 N
PY = — N'RALT)IA,
pa 27”,; (A, T)|A,

where |A;| denotes the length of the segment A;. In this way we can construct a se-
quence {PY} < L(H) such that the lengths of the straight-line segments A; converge to
0. One can show that the limit limy_,.. PY exists in £(E) and does not depend on the
choices made in the construction of {PY}. We denote the obtained operator by

1 —1
3 ) 0= T)

Given an operator 7 acting on a linear space E, a subspace M c E is called T-invariant
if T(MnD(T)) c M. Inthis case T |5 denotes the operator T with domain M ~ D(T)
and range in M.

THEOREM 12. Let T € C(E) with spectrum 6(T ) = 6 UT, where G is contained
in a bounded Cauchy domain |\ such that \ "t = . Let T be the oriented boundary
of \. Then

(i) Ps:= 5= {-(A—T)~"d\ does not depend on the choice of \,
(ii) P is a projection, i.e., P2 = Pg,
(iii) the subspaces M = im(Ps) and N = ker(Ps) are T-invariant,
(iv) the subspace M is contained in ‘D(T) and T |y is bounded,
(v) o(T |y) =06 and o(T |y) =T
Proof. [35, Theorem XV.2.1] O

Ps is called the Riesz projection of the operator T with respect to G.

We call a point A € 6(T) an eigenvalue of finite type if A is isolated in 6(7') and the
associated projection Py, has finite rank. Since by Theorem 12, {A} = o(T |im(pm))
and im(Py,) is finite dimensional, it follows that A € 6,(T). Moreover, note that
im(Pyg,) > ker(A —T) but equality does not hold in general. However, we will see in
the next chapter that im(Pgy) = ker(A —T') if T is selfadjoint.

A quite often appearing situation is considered in the following theorem.

THEOREM 13. Let T € C(E) be such that R(ho,T) = (Ao —T)~! is compact
for some Ay € p(T). Then R(\,T) is compact for any A€ p(T), 6(T) does not have a
limit point in C and every point in 6(T) is an eigenvalue of finite type. Moreover, for
any A € C we have
dimker(A —T) = codimim(A —T) < o0

so that each operator . — T is Fredholm of index 0.
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Proof. [35, Theorem XV.2.3] O

We call T € C(E) an operator with compact resolvent if there exists A9 € C such that
R(Ap,T) is compact. Note that G,s(7) = ¢ in this case.

LEMMA 17. If T € C(E) has a compact resolvent and B € L(E) is bounded,
then T + B is a Fredholm operator of index 0.

Proof. We fix A € p(T) and obtain a compact operator (A —7)~! : E — E. Then
B(A—T)~': E — E is compact as well since the composition of a bounded and a
compact operator is still compact. Consequently,

B=BM\-T)""Y\-T):D(T)—E

is compact with respect to the graph norm of 7 on D(T'). Now the assertion follows
from Theorem 11 and Theorem 13. O

SELFADJOINT OPERATORS

1. Definitions and Basic Properties

Let H be a complex non-trivial Hilbert space. The following result is known as the
Riesz representation theorem.

THEOREM 1. Let f: H — C be a continuous linear functional. Then there
exists a unique v € H such that

F) = Cuvy, weH.
Let T : D(T) € H — H be a densely defined operator acting on H. We define

D(T*) ={veH :uw> {Tu,vyyis bounded on D(T)},

and note that, as D(T) is assumed to be dense in H, each functional u — {Tu,v)y,
ve D(T*), has a continuous extension on all of H. Hence, by the Riesz Representation
Theorem, we can associate to any v € D(T*) an element T*v € H such that

(Tu,vyg =u, T*vyy, ue D(T),ve D(T*).

The resulting operator 7* on H with domain D(7T*) is linear and it is called the adjoint
of T. We make at first a rather simple observation, which is however often used when
dealing with adjoints of operators.
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LEMMA 1. Assume that T : D(T) c H — H is densely defined and S : D(S) c
H — H is any linear operator. If

(1) (Tu,vy =<{u,Sv), ueD(T),ve D(S),
then S  T*.

Proof. 'We obtain from (1) and the definition of the adjoint that D(S) ¢ D(T*). Hence
we conclude from (1) that {u, T*v) = (u,Sv) for all u € D(T) and v € D(S). This
implies that Sv = T*v, as D(T) is dense by assumption. O

LEMMA 2. If T is densely defined, then T* € C(H).

Proof. Let us assume that {u, },eny € D(T*) is such that u,, — u and T*u,, — v, n — 0,
for some u,v € H. We obtain for all w e D(T) that (w, T *u,y = {Tw,u,y — {Tw,u)
and (w,T*u,y — {(w,v). Hence (w,v) = (Tw,u) for all we D(T) which shows that
u € D(T*) by the definition of T*. Moreover, we obtain {w,v) = (w,T*u) for all
w € D(T) and conclude that v = T*u. This shows that 7* is closed. O

Let us point out that it is possible that D(T*) = {0} for a densely defined operator
T (cf.[35, p.291]). However, since we are solely interested in closed operators, such
singular phenomena cannot occur:

LEMMA 3. If T € C(H) is densely defined, then T* is densely defined as well
and T** =T.

Proof. [86, Theorem 5.3] O

A densely defined operator T acting on a Hilbert space H is called symmetricif T ¢ T*
and selfadjoint if T = T*. Note that a selfadjoint operator is closed by Lemma 2.

LEMMA 4. Let T be a densely defined operator acting on H.

(i) T is symmetric if and only if T < T** < T* = T***. In this case T** is sym-
metric as well.

(ii) T € C(H) is symmetric if and only if T = T** < T*.

(iii) T is selfadjoint if and only if T = T** = T*.
Proof. [87, VIL.2.5] O
The next result is the Hellinger-Toeplitz theorem:

THEOREM 2. If T is symmetric and ‘D(T) = H, then T is selfadjoint and T €
L(H).
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Proof. Since T < T* and D(T) = H, it s clear that T is selfadjoint. In particular, T is
closed by Lemma 2 and hence bounded by the closed graph theorem (Theorem §8). [

The following lemma holds analogously to the bounded case:

LEMMAS. Let T : D(T) c H — H be densely defined. Then

(i) (imT)* = ker(T*),
(i) imT = (kerT*)L.

Proof. Since (U+)L =T for all U c H, the second assertion follows from the first
one. In order to show (i) let us assume at first that u € (im T')*. Then (Tv,u) = 0 for all
v € D(T) and we conclude that u € D(T*) and T*u = 0. Consequently, u € ker(T*).
If, conversely, v € ker(T*), then {u, T*v) = 0 for all u € H. Hence (Tu,v) = 0 for all
ue D(T)andsove (imT)*. O

LEMMA 6. If T € C(H) is densely defined and invertible, then T* is invertible
as well and (T*)~! = (T~1)*.

Proof. As T~!: H — H, the domain of the adjoint (T—!)* is H and we obtain for all
veHandue D(T)

{Tu, (T~ vy = (T Tu, vy = u,v).

