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ITERATE PROBLEM IN ROUMIEU SPACES OF SYSTEMS OF
INTERIOR AND BOUNDARY DIFFERENTIAL OPERATORS

Abstract. Given two systems of differential operators, one on the interior and the other at
the boundary, we prove under some conditions on the systems, that the iterate property up to
the boundary holds in Roumieu spaces for these systems.

1. Introduction

The purpose of this paper is to show the iterate theorem in Roumieu classes of both
systems of differential operators, one of interior differential operators and the other of
boundary differential operators. This problem was been studied by Burger [10] in the
Gevrey classes. He has obtained a result of Gevrey’s regularity for systems of differen-
tial operators with coefficients in Gevrey classes under the assumption that the interior
system is elliptic and another assumption on the boundary system. The obtained result
is an extension of the theorem of Bolley-Camus [4] where the authors considered only
a system of interior differential operators. Our result is a generalization of the teorem
of Burger [10] in the classes of Roumieu defined by sequences Mk . Recall that the
basic results of the iterate problem is due to Komatsu [15] and Kotake-Narasimhan
[17]. Various extensions and generalizations was been obtained according as one con-
siders different classes of spaces of functions (see [3, 5, 20]), or one considers different
notions of ellipticity of differential operators (see [8, 9, 21]), or also one considers both
cases (see [12]).

Note also that the iterate problem has known an extension to the problem of
comparison between the spaces of Gevrey vectors of differential operators of constant
coefficients, at first time by Newberger-Zielezny [19], next by Bouzar-Chaïli [6], and
after in the Roumieu and Beurling case by Juan-Huguet [14] and Boiti-Chaïli-Mahrouz
[2, 13].

Let Mk be a sequence of positive real numbers satisfying the following condi-
tions
logarithmic convexity:

(1) M2
k Mk 1Mk 1, k N ,

non-quasi-analyticity:

(2)
k 0

Mk 1

Mk
,
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stability under derivation and multiplication:

(3) c,H 0 : c
k
j

M jMk j Mk HkM jMk j, k N ,0 j k

EXAMPLE 1. The sequence Mp p!s, s 1, called Gevrey sequence of order
s, satisfies the conditions 1 3 .

DEFINITION 1. Let K be a compact set of Rn, we call Roumieu class in K,
and we denote RM K , the space of the restrictions over K of C functions u in a
neighborhood of K such that

C 0, α Zn : Dαu L2 K C α 1M α

DEFINITION 2. Let Ω be an open set of Rn, we call Roumieu space in Ω, and
we denote RM Ω , the space of functions which are in RM K for every compact subset
of Ω.

For more details and properties of Roumieu spaces defined by sequences Mp ,
see Komatsu [16].

Let Ω be an open bounded set of Rn, with smooth boundary Γ, and let Pj 1 j N
be a system of differential operators in Ω, of order m

Pj x,D
α m

aα, j x Dα, 1 j N

with coefficients aα, j in RM Ω , and let Bλ 1 λ p be a system of boundary differen-
tial operators in Γ,

Bλ x,D
β νλ

bβ,λ x Dβ, 1 λ p

with coefficients bβ,λ in RM Γ and of order νλ m 1.

DEFINITION 3. We call Roumieu vector of the systems Pj 1 j N and Bλ 1 λ p

in Ω every function u C Ω such that
L 0, l N, 1 j l, 1 i j N, k N :

Pi1 ...Pil u L2 Ω Ll 1Mlm
BλPi1 . . .Pil u Hm νλ 1 2 km Γ Ll k 1M l k 1 m, 1 λ p

For l 0, one admits Pi1 ...Pil u u.

The space of these functions is denoted RM Ω, Pj
N
j 1 , Bλ

p
λ 1 .

The iterate property up to the boundary of the systems Pj 1 j N and Bλ 1 λ p
in Roumieu spaces, means the inclusion

RM Ω, Pj
N
j 1 , Bλ

p
λ 1 RM Ω
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2. Preliminaries

As in [10] we will reduce the problem to the case of half-ball. For ρ 0, set

Ωρ x x ,xn Rn 1 R : x ρ, xn 0
Γρ x x ,0 Rn : x ρ
Ωρ Ωρ Γρ

Let 0 ρ0 1, P j 1 j N a system of interior differential operators in Ωρ0 ,
of order m, with coefficients aα, j in RM Ωρ0 , and Bλ 1 λ p a system of boundary
differential operators, with coefficients bβ,λ in RM Γρ0 and of order νλ m 1.

