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A MONTEL-TYPE THEOREM FOR MIXED DIFFERENCES

Abstract. We prove a generalization of classical Montel’s theorem for the mixed differences
case, for polynomials and exponential polynomial functions, in commutative setting.

1. Introduction.

Given G a group, the function f : G — C is called a polynomial of degree < n if satisfies
Fréchet’s mixed differences equation

(1) Ahn_HAhn---Ah]f=OfOI‘allh],---Jln_,_]EG7

and it is called a semipolynomial of degree < n if satisfies Fréchet’s unmixed differ-
ences equation

) Al f=0forallhe G.

Here, Aj, : C¢ — CO is the forward differences operator given by A, f(x) = f(xh) —
F(x), AnyyApy - Bpy = Ap,, i (Bp, -+~ An,) denotes the composition of the operators
Apyyee+Ap,,, and AZH = A,(A}). If G is commutative, Djokovi¢’s Theorem [7] guar-
antees that equations (1) and (2) are equivalent (see also [17] for a different proof of this
result) so that both concepts represent the very same class of functions. Finally, we say
that f : G — C is an exponential polynomial if the space T(f) = span{t,(f) : h € G} is
finite dimensional. Here 1;, : C¢ — CU is the translation operator defined by 1, f(x) =
f(xh). Obviously, a function f is an exponential polynomial if and only if it belongs
to some finite-dimensional translation invariant vector subspace V of C®. A main mo-
tivation for this definition is that, for G = (Rd, +), a continuous function f : RY > C
is an exponential polynomial if and only if it is a finite sum of functions of the form
p(x)e<? for certain ordinary polynomials p(x) and vectors A € C¢. Moreover, if f is a
complex valued Schwartz distribution which belongs to a finite-dimensional translation
invariant space of distributions, then f is equal, in distributional sense, to a continuous
complex valued exponential polynomial on R (see, e.g., [6], [8], [10], [11] or [16] for
the proofs of these claims).

Just to fix the terminology, we recall that a set S € G generates the group G
if the smallest subgroup of G which contains § is G. Moreover, if G is a topological
group, the set S € G topologically generates G if the smallest subgroup of G which
contains S is a dense subgroup of G.

The following result, which was proved in [4] (see also [1], [3]), generalizes a
well known theorem of Montel [12], [13]:

THEOREM 1. Let G be a commutative (topological) group and f : G — C be a
(continuous) function. Assume that E = {hy,--- ,hs} (topologically) generates G and
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let AZ’;Hf =0, fork=1,---,s. Then f is a polynomial on G of degree at most ny +
<o+ +ng. Moreover, if G = (RY,+), {hy,-+- ,hs} topologically generates (R, +) and f
is a complex valued Schwartz distribution on RY such that AZ’; + f=0,fork=1,--- s,
then f is, in distributional sense, a continuous polynomial on R? of degree at most
ny + -+ +ns In particular, f is equal almost everywhere to an ordinary polynomial
with total degree at most ny + - - - + n.

In 1948 Montel [14], [15] demonstrated, for mixed differences, a version of his
theorem, for complex functions of one and two real variables. We generalize his result,
with an easier proof, to complex functions defined on any finitely generated (topologi-
cally finitely generated) group (topological group) G, and to complex valued Schwartz
distributions defined on R. The result also applies to complex valued functions de-
pending on any finite number of real variables. In particular, Theorem 2 characterizes
polynomials and exponential polynomials as solutions of certain finite sets of mixed-
differences functional equations.

2. Main results

THEOREM 2. Let G be a commutative group and let f: G — C be a func-
tion. If there exist exponential polynomials P, : G — C, k = 1,--- |5 and elements
{hi,j}1<i<mi<j<s of G such that, for every (iy,--- ,is) € {1,2,--- ,n}’, the set

{hiy 15+ s hig s}
is a generating system of G, and
3) Any g e g S (X) = Pi(x), forallk = 1,2,--- s, and all x € G,
then f is an exponential polynomial.