Hence

2) (T~ Y*veD(T*), T*(T “Y)*v=v, veH,

and we note that T* is surjective. As T is invertible, T* is injective as well by Lemma
S, and so T* has a bounded inverse by the closed graph theorem. Finally, from (2) we
deduce that (T*)~! = (T—1)*. O

LEMMA 7. Let T,S € C(H) be densely defined. If ST is densely defined, then
T*S* c (ST)*.

Moreover, if S € L(H) then
(ST)* = T*S*.

Proof. Ifue D(ST) and v e D(T*S*), then
(Tu,S*vy =u, T*S*v)

and
{(STu,vy = {Tu,S*v).
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Consequently, (STu,v) = {u, T*S*v) and the first assertion is shown.
Now assume that S € L(H) and v e D((ST)*). As S* € L(H), we have D(§*) = H
and so we obtain for all u € D(ST)

(Tu,S*vy = {STu,vy = {u, (ST)*v).

We conclude that S*v e D(T*) and so v e D(T*S*). Consequently, (ST)* = T*S* by
the first assertion of the lemma. O

The following example can be found, e.g., in [69].
EXAMPLE 1. We consider H = L?[0, 1] and define
D(Ty) = H'[0,1] = {u: [0,1] — C : u absolutely continuous, u’ € L*[0, 1]},
as well as

D(h) ={ueD(N): u(0)=u
D(T3) ={ueD(T): u(0) =u(l) =0}

If we set Tyu = iu' for k = 1,2,3, then
(3) Tl* =15, Tz* =1, T3* =T.

As T3 c T, c Ty we note in particular that 73 is symmetric and 75 is selfadjoint.
In order to show (3) we compute for u € D(T;), ve D(T,), m+k =4,

1 o ol
(Tiu,vy = Jo (iu')ywdt = iu(1)v(1) —iu(0)v(0) fij wv' dt = {u, T,,v)

0

~

=0

and see that

hcTly, Thcl', BGcTf.
Now we assume that v e D(7,*) and we set w(t) := Sg T*vds, t € [0,1]. We obtain for
ue Q)(Tk)

1 1
@) f vt = (T, vy = Ty = u(Dw(1) — u(0)w(0) — f W,
0 ‘/—:0 0

Ifnow k= 1ork=2,thenY := {ue L*[0,1]: u= const.} = D(T;) and we see from
(4) that

&) w(l)=0, k=12
If k = 3, we have u(1) = 0 for all u € D(T3) and we conclude that in all cases

(6) v—we (imnh)*, k=1,2,3.
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Now let us consider at first 77. As T is surjective, we obtain from (6) that iv = w. By
(5), this implies that v(0) = v(1) = 0 and hence v € D(T3) which shows that T{* < T3.

For k = 2 and k = 3, we note at first that im(7;) = Y and so we obtain from (6) that
iv—w is a constant function. By the definition of w, we conclude that v is absolutely
continuous and v/ = T*ve L2[0, 1]. Hence ve D(Ty), and for k = 3 we see that 75" = Tj.
For k = 2 we have in addition w(1) = 0 by (5) which shows v(0) = v(1). Hence
ve D(Tr) and T* < 1.

LEMMA 8. IfT : D(T) c H — H is symmetric and surjective, then T is selfad-
Jjoint.

Proof. As T is symmetric, we only need to show that D(T*) c D(T). Letve D(T*).
Since T is surjective, there exists u € D(T') such that Tu = T*v. So for every w e D(T)

(Tw,vy = w, T*vy = {w, Tuy = {Tw,u),
and consequently v = u € D(T'), where we use again the surjectivity of T'. O

EXAMPLE 2. We revisit the differential operator 7> on L2[0, 1] from Example
1, where we modify the domain slightly. We consider for A € [—m, ] the operator
Tu=iu on

D(Ty) = {ue H'[0,1] : u(0) = e™u(1)}.

Note that 7j, = T, for A = 0, so that in this case 7j, is selfadjoint by Example 1. If,
however, A # 0 and v € L?[0, 1], then a straightforward computation shows that

t iei}» 1

u(t) = fif v(s)ds— 7}“[ v(s)ds, te[0,1],
0 I—e™ Jo

belongs to D(T;,) and Thu = v. Hence Tj, is surjective for every A # 0. Moreover, if

u,ve D(T)

1 A ' 1
(Thu,vy = L (iv')vdt = ée’}‘u(O)e”‘v(O) - iLt(O)v(OzfiJ0 w' dt = {u, Tv),
=0

and so Ty, is symmetric. Consequently, by Lemma 8, T, is selfadjoint for all A € [—m, 7]

Note that the sum of two selfadjoint operators is in general not selfadjoint. The Kato-
Rellich theorem is a classical result giving conditions on how much a selfadjoint op-
erator can be perturbed without losing its selfadjointness. Here we just prove a much
weaker assertion which, however, is often sufficient for applications and is a rather
direct consequence of the definitions.

THEOREM 3. Let T : D(T) ¢ H — H be selfadjoint and let S : H — H be
symmetric. Then T + S is selfadjoint on D(T).
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Proof. Letve D(T +S) = D(T) = D(T*). Then
AT +S)u,vy = Tu,vy+{Su,vy = (u,Tv) + {u,Sv) = {u, (T + S)v)

and the functional u — {(T + S)u,v) is bounded on D(T +S) = D(T). Hence v e
D((T + S)*) and we have shown that T +S < (T + 5)*.
Now we assume that v e D((T + §)*). Then the functional

u— (T +S)u,vy ={Tu,vy+{Su,vy, ueD(T+S)=D(T),

is bounded. If we now assume that u — (Tu,v) is unbounded on D(T), then there
exists a sequence {up}ueny € D(T), ||lun| = 1, n € N, such that (Tu,,v) — 0, n — o0.
As [{Sup,v)| < ||S||v|, we would obtain that {(T + S)u,,v) — co which is a contradic-
tion. Hence u — (Tu,v) is bounded on D(T') and so ve D(T*) = D(T) = D(T +5).
Consequently, (T +S8)* =T +S. O

2. Spectral Theory of Selfadjoint Operators

LEMMA 9. Let E be a Banach space. If T € C(E) and there exists B = 0 such
that

o |Tu| = Bllul, ueD(T),
then im(T) is closed.

Proof. Let {Tuy,}nen be a sequence in im(7') such that Tu,, — v € E. We obtain from
(7) that {u,}nen is a Cauchy sequence in E and so u, — u for some u€ E. As T
is closed, we conclude that u € D(T) and v = Tu € im(T). Consequently, im(7’) is
closed. O

LEMMA 10. If T : D(T) € H — H is selfadjoint, then 6(T) — R and
®) [A=T)""I<BI”", A=o+iB,oBeR,Bp0.
Proof. Assume that A = oo+, o, B € R and 3 # 0. We obtain for u € D(T)
(o4 iB)u—Tu, (ot +iB)u — Tuy = {(ow — Tu) + ifu, (0w — Tu) + iPu)
= lloue —Tul* + B Ju]* — i< (00— T, uy + i, (0t — T)ur)
and conclude that
©) | =T)ul* > B*u|®, we D(T),

where we use that 7' is symmetric. Hence im(A —T') is closed by Lemma 9. As
ker(A—T) = 0 by (9), we obtain from Lemma 5

H=im(A-T)®ker(A—T) =im(A—T)

and so A € p(T). Finally, (8) follows from (9). a
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The first part of the previous lemma can be improved as follows:

LEMMA 11. Let T € C(H) be densely defined and symmetric. Then precisely
one of the following assertions hold:

(i) o(T)=C;

(ii) o(T) ={o+ifeC:p >0},
(iii) o(T) ={a+ipeC:p <0},
(iv) o(T) cR.
Moreover, 6(T) c R if and only if T is selfadjoint.
Proof. [44, Sec. V.3.4] O
Note that in particular a closed symmetric operator is selfadjoint if p(7) "R # &.