For every x Ωρ0 and ξ Rn, we put

P j,m x,ξ
α m

aα, j x ξα, j 1, ...,N,

the polynomial P j,m x,ξ is called the principal symbol of P j x,ξ .
Even for x ,0 Γρ0 and ξ Rn let Bλ x ,ξ be the principal symbol of Bλ x ,ξ , i.e.

Bλ x ,ξ
β νλ

bβ,λ x ξβ, 1 λ p

For every x ,0 Γρ0 and unit-vector ξ Rn 1, let r x ,ξ be the number of
common zeros with a positive imaginary part, counted with their multiplicities, of the
polynomials of the complex variable τ, P j,m x ,0,ξ ,τ , 1 j N, and τk x ,ξ for
1 k r x ,ξ being those roots, and let’s define the polynomial

Gx ,ξ τ
r x ,ξ

k 1
τ τk x ,ξ if r x ,ξ 0

1 if r x ,ξ 0

Now we introduce the following conditions:

A For every x Ωρ0 , the system P j 1 j N is elliptic, that means

N

j 1
P j,m x,ξ 0, ξ Rn 0

B For every x ,0 Γρ0 , and unit-vector ξ Rn 1 there exist r x ,ξ poly-
nomials in τ among the polynomials Bλ x ,ξ ,τ which are linearly independent mod
Gx ,ξ τ .

The basic estimate due to Agmon [1], is the following
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PROPOSITION 1. under the assumptions A and B there exists a constant
C 0 such that for every u C0 Ωρ0 , we have

(4) u Hm Ωρ0
C

N

j 1
P ju L2 Ωρ0

p

λ 1

Bλu
Hm νλ

1
2 Γρ0

u L2 Ωρ0

To obtain a priory estimate for the systems P j 1 j N and Bλ 1 λ p from the
previous estimate, we will use truncation functions. For all δ 0,1 and ρ 0,ρ0 such
that 0 ρ ρ δ ρ0, there is a function ϕρ,δ C0 Ωρ δ satisfying

0 ϕρ,δ 1, ϕρ,δ 1 on Ωρ and Dαϕ L Ωρ0
Cαδ α , α Nn,

where Cα does not depend of ρ and δ.

For simplify we denote ϕρ,δ by ϕ if there is not a confusion.
The following proposition is in [10].

PROPOSITION 2. Under the assumptions A and B there exists a constant
C 0 such that u C Ωρ0 , ρ 0,ρ0 , δ 0,1 with ρ δ ρ0 we have

C 1 u Hm Ωρ

N

j 1
P ju L2 Ωρ δ

p

λ 1

ϕBλu Hm νλ 1 2 Γρ δ

β m 1

δm β Dβu L2 Ωρ δ

and

C 1δm u Hm Ωρ δm
N

j 1
P ju L2 Ωρ δ

p

λ 1

δνλ Bλu Hm νλ 1 2 Γρ δ

β m 1

δ β Dβu L2 Ωρ δ

Notation: For a sequence Mk satisfying the conditions 1 3 , we put

mk
Mk 1

Mk
, k Z

From 1 the sequence mk is increasing and it is easy to check that it satisfies

(5) mk
j k M j

Mk
, j,k Z

The following estimate is Analogous to that of Burger [10, proposition 3].
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PROPOSITION 3. Under the assumptions A and B there exists a constant
C 0 such that

α Nn, 0 α m, 0 δ 1, u C Ωρ0

δ α Dαu
L2 Ωρ0 δm α

C α 1
N

j 1
P ju L2 Ωρ0

(6)

p

λ 1

Bλu Hm νλ 1 2 Γρ0
u L2 Ωρ0

Note that the proof of Proposition 3 of [10] uses that the coefficients of the
operators P j and Bλ are only bounded, not necessary in Gevrey classes, and for our
proof we will consider m α instead of α . Also note that the proof uses a technical
lemma of Lions-Magenes [18], which we will need again in the sequel.

LEMMA 1. There exists a constant Cm 0 depending only on m, such that
k N,0 k m 1, ρ 0,ρ0 , ε 0, u C Ωρ0 :

(7)
α k

Dαu L2 Ωρ ε
α m

Dαu L2 Ωρ Cmε k m k u L2 Ωρ

We need also the following lemma, which gives another property of the space
RM Ω .

LEMMA 2. If ϕ RM Ω such that ϕ x 0, x Ω, then 1
ϕ x RM Ω .