Proof. 'We proceed by induction on n. If we assume that Ay, f = Py, k=1,--- s, then
we have that A, (V) €V fork =1,---,s, with V = span{f} +t(P) +t(P2) +--- +
T(Py), since Ay, (T(P;)) S ©(P;) SV forall k,i and Ay,  (span{f}) = span{F;} S V for
all k. Hence V is a finite dimensional translation invariant space, which implies that all
its elements are exponential polynomials, and f € V. This proves the result for n = 1.
Assume the result holds true for n — 1 and let f satisfy (3). Take i = (i1, ,i5) €
{1,2,---,n}* and define the function F; = Ahi17l,hi2_2_... i, Then, if we denote by l;k\k
the fact that the step h;, ; is hidden (i.e. it does not appear) in a formula, we have that

A — F) = A — An o h ,
hl‘kth‘kv"'whik.k«,"‘7hn‘k( i) hl.kshz.k#"7hik,k~,"'~hn.k( h'l-“hlziv""hl.nsf)
= Ahn‘l,hiz,z,-"ﬁ/i;,---,hi.\-,s (Ah1~k’h2~k""'h"kAk"“’h'hkf)

hi (Pe) = Ok

Rig 1ohiy 250 g ke i s
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with Qy being an exponential polynomial for k = 1,2--- ,s. Hence the induction hy-
pothesis tell us that F; is an exponential polynomial for every i.

We want to reduce the size of the operator Ah,-] i 2. i, used for the definition

iy 2

of F;. So, consider, for each k€ {1,--- s}, the new function G; = A, R
? R R T SR

(which results from deleting the step h;, « in the definition of F;). Then we have that

f)

Bt g ke P 1 & (Ahil.l-“'vhik71,k—lvhkAkvhik+1,k+17'“ahis..\'f)

Ahl.kth.kv"'ahn—Lk(Giak) = Ahl,kthk:'”vhn—l.k(A
A

iy 15 iy ol s

is an exponential polynomial , since Ay, - i, ;J 18 an exponen-

i iy k— PR ks
tial polynomial. Furthermore, for j # k we have that

Ahl,j-,hz.jv--«,h/\ “hn '(Gi’k) = Ahl,j-,hzjw- ir\j«“‘ahn,k(Ahil‘ls'“ah/i];«,“‘ahis..\'f)

ij,j»" N Mij.js
=A _— Any b o h :
’111,17“'-,hij-,]-,“'shik‘kv“'A,hi:,.v( hl,/shz,jy"'!hljfl,jﬁ}llj,j7lllj+l.]"':hﬂ,_/f)
=A _— P;
hil,l7"'-,hij:]-"'7]7ik‘ka"'-,hi;,s( i)

which is also an exponential polynomial. Hence the function G; satisfies a set of
equations like (3) with n— 1 steps, and the induction hypothesis implies that G; is
also an exponential polynomial. In other words, every function of the form

AV h S

Jraytigsazy Mg p.ag_g
with 0 < ji <mand {aj,---,a,_1} an arbitrary subset of cardinality s — 1 of {1,--- s},
is an exponential polynomial .

Let us still do a step more: Take 7 € {1,--- s},  # k, and consider the function

Gi,k,t =A T T f Then

iy 1Ry o shig o Shig s

Ay iy (Giks) = Ahl‘/ohz_k«,-'-7hnf]_,k(Ah,.lv]1...1}Tilw\k,..._iﬂ;,---,hiwf)

f

. A .
hl‘k“"hk‘kv“'-,hn—l.k( iy ety ket B ket B g g s

is an exponential polynomial , since Ah,- . f is an ex-
Rl

T BRI S R/ R S PR WP
ponential polynomial. Furthermore,

Ahl‘tshz‘r-,"' Jn—1s (Gi,k,l) = Ahl‘tyhz.r-"' P14 (Ahil BERE JT,]:\k 7/’1/1‘;«,"‘ :hix‘sf)
. A .
hl‘ty"'vht‘h"'ahn—],t( hil‘ls"'-,hik,ky"'ahi171.t—laht,tahi1+1.t+l~,"'shi_c,xf)

is an exponential polynomial , since A — is an ex-
P poly ’ hil.la"‘shik.kﬁ'”hil_],t—l:hl,lahi[+],t+l:”'«,his.sf
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ponential polynomial . Finally, for j e {1,---,s}\{k,7} we have that