LEMMA 12. IfT € C(H) is densely defined and selfadjoint, then
6(T) =0,(T) UGC(T).

Proof. Since 6(T) c R, any A—T, A€ 6(T), is selfadjoint as well. Hence we can
assume without loss of generality that 0 € 6(7') and it suffices to consider the case
A=0.

As ker(T) = (imT)+ by Lemma 5, we see that either 7 is not injective or its image is
dense in H. If T is not injective, then 0 € 6,(T). If on the other hand T is injective,
then T has a dense image but im(7") # H as otherwise 0 € p(7'). Hence im(7') is not
closed and so T is not a Fredholm operator which implies that 0 € G (7). O

Finally, we consider selfadjoint Fredholm operators.

LEMMA 13. Let T € C(H) be selfadjoint and Fredholm. Then 0 is either in the
resolvent set p(T') or it is an isolated eigenvalue of finite multiplicity.

Proof. As T is Fredholm, we get from Lemma 10 that there is € > 0 such that A — T is
also Fredholm for all A € (—€,€). Consequently, (—€,€) N Gss(T) = & and by Lemma
12 we only need to show that 0 is isolated in o(T') if it is not in the resolvent set.

We set X := (kerT)* = im(T’) which is a Hilbert space as it is a closed subspace of H.
We claim that

T"'=T|x:D(T)=XnD(T)cX >X

is closed. Indeed, if {u, }nen < D(T”) is a sequence such that u, — u and T'u,, — v for
some u,v € X, then we obtain for all w e D(T)

(T uy,wy = (ty, Twy — (u, Tw).
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Since {(T"u,,w) — {v,w), we get that {u,Tw) = {v,w) for all w e D(T) and so u €
D(T*) = D(T). As uy, € (kerT)* for all n € N, we also have that u € (kerT)* and so
u € D(T'). Moreover, we obtain

ywy =LT*u,wy = (Tu,wy ={T'u,w), we D(T),

which shows that 7'u = v, and so 7’ is closed.

Since T” is moreover bijective, we obtain from the closed graph theorem that (T7)~! :
X — X is bounded and hence 0 € p(7"). Accordingly, there exists a neighbourhood of
0 in C belonging entirely to the resolvent set of 7.

Now let us assume that there is some A € (—¢,€)\{0} such that A € p(7") and that there
exists u=uy +up € D(T) = (ker(T)®im(T)) N D(T) such that Au— Tu = Auy +hup —
Tup = 0. Then Auy = (T —A)up = (T” — A)uy and since the right hand side is in im(7')
and the left hand side in ker(7'), we see that both sides vanish. As 0 # A € p(T’), we
get that u; = up = 0 and hence u = 0 which shows that A € p(T). O

Finally, let us note the following result on spectral projections for later reference.

LEMMA 14. Let T € C(H) be selfadjoint and let Ay be an isolated point in the
spectrum o(T). Then Ay € 6,(T) and

im(Py,,) =ker(ho —T).

Proof. [39, Prop. 6.3] O

THE GAP TOPOLOGY

1. Definition and Properties

As before we let H # {0} be a complex Hilbert space. We denote by C**(H) the set
of all densely defined, selfadjoint operators 7' : D(T) ¢ H — H and the aim of this
section is to introduce a metric on the space C**(H).

If T e C**(H), then +i ¢ o(T) and we obtain in particular that 7' + i has a bounded
inverse (T +i)~':H > H. AsT —ie C(H) and im((T 4+i)~') = D(T) = D(T —i),
we conclude by Lemma 11 that

®(T) := (T —i)(T +i)~ " € L(H).

The operator k(7') is called the Cayley-transform of T € C**(H) and we note that

(1) ®(T) = (T +i=2i)(T+i)~" = Iy —2i(T +i)~".
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Consequently, if 71, 7> € C**(H), then

) [e(Th) —x(T)| =2|(T1 +i) ™' = (T + )~
and x: C**(H) — L(H) is injective.

DEFINITION 1. The gap metric on C**(H) is defined by

d(T1,T2) = |&(Th) = k(T2)].

Note that d indeed defines a metric because of the injectivity of x : C**(H) — L(H).
Moreover, by (2) we obtain an equivalent metric d by

3) 8(T1,12) = [(Ty +i) ™" — (T +i) 7|

Let us recall that a linear operator U : H — H is called unitary if U* = U~!, and
moreover every surjective isometry is unitary. We prove the following results along the
lines of §1.1 of Booss-Bavnbek, Lesch and Phillips’ article [14].

THEOREM 2. [f U is unitary and U — Iy injective, then T := i(Iy +U)(Iyg —
U)~!is selfadjoint on D(T) = im(Iy — U). Moreover, T = i(Iy —U) ™' (Iy + U).

Proof. Since U is in particular normal we see that ker(ly —U*) = ker(ly —U) and so

im(ly —U) = ker(Iy —U*)* =ker(Ily —U)* =H,

as Iy — U is injective. Consequently, D(T) = im(Iy — U) is dense. From

4) (In—U)(Iy +U) = Iy —U* = (Iy + U)(Iy = U)

we obtain

(Ig+U)Ig—U)"" = Iy —U) "y —U) Iy +U) Iy —U) !

&)
=g =U)""(Ig +U) lim@y—vyc (g —U) " (Iy + V).

On the other hand, if u € D((Iy —U)~'(Iy + U)), then (Iy + U)ue D((Iy —U)~ ') =
im(Iy — U) and accordingly there exists v € H, such that (I +U)u = (Iy —U)v. We
conclude that u = (Iy — U)v + (Iy — U )u — u and hence

w= 5 (I~ U)utv) € DU +U) I~ U)™).

‘We obtain from (5) that
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T=i(ly+U)Iy—U)' =i(ly —U)"'(Ily +U).

As next step, we want to show that 7 is symmetric. If u,v € D(T) = im(Iy — U), then
there exist y,z € H such that v =y — Uy and Tu = i(z+ Uz) and we get

(Tu,v) =iz +Uz,y —Uy) = i({z,y) =<z, Uy) +{Uz,y) = Uz, Uy))
=iUz,yy—i{z,Uy) ={z—Uz,i(y+Uy)) = (u,Tv).