3. Estimates of height order

Now we will get an estimate of height derivatives. But at first we consider the case of
multi-indices α α ,αn with α α1, . . . ,αn 1 and αn m.

PROPOSITION 4. Under the assumptions A and B there exists a constant
A 1 such that for every u C Ωρ0 , every α Nn with αn m, α km and k 1,
and for every δ, 0 δ 1, we have

(8) δ α Dαu L2 Ωρ0 δm α
A α 1Sk u ,
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where

Sk u
k

ν 1
δ ν 1 m

1 i j N
1 j ν

Pi1 Piνu L2 Ωρ0

p

λ 1 α
m µ ν 1 1 i j N

1 j µ

Dα
x BλPi1 Piµ u Hm νλ 1 2 Γρ0

u L2 Ωρ0

recall that Pi1 ....Piµu u for µ 0 .

Proof. We will prove the proposition by induction. For k 1, it is exactly the propo-
sition 3. Then let α Nn with km α k 1 m and 0 αn m and suppose
that proposition 4 holds for every β Nn such that β α 1 and 0 βn m. Set
α α0 α ,0 with α0 m and α Nn 1. Using the first inequality of proposition
2 with ρ0 δm α instead of ρ and Dα

x u instead of u , we obtain

C 1 Dαu L2 Ωρ1
C 1 Dα

x u Hm Ωρ1
(9)

N

j 1
P j Dα

x u L2 Ωρ2

p

λ 1

ϕBλ Dα
x u Hm νλ 1 2 Γρ2

β m 1

δ m β Dβ Dα
x u L2 Ωρ2

where ρ1 ρ0 δm α and ρ2 ρ1 δ ρ0 m α 1 δ ρ0.

We will estimate each term of the right-hand side of 9 .

1) By Leibniz formula, we have

Dα
x P ju P j Dα

x u
η m β α

α
β

Dα β aη, jDη β ,0 u

Since the coefficients aη, j are in RM Ωρ0 , there exists a constant La 0 independent
of α,α ,β and δ such that

Dα β aη, j L Ωρ0
L α β 1

a M α β , 1 j N, η m,

so

P j Dα
x u L2 Ωρ2

Dα
x P ju L2 Ωρ2

η m β α

α
β

L α β 1
a M α β Dη β ,0 u L2 Ωρ2
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Dα
x P ju L2 Ωρ2

η m β α

α
β

L α β 1
a M α β m α δ α β Dη β ,0 u L2 Ωρ2

,

because m α δ ρ0 1 (else Ωρ2 ). But from 5 and 3 , we have

(10)
α
β

M α β m α β
α

α
β

M α β
M β
M α

1
c
,

which leads to

δ α
N

j 1
P j Dα

x u L2 Ωρ2
δ α

N

j 1
Dα

x P ju L2 Ωρ2
(11)

η m β α
A α β 1δ α β α Dη β ,0 u L2 Ωρ2

for another constant A.

2) For the second term of the second side of 9 , we have

(12) ϕBλ Dα
x u ϕDα

x Bλu
η νλ β α

α
β

ϕDα β
x bλ,ηDη β ,0 u

From the properties of ϕ, there exists a constant C0 0 independent of α,β,λ and u
such that

(13) ϕDα
x Bλu Hm νλ 1 2 Γρ2

C0 δ m νλ Dα
x Bλu Hm νγ 1 2 Γρ2

Moreover if α km 1, we write α α0 α with α0,α Nn 1, α k 1 m
and α0 m 1, so from lemma 1, there is a constant Cm 0 such that for every ε 0
we have

Dα
x Bλu Hm νλ 1 2 Γρ2

ε
γ m

Dγ α
x Bλu Hm νλ 1 2 Γρ2

Cmε α0 m α0 Dα
x Bλu Hm νλ 1 2 Γρ2

Choosing ε δm α0 we obtain

Dα
x Bλu Hm νλ 1 2 Γρ2

δm α0

γ m

Dγ α
x Bλu Hm νλ 1 2 Γρ2

Cmδ α0 Dα
x Bλu Hm νλ 1 2 Γρ2

Since α νλ α0 km, this inequality gives with 13

C 1
2 δ α ϕDα

x Bλu Hm νλ 1 2 Γρ2
δkm

γ km

Dγ
x Bλu Hm νλ 1 2 Γρ2

δ k 1 m

γ k 1 m

Dγ
x Bλu Hm νλ 1 2 Γρ2

(14)
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This estimate remains valid also for α km from 13 .

