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ITERATE PROBLEM IN ROUMIEU SPACES OF SYSTEMS OF
INTERIOR AND BOUNDARY DIFFERENTIAL OPERATORS

Abstract. Given two systems of differential operators, one on the interior and the other at
the boundary, we prove under some conditions on the systems, that the iterate property up to
the boundary holds in Roumieu spaces for these systems.

1. Introduction

The purpose of this paper is to show the iterate theorem in Roumieu classes of both
systems of differential operators, one of interior differential operators and the other of
boundary differential operators. This problem was been studied by Burger [10] in the
Gevrey classes. He has obtained a result of Gevrey’s regularity for systems of differen-
tial operators with coefficients in Gevrey classes under the assumption that the interior
system is elliptic and another assumption on the boundary system. The obtained result
is an extension of the theorem of Bolley-Camus [4] where the authors considered only
a system of interior differential operators. Our result is a generalization of the teorem
of Burger [10] in the classes of Roumieu defined by sequences (M) . Recall that the
basic results of the iterate problem is due to Komatsu [15] and Kotake-Narasimhan
[17]. Various extensions and generalizations was been obtained according as one con-
siders different classes of spaces of functions (see [3, 5, 20]), or one considers different
notions of ellipticity of differential operators (see [8, 9, 21]), or also one considers both
cases (see [12]).

Note also that the iterate problem has known an extension to the problem of
comparison between the spaces of Gevrey vectors of differential operators of constant
coefficients, at first time by Newberger-Zielezny [19], next by Bouzar-Chaili [6], and
after in the Roumieu and Beurling case by Juan-Huguet [14] and Boiti-Chaili-Mahrouz
[2,13].

Let (M}) be a sequence of positive real numbers satisfying the following condi-
tions
logarithmic convexity:

(D M} < My_1Myy1, Yk e N¥,

non-quasi-analyticity:

® P

k=0
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stability under derivation and multiplication:
k

3) 3c,H>0: c< ,)M,Mk,, <My <H"MMy_j, Vke N*,0 < j <k
J/) !

EXAMPLE 1. The sequence M, = p!°, s > 1, called Gevrey sequence of order
s, satisfies the conditions (1) — (3).

DEFINITION 1. Let K be a compact set of R", we call Roumieu class in K,
and we denote Ry (K), the space of the restrictions over K of C* functions u in a
neighborhood of K such that

3C > 0,Yoe Z1 « [D%ul 2y < ™My

DEFINITION 2. Let Q be an open set of R", we call Roumieu space in Q, and

we denote Ry (), the space of functions which are in Ry (K) for every compact subset
of Q.

For more details and properties of Roumieu spaces defined by sequences (M,,),
see Komatsu [16].

Let Q be an open bounded set of R”, with smooth boundary I, and let (P;)
be a system of differential operators in €, of order m

Pi(x,D) = >} aqj(x)D* 1 <j<N

lorf<m

I<j<N

with coefficients aq,; in Ry (ﬁ) ,and let (By) | i< , be asystem of boundary differen-
tial operators in I,
By(x,D)= Y bga(x)DF, 1<A<p
[Bl<va,

with coefficients bp 5 in Ry (I') and of order vy, <m — 1.

DEFINITION 3. We call Roumieu vector of the systems (Pj), ;y and (By,)
in Q every function u € C* (5) such that
IL>0,VieN, 1<j<I, 1<ij<N, keN:

|Piy Pyt 12y < L' My,
| B>F;, ...})i,M”Hm—v;L—I/ZJrkm(l—) S M piym 1<SA<p

I<A<p

For 1 =0, one admits P;,...Pu = u.

The space of these functions is denoted Ry (97 (P,-)]]Y:l , (Bk)izl) .