Hence T is symmetric and we obtain from Lemma 7

©6) TcT*=—i(ly—U*) "Iy +U*).
By arguing verbatim for T* as for 7, we have

T* = —i(ly —U*) Yy + U*) = —i(ly + U*)(Iy —U*) ™!

and so also T* is symmetric. Hence

T*cT** =i(ly—U) '(ly+U)=T
and we conclude from (6) that T = T*. O
We obtain two important corollaries from the previous theorem.

COROLLARY 3. If U and T are as in Theorem 2, then x(T') = U.

Proof. By Theorem 2 we have T = i(Iy —U)~!(Iy + U). Hence

T+i=i(ly—U) Uy +U)+i(lg—U) "Iy —U) = 2i(Iy —U) ",

and so

1
T+i) "= —(Iy—U).
(T+)™" = 2.l —U)
Analogously,

T—i=i(ly—U)"' (g +U)—illy —U)""(Iy—U) = 2i(ly —U)~'U

and we obtain

K(T)=(T-)(T+i)'=Uy—U)"'UIy—U)=U.
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COROLLARY 4. The Cayley transform K induces a homeomorphism

K:C¥H) > {Ue LH): U* =U"" ker(U —1Iy) = {0}} c L(H).

Proof. By Theorem 2, we only have to show that U := «(T') is unitary and Iy — x(T')
injective for all T € C5*(H).
It is clear that U is surjective. For u € D(T) we have

|Tu+ iu|> = (Tu+ iu, Tu + iuy = || Tul® + |u|* + iu, Tuy — i Tu, u
2 2 - 2
= | Tull” + llu]|” = | Tu — iue|

and since U (Tu + iu) = Tu — iu, we conclude that |[Uv| = ||v| for all ve H. Hence U
is a surjective isometry defined on all of H, and consequently it is a unitary operator.
Now we assume that u € H is such that k(7)u = u. Then we obtain from (1)

u=w(T)u=u—2i(T+i)""u
and hence (T + i)~ 'u = 0 which implies that u = 0. O

Let us recall that

K:R—-S' (@)
induces a homeomorphism onto S'\{1} c C.

LEMMA 1. If T € C**(H), then

A—T = (A+i)(k(X) —%(T)) Iy —x(T)) "

Proof. This follows from

AT = il + () (I = &(T))™" = (Ml = K(T)) ~i(lg +(T))) (lr —(T)) ™"
= (A= AK(T) =i = ix(T)) (It = k(1)) ™" = ((A=1) = A+ )K(T)) (I (1))~
= A+ (=D i)~ = () (g = (7)) = () (k) = (7)) Iy = k(T)) "
O

As a consequence we obtain the following important corollary illustrating the relation
between the spectrum of an operator in C%(H) and the spectrum of its Cayley trans-
form.

COROLLARY 5. If T € C**(H), then
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(i) ker(A—T) # {0} if and only if ker(x(A) — (7)) # {0}. Moreover the dimen-
sions of both spaces coincide.

(i) im(A—T) =im(x(A) —x(T)).
Moreover,
- hep(T) = (k) € p(x(T)
e Leo(T) < x(A) e o(x(T)
e Aeo,(T) = x(A) e 6,(x(T)),
* A€ GCess(T) <> K(A) € Oy (1(T)).

):
)

s

Proof. By the previous Lemma 1 we know that

A=T = (h+i)(kN) —&(T)) Iy —x(T))~"

and moreover (Iy —k(T))~! maps D(T) bijectively onto H. This implies the assertions
on ker(A—T) and im(A — 7). The remaining part of the corollary is an immediate
consequence of them. O

LEMMA 2. Let T € C*(H). Then
(i) 1ep(x(T)) < D(T) = H, and this is true if and only if T is bounded.
(ii) 1€ Cess(K(T)) <= D(T) # H, and this is true if and only if T is unbounded.

Proof. The assertions regarding the boundedness and unboundedness of 7 follow from
Lemma 8 and the assumption that 7" is densely defined.
By (1) we have

Iy —x(T) = 2i(T +i)~" € L(H)

mapping H bijectively onto D(T'). Accordingly, if 1 € p(x(T')), we infer H = im(Iy —
«(T)) = D(T). Conversely, if D(T) = H, then Iy —«(T) maps H bijectively onto H
showing that 1 € p(x(7')) by the closed graph theorem (Theorem 8). Hence assertion
(7) is proved.

In order to show (i) we note at first that by (i), 1 € 6(k(7)) if and only if D(T) # H.
Now it remains to show that if 1 € 6(k(7')), then we actually have 1 € G4 (x(T)). But,
if D(T) # H, we see that im(Iy — x(T')) = D(T) is a proper dense subspace of H and
hence in particular not closed. Accordingly, Iy — x(T') is not a Fredholm operator. [

We obtain from Corollary 5:
COROLLARY 6. If T € C**(H), then
(i) x(o(T)) =o(x(T)) if T is bounded.
(i) k(o(T)) v {1} =o(x(T)) if T is unbounded.
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2. Stability of Spectra

We recall at first the spectral stability for bounded operators:

THEOREM 7. Let E be a Banach space, A € L(E) and Q c C an open neigh-
bourhood of 6(A). Then there exists € > 0 such that 6(B) c Q for any Be€ L(E) with
|A — B| < &. Moreover, the same conclusion holds true if we replace G by Geg;.

Proof. The spectral stability holds for any complex unital Banach algebra R (cf. e.g.
[38, 96.5]), and so the first assertion follows by setting R = L(E). For the stability of
the essential spectrum, we let R be the Calkin algebra Cal(E) = L(E)/ X (E) of E and
use that the quotient map ¢ : L(E) — Cal(E) is continuous. O

The next two results can be found in [14, §2.2].
LEMMA 3. Let K c C be compact. Then
{TeC®*H): Kcp(T)}
and
{TeC?*H): Kcpess(T)}
are open in C*(H), where Pess(T) := C\Gess(T).

Proof. We denote by U(H) the set of all unitary operators acting on H. By using
Corollary 5 and Corollary 6, we have

(TeC™(H): Kcp(T)} = {T e C**(H) : o(T) < (C\K) n R}
= {T e C*(H) : 6(x(T)) < k((C\K) nR) U {1}}.

We conclude from Theorem 2 that

{TeC™H): Kcp(T)}=x"'({Ue UH): o(U) cx((C\K) nR) U {1}}).
As K is compact, the set k((C\K) nR) u {1} is open and we see from Theorem 7 that
{Ue U(H): o(U) cx((C\K) nR) u {1}}

is open in L(H). Since k is a homeomorphism by Theorem 2 , we obtain the assertion.
The proof for p.s(T) proceeds along the same lines. O

THEOREM 8. Let & # K c C and Qg ={T € C**(H) : K c p(T)}. Then the

map
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R:KxQx— L(H), (AT)— (T—-2)""
is continuous.

Proof. We fix zp € K and note that we have for (A,T) € K x Qg

RAT) = (T =2)~" = ((T —20) ~ (A~20))~"

Q) = (T —20) (I = (A= 20)(T —20) ")) ™!