On the other hand, and from the trace theorem, there exists a constant C3 0
independent of α,δ,α ,β ,λ,η and u such that

ϕDα β
x bλ,ηDη β ,0 u Hm νλ 1 2 Γρ2

ϕDα β
x bλ,ηDη β ,0 u Hm νλ 1 2 Γρ0

C3 ϕDα β
x bλ,ηDη β ,0 u Hm νλ Ωρ0

C3
γ m νλ ν γ µ ν

γ
ν

ν
µ

Dν µϕDµ α β ,0 bλ,ηDη β ,0 γ νu L2 Ωρ2
(15)

But bλ,η RM Ωρ0 and ν m, so there exists a constant B 0 independent of
α ,β ,µ,ν and δ such that

Dν µϕDµ α β ,0 bλ,η L Ωρ2
B α β 1M α β δ m νλ

B α β 1M α β δ m νλ m α δ α β
,

which gives with 10 and 15

δ α

η νλ

α
β

ϕDα β
x bλ,ηDη β ,0 u Hm νλ 1 2 Γρ2

η νλ

B α β 1
1 δ β νλ Dη β ,0 u

L2 Ωρ2

Combining with 12 and 14 , we obtain the following estimate for the second
term of 9 ,

C 1
2 δ α ϕBλ Dα

x u Hm νλ 1 2 Γρ2
δkm

γ km

Dγ
x Bλu Hm νλ 1 2 Γρ2

δ k 1 m

γ k 1 m

Dγ
x Bλu Hm νλ 1 2 Γρ2

η νλ

B α β 1
1 δ β νλ Dη β ,0 u

L2 Ωρ2

(16)
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Hence the estimates 9 , 11 , and 16 yield

C 1
4 δ α Dαu L2 Ωρ1

δm
N

j 1
δ α Dα

x P ju L2 Ωρ2

p

λ 1

δkm

γ km

Dγ
x Bλu Hm νλ 1 2 Γρ2

δ k 1 m

γ k 1 m

Dγ
x Bλu Hm νλ 1 2 Γρ2

η m β α
B α β 1

2 δ η β ,0 Dη β ,0 u L2 Ωρ3

β m 1

δ α β Dβ α ,0 u L2 Ωρ4 ,

where ρ3 ρ0 δm η β ,0 and ρ4 ρ0 δm β α ,0 , since α α m and ρ2
min ρ3,ρ4 .

Now we use the induction assumption to estimate each term of the right side of
this inequality. First, it is easy to check that

Sk u Sk 1 u , and
N

j 1
δmSk P ju Sk 1 u ,

so the first term is

δmA α 1
N

i 1
Sk P ju A α 1Sk 1 u ;

the third term is

η m β α
B α β 1

2 Am β 1Sk 1 u ;

the fourth term is

β m 1

A β α 1Sk 1 u
β m 1

A α Sk 1 u

For the second term, by definition of Sk 1 u and Sk u , it is less than Sk 1 u .

So we have

δ α Dαu L2 Ωρ0 δm α
C4A α 1Sk 1 u A m A α 1

η m β α
B α β 1

2 A α β

β m 1

A 1



50 R. Chaïli - M. Djilali

But

η m β α
B α β 1

2 A α β A 1Cm
β 0

B2A 1 β
,

then we can choose A large enough in order to get

δ α Dαu L2 Ωρ0 δm α
A α 1Sk 1 u ,

which completes the proof of theorem 4.

Next we consider the general case of multi-indices α α ,αn for arbitrary αn.

PROPOSITION 5. Under the assumptions A and B there exist two constants
A 1 and B 1 such that for every u C Ωρ0 , every α Nn with α km and k 1,
and every δ 0,1 , we have

(17) δ α Dαu L2 Ωρ0 δm α
A α 1BαnSk u ,

where Sk u is defined as in proposition 4.

Proof. According to proposition 4, we will prove this inequality for α α ,αn , with
αn m. As in the proof of proposition 4, we proceed by recurrence. So suppose that
17 holds every β Nn with βn αn 1 and show that it remains true for α. Set

α α0 α with α0 0, ...,0,m . From assumption A the coefficient Aα0 x
N
j 1 a j,α0

2 RM Ωρ0 and does not vanish in Ωρ0 , then there exist coefficients c j

and dη RM Ωρ0 such that

(18) Dα0
N

j 1
c jP j

η m
ηn m

dηDη

Indeed, we have

N

j 1
a j,α0 x P j x,D

N

j 1
a j,α0 x

η m

a j,η x Dη

N

j 1
a j,α0 x 2Dα0

η m
η α0

N

j 1
a j,α0 x a j,η x Dη,

from where

Dα0
N

j 1
c j x P j x,D

η m
η α0

dηDη,

with

c j x
a j,α0 x
Aα0 x

, and dη x
N
j 1 a j,α0 x a j,η x

Aα0 x
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The coefficients c j and dη RM Ωρ0 from lemma 2.
By derivation of 18 we get