A — G; =A — A —
thle,j,---Jiij‘jw-,hn‘j( ”k’t) thJIz,jwwhij‘jv",hn‘k( hi|,lv"'ahik.k~"‘shit,tv"':hi.y‘sf)
N Ah’llh/’j_\]h/’k\k};l;\fhns (B i i i1 )
=A — o~ P;
hil.lv"'yhiia./y"':hik‘kf";hi,,h"':hi.\-,s( -/)

which is also an exponential polynomial. Hence the function G;y, satisfies a set of
equations like (3) with n — 1 steps, and the induction hypothesis implies that G, is
also an exponential polynomial. Thus, every function of the form

Ap. el
hjyayhig.ays ’h!sfz-“sfzf

with 0 < jx <mand {aj,---,as_»} an arbitrary subset of cardinality s —2 of {1,---,s},
is an exponential polynomial .

We can repeat the argument to delete another step in the difference operators
used for the definition of each one of the functions G;; above, and maintain the prop-
erty that the new functions are still exponential polynomials. Iterating the argument
as many times as necessary we lead to the fact that all functions Ay, ; f are exponen-
tial polynomials. Then we apply the case n = 1 to conclude that f is an exponential
polynomial. This ends the proof. O

The following are easy corollaries of Theorem 2:

COROLLARY 1. Let G be a topological commutative group and let f : G — C
be a continuous function. If there exist exponential polynomials P, : G —C, k=1,--- s
and elements {h; j}1<i<nm1<j<s 0f G such that, for every (iy,--- ,is) € {1,2,--- ,n}’, the
set {h, 1, - ,h, s} topologically generates G, and f satisfies (3), then f is an exponen-
tial polynomial.

COROLLARY 2. If {hj, 1,-+- ,h;, s} topologically generates (RY,+) for every
element (iy,--- ,ig) € {1,---,n}*, and f € D(R?) is a complex valued Schwartz dis-
tribution on R which satisfies the equations (3) for certain continuous exponential
polynomials Py, then f is, in distributional sense, a continuous exponential polyno-
mial. In particular, there exists a continuous exponential polynomial p such that f = p
almost everywhere.

Proof. Tt is enough to follow the same steps of the demonstration of Theorem 2, just
taking into account Anselone-Korevaar’s theorem and that the operators T, and Ay
are defined for Schwartz distributions f € D(R?)’ by the expressions {t,(f),9) =

{fyt_n(@)) and (A, (f), @) = {f,A_,(9)), respectively. These inherit all properties
from their corresponding versions, originally defined for ordinary functions. O

REMARK 1. If we impose P, = 0 for all k£ in Theorem 2 or Corollaries 1, 2,
then the function f will be a polynomial. Thus, these results generalize Theorem 1 to
the mixed differences case.
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REMARK 2. The condition that, for every (i1,---,is) € {1,2,---,n}’, the set
{hi, 1, ,hi, s} either generates or (in the case that G is a topological group) topologi-
cally generates G, is a very natural necessary condition. It can be shown, for G = R¢,
that if exists (i1, ,i) € {1,2,+--,n}* such that h; \Z + hj,2Z + -+ + h; _sZ is not
dense in R?, then there exists a non-differentiable continuous function f : R¢ — R
such that Ahik-* f=0fork=1,--- s and, henceforth, f solves the functional equations
(3) with P, = 0 for all k (see [2] for a proof of this claim) but is not a polynomial nor an
exponential polynomial, since every continuous polynomial on R is an ordinary poly-
nomial in d variables [9] and, henceforth, is a differentiable function, and continuous
exponential polynomials on R? are also differentiable functions. The merit of Theorem
2 and Corollaries 1, 2 is, thus, to prove that their hypotheses are sufficient to guarantee
that f is an exponential polynomial.
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