= Iy —(A—20)(T —z20) ") " NT —2) "' = F(G(\, T)),
where the maps F and G are defined by’

G:KxQx—>Kx{SeL(H): (K—z)'cp()},
(MT) = (M (T —20)")

and

F:Kx{Se L(H):(K—z)""cp(S)}— L(H),

(A,S) = (Iy — (A—20)S) 'S,

respectively. G is continuous as dg is equivalent to the metric (3). Furthermore, the
continuity of F follows by a simple computation using the continuity of the inversion
on GL(H) (cf. [44, 1.(4.24),11L.3.1]). O

As an important corollary of the previous theorem, we obtain the continuity of the
spectral projections which we introduced in Theorem 12.

COROLLARY 9. Let A < C be a Cauchy domain with boundary I" and

Qr ={T e C*(H):Tcp(T)} < C*(H).

Then the map
Qr — L(H), Tw—P(T):=~— | A-T)"'ar
2mi r
is continuous.
Proof. For any T,S € Qr we have by [38, (97.4)]
1

T)— <—|T —T)y'— (=957,

®) 1Pe(T) = Pr($)| < 5 [T max (A —T)~" — (A —8)7"|,

For A  C\{0}, we denote A=! = {% eC:zeA}.
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where |I'| denotes the length of the contour I'. The rest of the proof is a standard
argument in analysis:
Let T € Qr and € > 0. By Theorem 8 there exists 8(A’) > 0 for any A’ € I" such that
e
[=8)" =W =) < i
I
if
AeUW,8(N)):={rLel:]A—A| <8\)} and dg(S,T)<d).

As I'is compact we can find A, ..., A, € I'such that | J!_, U(A;, 8(A;)) =T, and we set
§ 1= minj<j<, O(Ay).

Now, for any A € I there exists 1 < i< n such that A€ U(A;,8(A;)) and hence we obtain
for § € Qr such that dg(S,T) < 9,

- - - _ _ _ 2ne
[ =T)"" = A=) < |A=T)7 =M= T) 7|+ (i =T) 7" = (A =5) 1H<W'
We get by (8)
_ 1 N B
1Be(T) = Pr(S)]| < 5 Mmax||(A—T)"" — (A—5)""|| <&
for all S € Qr such that dg(S,T) < &. O

3. Spaces of Selfadjoint Fredholm Operators

In this section, we briefly consider different topologies on spaces of selfadjoint Fred-
holm operators following mainly Lesch’s work [51]. We set

CF*(H)={T e C*H): T Fredholm}

and recall that CF**(H) is a metric space with respect to the gap metric

dG(Tl,Tz) = ”K(Tl) —K(TQ)H., Tl,Tz € Cfsa(H).
For T € C**(H) one can show that Iy + T2 is invertible and selfadjoint on D(T?)

D(T). We obtain from Lemma 11 that F(T) := T (Iy + T2)*% € L(H). The Riesz
metric on CF**(H) is defined by

dr(T, ) = |F(T)—F(D)|, Ti,T»€ CF*(H).

We set
BF*(H)={TeCF*(H): D(T)=H}

and note that we have a metric on BF**(H) given by

dN(Tl,Tz) = HTl_T2H7 Tl,TQEQ;,‘Fsa(H).

The following result is due to Nicolaescu [59].
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THEOREM 10. The topology induced by the Riesz metric on CF**(H) is strictly
finer than the topology induced by the gap metric.

Note that the theorem implies in particular that every path in C#**(H) which is con-
tinuous with respect to the Riesz metric is also continuous with respect to the gap
metric. Let us now consider B **(H) and let us note a classical result by Cordes and
Labrousse [23]:

THEOREM 11. On BF*(H) the topologies induced by dy,dg and dg coincide.

The space BF **(H) was investigated by Atiyah and Singer in [5] and it plays a funda-
mental role in topology.

THEOREM 12. The space BF **(H) consists of three connected components

BFHH) ={T € BF*(H) : Cess(T) = (0,00)}
BF2(H)={T € BF*(H): Gpss(T) C (—0,0)}
and
B (H) = BF*(H)\(BFY(H) v BFZ(H)).
The spaces BF 5 (H) and BF**(H) are contractible, whereas for k € N

0, ifkeven

m(BF () = {Z o

Here T (BF Y (H)), k € N, denote the homotopy groups of the space BF 5 (H). It
was shown by Lesch in [51] that the assertions of the previous theorem also hold for
CF**(H) with respect to the Riesz metric. He also proved the following surprising
theorem, which is in strong contrast to the previously mentioned results:

THEOREM 13. The space CF**(H) is connected with respect to the gap metric.

THE SPECTRAL FLOW

1. Definition of the Spectral Flow

The aim of this section is to introduce the spectral flow along the lines of [14, §2.2].
Before we begin the construction, we rephrase the results about the spectral stability
from Section 2. In what follows, we denote for T € CF**(H) such that a,b ¢ 6(T') by
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1
Xfap])(T) = 3 L (A—T)""dhr

the spectral projection with respect to the interval [a, b], where I is the circle of radius

b-a around #. Moreover, we will need the following well known fact.

2
LEMMA 1. Let P,Q € L(E) be two projections on the Banach space E. If |P —
0| < 1, then
dimim(P) = dimim(Q).
Proof. [35, Lemma 11.4.3] O

The next lemma is a cornerstone in the definition of the spectral flow.

LEMMA 2. Let Ty € CF**(H) be given.

(i) There exists a positive real number a such that +a ¢ o(Ty), and an open neigh-
bourhood N ¢ CF**(H) of Ty such that

(1) N— L(H), T Y—aa(T)

is continuous and, moreover, G5(T) N [—a,a] = & and the projection ¥[_, q)(T)
has finite rank for all T € N.

(ii) If —a < c <d < aare such that c,d € p(T) for all T € N, then T + Y[c.q(T) is
continuous on N. Moreover, the rank of X[c41(T), T € N, is finite and constant
on each connected component of N.

Proof. By Lemma 13 there exists a > 0 such that [—a,a] n 6(Tp)  {0}. Now

N:={T € CF*(H): [~a,a]  pess(T0), ta ¢ 6(To)}

is open with respect to the gap metric by Lemma 3 and the map (1) is continuous by
Corollary 9. Moreover, %[44 (T) has finite rank for all T € N as [~a,a] N Cess(T) =
. Hence we have shown the first assertion. The second assertion now follows imme-
diately from Corollary 9. O

Note that if ¢,d and N are as in (ii) of the previous lemma, then

im(xea)(T)) = @ ket(u—T)c H
uele.d]
forall T e N.
Letnow 4 :1 — CF*“(H) be a continuous path with respect to the gap topology, where
we denote by I = [0, 1] the unit interval. By the previous Lemma 2 we conclude that
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for every A € I there exists a > 0 and an open neighbourhood Ny , € CF*(H) such
that +a € p(T) for all T € N , and the map

Nkia - L(H)7 T X[—a,a] (T)

is continuous. Moreover, all [_q 4 (T), T € Ny 4, have the same finite rank. Now the
counterimages of the N, , under A define an open covering of the unit interval and, by
using the Lebesgue number of this covering, we can find 0 = Ay <A < ... <A, =1
and a; > 0, i = 1,...n, such that the maps

[)‘ifl ) A‘l] 3A— X[fai,a,‘] (/q}\,) € L(H)

are continuous and of constant rank. In what follows we denote for [¢,d] c [—a;,a;]
by

Epca) () = @ ker(u—2)
pelcd]

the direct sum of the eigenspaces with respect to eigenvalues in the interval [¢,d]. Our
intention is to define the spectral flow of 4:1 — CF*(H) by

n

(2) Sf(‘q) = Z (dlm E[(),ai] ('q}ui) - dimE[O,tl,‘] (ﬂx,'_] ))
i=1

but we need to prove its well definedness before.
LEMMA 3. sf(A4) depends only on the continuous map A.