The iterate property up to the boundary of the systems (P;), i<y and (B )<y
in Roumieu spaces, means the inclusion '

Ry (Q, (Pj)ljyzl 7(37»)§:1) < Rw (Q)
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2. Preliminaries

As in [10] we will reduce the problem to the case of half-ball. For p > 0, set

Q = {x=Wx)eR'xR:|x| <p, x, >0}
I, = {x=(,0eR": x| <p}
QP = Qulyp

Let 0 < po < 1, (P))
of order m, with coefficients aq,; in Ry (Qp,) , and (By); <)<, a system of boundary

1<j<n @ System of interior differential operators in Q,

differential operators, with coefficients bg 3 in Ry (Fpo) and of order vy, <m — 1.

For every x € Qp, and & € R", we put

Pim(x,8) = D ag;(x)E%, j=1,...N

|otj=m

the polynomial ?;,,(x,&) is called the principal symbol of 2;(x,&).
Even for (x’,0) € Iy, and § € R” let B; (x’, &) be the principal symbol of By (x',§), i.e.

B, &)= Y bpa(¥)E, 1<A<p
[Bl=v,

For every (x’,0) € T, and unit-vector & € R"~!, let r(x',&’) be the number of
common zeros with a positive imaginary part, counted with their multiplicities, of the
polynomials of the complex variable T, Pj»(x",0,&',7), 1 < j <N, and 7 (¥, &) for
1 <k < r(¥,&) being those roots, and let’s define the polynomial

r(x' &)
[T (t—u.8)) ifr(¥',§) >0

Gx’,é’ (’C) = 1
1 ifr(x,&)=0

Now we introduce the following conditions:

(A) For every x € Qp,, the system (?;), <j<v 18 elliptic, that means
N
Z €)| #0, VEe R — {0}

(B) For every (x’,0) € I'p,, and unit-vector & € R"~! there exist r(x’,&') poly-
nomials in T among the polynomials B; (x’,&’,t) which are linearly independent mod
Gx’,c';’ (‘C)

The basic estimate due to Agmon [1], is the following
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PROPOSITION 1. under the assumptions (A) and (‘B) there exists a constant
C > 0 such that for every u € Ci" (), we have

N 14
@ ulmnay) <C Zln?junm,,o)+;}n@xunﬂm_w_%(%)+nuuLz<QpO>
j= =

To obtain a priory estimate for the systems (%), _;y and (By), <y, from the
previous estimate, we will use truncation functions. For all § €]0, 1] and p €]0, po[ such

that 0 < p < p+ 8 < po, there is a function @, 5 € C ()1 5) satisfying
0<@ps <1, @p5=10nQ,and [DQ|Lx (g, < Coad™ ¥, Yae N,

where Cy, does not depend of p and §.
For simplify we denote @, 5 by @ if there is not a confusion.
The following proposition is in [10].

PROPOSITION 2. Under the assumptions (A) and (‘B) there exists a constant
C > 0 such that Yue C*(L,,), Vp €]0,po[, YO €]0, 1] with p+8 < po we have

N P
c! H””H'"(QP) < Z |‘1).]'MHL2(QP+5) + Z H(prquH’”—"x_lﬂ(rp_'_s)
=1 A=1

+ Z & 1Pl HDB”HLZ(QP+5)

Bl<m—1
and
N P
-1
C 8" ulmgy, < 8" 21 |Pjuli2q, 5 +;1 8| Brstl -2
Jj= =
+ Z 3P ”DB”HL2(QP+5)
IBl<m—1
Notation: For a sequence (M) satisfying the conditions (1) — (3), we put
M
my = kel N ke Z+
M
From (1) the sequence (my) is increasing and it is easy to check that it satisfies
. M;
o) (m) ™ <L W ke Zy
M

The following estimate is Analogous to that of Burger [10, proposition 3].
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PROPOSITION 3. Under the assumptions (A) and (‘B) there exists a constant
C > 0 such that

VaeN", 0<|a|<m, 0<3<1, Yue C*(Qp,)

N
©) 8 |D%| < clett |1Pull2 0
Lz(gpo—f}mm‘) ;1 ( pO)

14
D 1Bl i, )+ |u|Lz<Qp0))
A=1

Note that the proof of Proposition 3 of [10] uses that the coefficients of the
operators P; and B, are only bounded, not necessary in Gevrey classes, and for our
proof we will consider mq instead of |o]. Also note that the proof uses a technical
lemma of Lions-Magenes [18], which we will need again in the sequel.