Dα
N

j 1 β α

α
β

Dα βc jDβP j
η m

ηn m
β α

Dα βdηDη β

Since c j and dη RM Ωρ0 , there exists a constant L 0 independent of α,α ,β and δ
such that

Dα βc j L Ωρ0 δm α
L α β 1M α β δm α

α β

and Dα βdη L Ωρ0 δm α
L α β 1M α β δm α

α β
,

which implies with 10

α
β

Dα βc j L ρ0 δm α L α β 1
0 δ α β

and
α
β

Dα βdη L ρ0 δm α L α β 1
0 δ α β ,

with another constant L0. Therefore we obtain

δ α Dαu L2 Ωρ0 δm α

N

j 1 β α
L α β 1

0 δ β m DβP ju L2 Ωρ0 δm β

η m
ηn m

β α
L α β 1

0 δ η β Dη βu L2 Ωρ0 δm η β
,

since α α m, η m and m α max m β ,m η β .

Now we use the induction assumption to estimate each term of the right side of
this inequality. The first term is

β α
L α β 1

0 A β 1Bβnδm
N

j 1
Sk 1 P ju

β α
L α β 1

0 A β 1BβnSk u ;

and the second term is

η m
ηn m

β α
L α β 1

0 Am β 1Bm 1 βn Sk u

So we have

δ α Dαu L2 Ωρ0 δm α
A α 1Bαn Sk u

A mB m

η m

B 1

β α
L α β 1

0 A α β Bβn αn
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To finish the proof, it suffices to choose A and B large enough, in order that the
term between the brackets will be less than 1.

4. Main result

We give now the main result of this work which is the theorem of iterates up to the
boundary of the systems P j 1 j N and Bλ 1 λ p in Roumieu spaces.

THEOREM 1. Under the assumptions A and B , we have

RM Ωρ0 , P j
N
j 1 , Bλ

p
λ 1 RM Ωρ for all ρ with 0 ρ ρ0

Proof. Let u RM Ωρ0 , P j
N
j 1 , Bλ

p
λ 1 , then there exists L 0 such that for all

l N, 1 j l, 1 i j N, k N, we have

(19)
Pi1 ...Pil u L2 Ωρ0

Ll 1Mlm

BλPi1 . . .Pil u Hm νλ 1 2 km Γρ0
Ll k 1M l k 1 m, 1 λ p

So for all α Nn 1, ν 1 and µ 0 with α
m µ ν 1, we get

Dα
x BλPi1 . . .Piµ u Hm νλ 1 2 km Γ Lν 1Mmν, 1 λ p,

consequently from 19 and by definition of Sk u , we obtain

(20) Sk u
k

ν 1
δ ν 1 mNν 1 2mν n Lν 1Mmν L,

since α νm if α
m µ ν 1.

Now let ρ 0,ρ0 ,α Nn, α 0, and let k N such that k 1 m α km,
and choose δ ρ0 ρ mkm. Since the sequence mk is increasing, we obtain from
5 , that for ν k

δ ν 1 mMmν
1

mkm

ν 1 m

Mmν mmν
m νm Mmν Mm,

which gives with 20 for some constant L1 1

Sk u Lk 1
1

But from proposition 5, there exist A 0 and B 0 such that

(21) Dαu L2 Ωρ δ α A α 1Bαn Sk u Lk 1
2 mkm

km
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On the other hand, from the condition 3 , M2 j H2 jM2
j for some H 0 and all j N.

We obtain then with 5 for j km

mkm
km M2km

Mkm
H2kmMkm

Substituting in 21 , we get using again 3

Dαu L2 Ωρ Lk 1
2 H2kmMkm L α 1

3 M α

Thus u RM Ωρ .

As consequences of theorem 1, we obtain the result of [10] in the case of Gevrey
spaces, and a result of smoothness of solutions of systems of interior and boundary
differential equations.

COROLLARY 1. Under the assumptions A and B , if u C Ωρ0 , P ju
RM Ωρ0 for 1 j N and Bλu RM Γρ0 for 1 λ p, then u RM Ωρ0 .
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