Proof. We decompose the proof into three steps.
Let us begin by considering Ao, ...,A, and aj,...,a, as in (2), and we take a further
instant A* € (0, 1) such that A;_; < A* < A; for some i. If we now use the two maps

i1, A ] 9 A = gy (1), [A* M]3 A = X—arai) ()
instead of
i1, Ai] 34 = X0 ()

for the computation of (2), then the sum does not change as the two new appearing
terms cancel each other.

In the second step we do not change the partition of the interval but instead the numbers
a;. Let [c,d] < [0, 1] be any subinterval and

A X[—al ,ai] ('ql,)-, A X[—az,az] (ﬂk)

two continuous maps as in (2) which are defined and continuous on [c,d]. We may
assume without loss of generality that a; is greater or equal to ay. As aj,as ¢ 6(4))
for all A € [c,d], we obtain by Theorem 12

dim E 4,1(A,) — dim Efo 4,1 () = dimim(X4, ¢,1(A))



38 The Spectral Flow

which is a constant function on [¢,d] by Lemma 2 (ii). Consequently,

dimE[oﬁal] (.ﬂd) — dimE[()’ul] (ﬂé) = (dimE[(),az] (/qd) + dimim(x[az,al] (ﬂd))
— (dimE[O,az] (/qc) +dimim(x[a27al] (ﬂc)))
= dimE( 4, (Ag) — dim Epg 4,) (Ae).-

Finally, let us consider the general case, i.e. we have two partitions Ag,...,A, and
Ay; - - -, M, having associated numbers ay,...,a, and d},...,a,,, respectively, as in (2).
The union of both partitions yield a third one A, ..., A/, ., which s finer than A, ..., A,

and Af,...,A],. By our first step of the proof we obtain

3)

n

Z (dimE[O,ai] (-’ql,-) —dim E[O,ai] (’q?»i—l ))

i=1

3
+

n

I
g

(dimE[O,bj] (./q;\l/_/) —dim E[(),bi] ("47»;’_] ))

m

3
+
3

(dimE[oAa,'.] (Ayy) —dimEpg (A )) = (dimE[Oﬁbl’-] () —dimEpo pry (A | ))7
i=1 i=1
for suitable by,...,bysn € {a1,...,a,} and by,...,b;, ., € {a},...a,}. Now the same
partition is used on the right hand sides in (3), and so these sums are equal by the
second step of our proof. O

Let us point out that we have defined the spectral flow for paths that are parametrised by
the unit interval only for the sake of simplicity of notation. Clearly, the same formula
as (2) can be used to define sf(4) for paths 4 : [a,b] — CF**(H), where [a,b] c R is
a compact interval. In what follows, we will use this without further mention.

2. Properties and Uniqueness

In this section we introduce the basic properties of the spectral flow, where we fol-
low essentially [63]. We begin with some simple observations that all follow from its
construction.

LEMMA 4. Let N ¢ CF*“(H) be a neighbourhood as in the construction of the
spectral flow, i.e. there exists a > 0 such that —a,a € p(T), [—a,a] N Cess(T) = & for
all T € N, the map

N3T — x[fava](T) € L(H)

is continuous and all Y[_q . (T) have the same finite rank.
IfAa', 4% .1 — CF*(H) are gap continuous and

4) a\n, a2 cN, al=4a3 4al =24

then
sf(a') = sf(a?).
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Proof. We obtain from (4) and the definition (2)

Sf(/ql) = dimE[O,a] (ﬂlll) — dimE[oﬁa] (.ﬂ(%)
= dim Ejg 4 (A7) — dim Efg o (45) = s(2°).

O

LEMMA 5. (i) If 4", 4% : 1 — CF*(H) are two gap continuous paths such
that ﬂlg = ﬁlll, then

sf(a' « 2%) = sf(a") +sf(2°).
(ii) If A:1— CF*(H) is gap continuous and A’ is defined by A = 4;_,, then

sf(A') = —sf(4).

(iii) If A:1— CF**(H) is gap continuous and Z, is invertible for all t € 1, then
sf(4) = 0.

Proof. The first two assertions follow immediately from the definition (2). For the
third assertion we just have to observe that by Lemma 3 we can find & > 0 such that
6(A,) n[—9,8] = & forall L€ [0, 1]. Then

In what follows we set
GC*(H) ={T € C**(H) : T invertible }.

The probably most important property of the spectral flow is its homotopy invariance
which we prove in the following lemma.

LEMMA 6. Let h:1x1— CF**(H) be a continuous map such that
h(I x 0I) c GC*(H).
Then
sf(h(0,-)) = sf(h(1,-)).

Proof. As h(I xI) c CF**(H) is compact, we can find a finite open covering

n

(I x 1) e | N;

i=1
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where N; € CF**(H), i = 1,...,n, are open sets as in the construction of the spectral
flow. Accordingly, for each N; there exists a; > 0 such that —a;,a; € p(T), [—ai,ai] N
Gess(T) = & for all T € N;, the map

NiaTr— X[—ai,ai](T) € L(H)

is continuous and all X[, ] (7T") are projections of the same finite rank.
If 9 > 0 is a Lebesgue number of the open covering

Ixl=Jn'(v),
i=1

then each subset of I x I of diameter less than € is entirely contained in one of the
h' ().

We choose numbers 0 = Ag <A; < ... <A, = 1 such that |A; —A;_y| < \% 1<i<m.
Then for each pair 1 <i,j < m, h([Ai—1,Ai] % [Aj_1,A;]) is contained in one of the N.