LEMMA 1. There exists a constant C,, > 0 depending only on m, such that
VkeN,0<k<m—1,Vpel0,po[, Ve >0, Yue C*(Qp,) :

@) Z ID%u 2,y <€ Z HD(XMHLZ(Q‘J)+Cm87k/(m7k) lulz2 (0

o=k o =m

~ We need also the following lemma, which gives another property of the space
Ru(Q).

LEMMA 2. If @ € Ry(Q) such that (x) # 0, Vx € Q, then 515 € Ry (Q).

3. Estimates of height order

Now we will get an estimate of height derivatives. But at first we consider the case of
multi-indices o = (o, o) with o = (auy,...,0,,_1) and o, < m.

PROPOSITION 4. Under the assumptions (A) and (B) there exists a constant
A= 1 such that for every ue C”(Lp,), every e N" with o, <m, || <kmand k> 1,
and for every 8, 0 < 8 < 1, we have

(8) 8D u] 120 <AL (u),

Po—0m|q|)
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where

k
Se(u) = P8I By Bl gy
v=1

I1<ij<N
I<jsv

P
+Z Z Z \D %Tiu"'fpi;:””H”’*Vrl/z(rpo)

A=1|o/| _ I<ij<N
m VL

+ H””LZ(QPO)
(recall that P, B u = u for p= 0).

Proof. We will prove the proposition by induction. For k = 1, it is exactly the propo-
sition 3. Then let oe € N" with km < |0 < (k+ 1)m and 0 < o, < m and suppose
that proposition 4 holds for every 8 € N such that |B| < |a| — 1 and 0 < B, < m. Set
o = o+ (o', 0) with |ol| = m and o’ € N*~!. Using the first inequality of proposition
2 with pg — 8mq instead of p and D}‘?‘,’u instead of u, we obtain

1 —1 /
) CD% 20, ) < CIDYulumy,)
N !
< D BDYw) Iz (0,
=1
p
+ H(p@;(D )”Hm—v,h—l/z(l—\pz)

+ Z &~ +IPl|DP (DY )] 22(0,,)
Bl<m—
where p; = po —Sm‘oq and pp =p;+0=po— (m‘a‘ — 1)8 < Po-
We will estimate each term of the right-hand side of (9).
1) By Leibniz formula, we have

’ Y ’
DY (Pju) = P;(D% u 2 Z ( )DO‘ B anij'H(B Oy
nj<mp’ <a’

Since the coefficients ay ; are in Ry (on) , there exists a constant L, > 0 independent
of a,o, ' and J such that

|p* P <L P My g, 1<j<N, | <m,

SO

|12 (D% )20, < 1D (Bju)]i2q,,)

1
+ Z Z ( ) Ly P Mo B’\”DM(B u”Lz(sz)

M|<mp’ <o/
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< DY (B)li2g,,)

|oc ' o —p'| "0
+ Z 2 <|B'| ‘a BHIM\ /—P/| (mloc’\s) ”DM(B’ )””L2(9p2)>

Mi<mp’ <o/

because m 0 < po < 1 (else Qp, = &). But from (5) and (3), we have
o] p P2

|o| o/ —p| _ (1] M\B’I
(10) o ) Mg S gy ) Mio-pl s

which leads to

N N
(1D sl Z |12;(DY M)HLZ(QQZ) <8l Z 1D (?j”)HLZ(sz)
j=1 j=1

+ Z Z Al =B+ 1g=lo/ =B+ [of) pn+(B ’O)MHLZ(QPZ)

mismp’ <o/
for another constant A.
2) For the second term of the second side of (9), we have

(12) <|>‘Bx(D§i‘/u) %J/t Z Z ( >(PD°‘ Bbx pn+B'0),,

Mi<vy B <o/

From the properties of ¢, there exists a constant Cyp > 0 independent of o, 3, A and u
such that

(13) oD% (@}LM)HHm—vA—]/Z(sz) < Cod | DY (%u)HHm_vv_l/z(rpz)