Now we obtain for any & ‘[M-l-?»i] <o) from Lemma 4 and Lemma 5

sf(h(Xi1,+) |y 1) = SECRCS A1) sy ) + TR, ) Ty )
=sf(h(-,A)) |p_a)-
Moreover,
Sf(h(-,O) |[7»i7177hi]) = Sf(h(-, 1) |[;Vi7|a)\‘l']) = 07 i= 1, ce.,m,

by the third part of Lemma 5. By using the first part of Lemma 5 once again, we obtain

st(h(hiz1,-)) = > sf(h(Nio1,+) l2j—i21)
=1
= ) sth(j—1) Ipy_y ) +sE(R(A ) Ty 1) = SECRGS ) [y )
j=1
= D sf(h(hi o) |-y ag7) = sf(h(Ai, ).
j=1
Hence

sf(7(0,-)) = sf(h(ho,-)) = sf(h(A1,-)) = sf(h(1,)). H

We now want to discuss a normalisation property, which is needed for the uniqueness
of the spectral flow. Let {e; }xc7 be a complete orthonormal system of the Hilbert space
H, which we now assume to be separable. Denote by P, the orthogonal projection onto
the closure of the space spanned by {ex }ren, by P_ the orthogonal projection onto the
closure of the space spanned by {e_ }xen, and by Py the orthogonal projection onto the
span of eg. Then

P, +P_+Py=1Iy



The Spectral Flow 41

and moreover the operator
Ly =APy+Py —P_

is for each A € [—1, 1] a bounded selfadjoint Fredholm operator. More precisely, L) €
GL(H) as long as A # 0, and in the remaining case Ly has a one dimensional kernel
and cokernel which are both given by the span of ¢y. Moreover, Ly is obviously a
continuous path with respect to the norm topology and thus continuous with respect to
the gap topology as well. Hence the spectral flow of L is well defined. As

o(Ly)={-1,1,A}, Ae[-1,1],
it is immediate from the definition that
sf(L) = 1.
Moreover, we note that if we set Ty = P, + Py — P_ and P = Py, then
Iy — P)To(Iy — P) = (Iy — Py)(Py + Py — P_)(Iy — Py) = (Iy — Py) (P4 —P_) = P, —P_.

In particular, (I — P)Ty(Ig — P) defines a bounded, invertible and selfadjoint operator
on ker P such that the path

AP+ (Iy — P)To(Iy —P) = L, Ae[—1,1],

has spectral flow 1.

Now we finally state the so called uniqueness of spectral flow which is the main result
of [51]. For a topological space X and a subspace Y c X, we use the common notation
Q(X,Y) for the set of all paths in X having endpoints in Y.

THEOREM 1. Let H be a separable Hilbert space and let
u: Q(CF(H),GC (H)) — Z

be a map which is additive with respect to concatenation of paths, invariant under gap
continuous homotopies inside Q(CF**(H),GC**(H)) and which satisfies the following
normalisation condition:

There is a rank one orthogonal projection P € L(H) and a bounded selfadjoint operator
To having o(Ty) = {—1,1} such that the selfadjoint operator (Iy — P)To(Iy — P) is
invertible on ker P and

where Ly = AP+ (Iy — P)To(Iy — P), Ae [—1,1].
Then u is the spectral flow.

Note that we have verified in this section that the spectral flow indeed has all the prop-
erties mentioned in its uniqueness theorem. In the proof of Theorem 1 in [51], it is
shown that any gap continuous path can be deformed into a path in a certain normal
form in which the spectral flow can be computed by considering finite dimensional
matrices. Then the uniqueness of spectral flow follows from a corresponding result in
finite dimensions which can also be found in [51].
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3. Crossing Forms

In this section we briefly discuss a method which is often helpful for computing the
spectral flow and which was introduced in [68] and [27], respectively, and recently
generalised by the author in [84]. To this aim we have to restrict our considerations to
special paths in CF**(H).

Let W < H be a Hilbert space in its own right and assume that W < H is continuous
(e.g, W=H, or W=H'0,1], H=L?[0,1]). We denote by BF**(W,H) the set of
all T e CF*(H) such that D(T) =W and T € L(W,H). In what follows we consider
BF(W,H) as a topological subspace of the Banach space L(W,H). It is shown in
[51, Prop. 2.2] that the inclusion

BFS(W,H) — CF(H)
is continuous but not a topological embedding, i.e. the resulting topology on BF ** (W, H)
is strictly stronger than the gap topology. From now on we assume that 4 : [ —

BF*(W,H) is a continuously differentiable path.

DEFINITION 2. An instant A € [0, 1] is called a crossing if ker(4,,) # 0. The
crossing form at a crossing A is the quadratic form defined by

d
F(ﬂ, 7\,0) : ker(ﬂ;m) bd R, F(ﬂ,)\.{)) [u] = <(ﬁ |7»:7»0 f‘l;)u,u)y.
A crossing Ay is called regular, if '(4,Ap) is non-degenerate.

‘We mention without proof the following two theorems.

THEOREM 3. There exists € > 0 such that

i) A+ 381y is a path in BF**(W,H) for all |3| < &;

ii) A+ 81y has only regular crossings for almost every d € (—¢,€).

For a quadratic form ¢ : V — R on a finite dimensional Hilbert space V, there is a
unique Hermitian matrix A such that g(«) = (Au,u) for all u € V. In what follows, we
denote by m~ (g) the number of negative eigenvalues of A counted with multiplicities,
and we set m* (g) :=m~(—A) as well as sgn(q) :=m*(q) —m™(q).

The following theorem shows that the spectral flow of a continuously differentiable
path 4 in BF**(W,H) can be computed easily if all crossings are regular.

THEOREM 4. If A4 has only regular crossings, then they are finite in number
and

(5) sf(4) = —m~(T(4,0)) + | senT(4,A) +m*(T(4,1)).
Ae(0,1)
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Theorem 3 and Theorem 4 were firstly proved by Robbin and Salamon in [68] under
the additional assumption that W is compactly embedded in H. Later Fitzpatrick, Pe-
jsachowicz and Recht proved Theorem 4 for bounded operators, i.e. if W = H. Note
that the latter case is not covered by Robbin and Salamon’s theorem as the inclusion
W — H is not compact if W and H are of infinite dimension. A proof of both Theorems
in the generality stated above can be found in [84]. Finally, let us mention that crossing
forms can also be defined for paths of operators having varying domains [71, App.Al].

A SIMPLE EXAMPLE AND A GLIMPSE AT THE
LITERATURE

1. A Simple Example

In this section we consider the Hilbert space H = L?[0, 1] and the differential operators
Ayu = iu' on the domains

D(A) = {ue H'[0,1]: u(0) = e™u(1)}.

Our aim is to show that {4 }sc[—n.x] is a continuous path in C#*(H) and we want to
compute its spectral flow.

The operators 4, are selfadjoint and Fredholm

We have already seen in Example 2 that 4, is selfadjoint for all A. Moreover, we have
shown that 4, is surjective if A # 0. As the kernel of 4, is trivial in this case, we see
that 4, € CF**(H) for A # 0. Let us now consider the operator 4. Clearly, ker(4p)
consists of all constant functions on [0, 1] and, moreover, it is readily seen that the
image of Ay is

1

im(4y) = {ve L?[0,1]: J v(t)dt = 0},

0

which is closed. Indeed, if {v,},en is a sequence in im(Ay) converging to some v € H,

then 1 1
L v(t)dt| = U;) va(t) —v(t)dt

and so v € im(4). Hence 4y € CF**(H) by Lemma 5.

Let us note that there is another way to check that A4y is Fredholm. If we let Y denote
the subspace of H consisting of all constant functions, then we have a direct sum de-
composition H = im(A4y) @Y. Indeed, the intersection of these spaces is trivial and,

<|va—=vlg =0, n— oo,
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moreover, every function v € H can be written as

v(t) = (v(t) —LI v(t)dt) +M.

€im(4g) 2%

As the kernel of A4 is of finite dimension, this shows that 4y is Fredholm by Lemma
7.
The path {4 }5c[_n r) is continuous

We define T, : H — H by T), = (4, +i)~' and note that by (2) we need to show that
Ty, is a continuous path of bounded operators on H. To this aim, we will first compute
T, explicitly. If v € H, then u := Tyv is a solution of iu’ + iu = v, and we obtain from
standard methods for ordinary differential equations that

T
u(t) =ce™ —ie*'J- v(s)e'ds, te]0,1],
0

for some constant ¢ depending on A and v. As u € D(4,), we have to require that

¢ =u(0) = e*u(1) = &* (ml —ie™! Ll v(s)e® ds) ,

which implies that

1 1
c=——7— J' v(s)e'ds =:m(N) J, v(s)e'ds,
el—ih _1 o o

and so we finally obtain

1 !
(Tw)(r) =m(N) e"L v(s)e'ds — ie_[J v(s)e'ds.

0

Clearly, m : [-m,n] — C is a continuous function. If now Ag,A; € [—m, 7], then it is
readily seen that

1
[Ty~ Tagvlan < 5 /eosh(2) — 1 m(ha) —m(ho)] I

Consequently, {7} }xc[—z,x] is  continuous path of bounded operators on H = L?[0,1]
showing the continuity of 4 in CF*(H).

The spectral flow of {4 })c[_rm

In order to compute the spectra of the operators 4, , we need to consider the differential
equations
iV —pu =0,
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where 1 is a real number. Clearly, the solution of this equation is given by u(t) = ce™*",
t € [0,1], for some constant c. As u is an element of D(4, ), we get in addition

c=u(0)= en‘u(l) = cel=H)
and so A — u = 2km for some k € Z. Consequently, we see that
o(A) ={2kn+N:keZ}

and each element in 6(4,) is a simple eigenvalue, i.e. the corresponding eigenspace is
one dimensional.

For the computation of the spectral flow, we set A\g = —m,A; = —F, Ay = Fand A3 =,
as well as ) = §, ao = § and a3 = §. Then dimEpg 4,1(A,) # 0 only if i = 2, and
moreover dim Ejo 4,1 (A, _,) = 0 for all i. Hence

sf(A4) = 1.

Note that the path 4 is closed and hence we have found a non-trivial element in
n (CF*(H)). This shows in particular that the spectral flow does not only depend
on the endpoints of a path, for otherwise sf(4) = 0 for every closed path 4.

2. A Glimpse at the Literature

In this final section we provide some literature on the spectral flow and its applica-
tions. Let us emphasise that our selection of articles is highly subjective and not at
all an attempt for an exhaustive overview of the existing literature. It reflects the au-
thor’s personal interests and we apologise to everyone not mentioned in the following
paragraphs.

Definition of the Spectral Flow

The spectral flow was introduced by Atiyah, Patodi and Singer in [6] for paths in
BF*(H), and consequently also on CF**(H) with respect to the Riesz metric (cf.
Section 3). A more analytic approach was given by Floer in [29] and later fully de-
veloped by Phillips in [63]. Alternative constructions can be found in [68], for paths
in BF**(W,H), and in [27] for paths in BF**(H). That the spectral flow can even
be defined for paths of unbounded selfadjoint Fredholm operators which are merely
continuous in the gap topology was observed by Booss-Bavnbek, Lesch and Phillips
in [14]. Finally, let us mention that Wahl introduced in [79] a topology on C¥**(H)
which is even weaker than the gap topology and she extended the spectral flow to this
setting.

Uniqueness of the Spectral Flow

As discussed in Section 2, one may ask which properties characterise the spectral flow.
Theorem 1 was proved by Lesch in [51] and the same source also discusses uniqueness
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for CF**(H) with respect to the Riesz metric, for BF**(W,H) and for BF**(H). An
alternative approach for paths in B **(H) can be found in [22]. Robbin and Salamon
proved in [68] uniqueness for BF **(W,H) if W is compactly embedded in H.

Crossing Forms and Partial Signatures

Crossing forms and partial signatures are convenient tools to compute spectral flows.
Crossing forms were introduced by Robbin and Salamon in [68], and later adapted in
[27] and [84]. For partial signatures we refer to [33], and their application in [26].

Global Analysis

Beginning from Atiyah, Patodi and Singer’s article [6], probably most applications of
the spectral flow were obtained in global analysis and related fields. We are definitely
unable to give an exhaustive list of literature, and so we just want to mention [12], [32],
[17], [41] and that many applications deal with boundary value problems for Dirac
operators, e.g. [18], [57], [50], [11], [46], [33], [66] and [37]. Some of these works
equate the spectral flow in this setting with Maslov indices for curves of Lagrangian
subspaces in infinite dimensional symplectic spaces (cf. [16]). Let us finally mention
the author’s contributions in [82] and with Bei in [10].

Symplectic Analysis

Floer used the spectral flow in connection with his celebrated homology groups in
[29]. As in global analysis, there are too many papers dealing with the spectral flow in
symplectic analysis to give an exhaustive bibliography. Let us just mention [74], [88],
[68], [73], [71] and [53]. Also Kronheimer and Mrowka’s monograph [48] contains a
section on the spectral flow, to which we refer for further literature.

Mathematical Physics

Vafa and Witten used the spectral flow in [76] to obtain bounds on eigenvalues of Dirac
operators (cf. also [7]). More recent applications can be found, e.g., in [15], [67], [31],
[45], [72] and [9], among many others.

Higher Spectral Flows

The spectral flow was generalised to several-parameter families under additional as-
sumptions by Dai and Zhang in [24] and [25], where it is no longer an integer but
a K-theory class of the parameter space. A central element in this construction are
spectral sections, which were introduced by Melrose and Piazza in [52].
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Spectral Flow and Operator Algebras

There is a vast literature on different extensions of the construction of the spectral flow
to more general settings. As we are hardly acquainted with these topics, we just want
to quote without further comments [62], [64], [20] [49], [78], [80], [8] and [43].

Nonlinear Analysis

Fitzpatrick, Pejsachowicz and Recht discovered in [27] that the spectral flow can also
be used in the bifurcation theory of critical points of strongly indefinite functionals on
Hilbert spaces, for which they introduced an alternative construction of the spectral
flow. Their result was later improved in [61] by Pejsachowicz in a joint work with the
author. Recently, Alexander and Fitzpatrick revisited the spectral flow in bifurcation
theory in [2].

2nd order Partial Differential Equations

Formulas for the spectral flow for paths of second order PDEs can be found, e.g., in
the recent work [34] by Goffeng and Schrohe, as well as the author’s papers [65] with
Portaluri and [85].

Hamiltonian Systems

The bifurcation theory developed in [27] was firstly applied to bifurcation of periodic
orbits of Hamiltonian systems in [28]. Further applications of the spectral flow in case
of periodic orbits can be found in [68], [40], [61] and [83]. The spectral flow for
homoclinic solutions was considered in [21], [60] and [84]. Also the works [54], [90],
[55] and [81] on a generalisation of the Morse index theorem to geodesics in semi-
Riemannian manifolds may be considered as an application to Hamiltonian Systems.
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