Moreover if || < km — 1, we write o' = afy +0o” with o, a” e N*~1 |o”| = (k— 1)m
and |o| < m—1, so from lemma 1, there is a constant C,,, > 0 such that for every € > 0
we have

/ +a
IDE (B lymvim12, ) <€ N |D7, (Bt) g1,
¥ |=m
+Cmg_‘%‘/(’”—‘a0‘)HDg/ (%M)HH"‘*VX*I/Z(FM)
Choosing & = 8 1%! we obtain
7 ol + "
IDE (Bl o,y < 8790 2 DL (B,
[¥]=m

P ”
+C,,6 Ioco\”Dg, (%u)HHmfvrl/z(sz)

Since |0+ V), —|og| = km, this inequality gives with (13)
—1g|o o k Y
(0 3l IH(pr, (%M)”Hm—v;h—lﬂ(rpz) <9é mmZ]k HDX/(gku)‘|Hm—vx—l/2(rpz)
=Km

(14) +860m ST DY (Byn) | e, - V2(T,)
I¥|=(k—1)m
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This estimate remains valid also for |a/| = km from (13).

On the other hand, and from the trace theorem, there exists a constant C3 > 0
independent of a,,0, ’,A, 1 and u such that

R/ 7 ! _ R/ /
1D P by DV Oy, i = [ @D% P by DHEO)

= u vy —
(sz) ”Hm v I/Z(FPO)

< GolpDS P bag D O v, o

(15 G Z Z Z (3)( )HDV_I‘(leH'(0‘/—B,ﬁo)b}hnDﬂ‘F(B,ﬁo)‘*’Y—Vu“Lz(sz)

v
Y| Sm—vy VYUV H

But by 5 € Ry(Lp,) and [v] < m, so there exists a constant B > 0 independent of
o, B’,u, v and & such that

Hva,u(pr+((x B ‘O)blﬂHL‘I‘(sz) < Bl* B ‘+1M‘a1_[3/‘87m+v7‘

— o’ —p'|

< B‘a,_BIHlM‘a/iﬁ/‘S_m*—v}‘ (m‘al‘S) s

which gives with (10) and (15)

o/ /_g/ ’
Y <ﬁ/> @D~ by DM+ ’O)MHH'"*VFI/Z(FM)

nl<va
[of —B[+1 5B’ /.0
< Z B §IB'1+va | pn+ (B0,

nf<va

L2(Qp,)

Combining with (12) and (14), we obtain the following estimate for the second
term of (9),

CglslalH(P%(Dg’/u)”1—1"’*%*1/2(1"‘,2) < &fm Z HDI'(Q;M‘)HH"’*VK’I/Z(FPZ)
(¥ |=hm
+80Dm N DY (B
¥ |=(k—ym
16+ > BF g

[n|<vy,

”H’"“’?»_I/Z(sz)

ph+(#.0),

LZ(QPQ)
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Hence the estimates (9), (11), and (16) yield

N

N
8" Z 8l 'HD,‘?r fpj”HB(sz)
j=1

c, '8 ID%ull2q,,)

P
PN LI LC Ul
A=1 Y| =km

+

k—1 Y
+  8k=Dm Z HDx’(fo“)HH’”—VFW(F,JZ)
Y |=(—1ym
SEDNDIL St el L e
mf<mpl <o’

+ Z 310 +1Bl| pB+(c ‘O)MHH(QM),

1Bl <m—1

where p3 = po —8m|n+(ﬁ/,o)| and p4 = po —Sm\m(a',())\, since |ot| — || = m and pa <
min (p3, P4) .

Now we use the induction assumption to estimate each term of the right side of
this inequality. First, it is easy to check that

N
Si() < Sgpr (), and 8" Se(Pju) < Spqr (),
j=1

so the first term is

N
< §"AYIHN 5 (Bju) < A TS ()

i=1

the third term is ;o ,
< X X B IS )

nl<mp’/ <o/
the fourth term is

< D) AP < Y A ()

B <m—1 Bl <m—1

For the second term, by definition of S (u) and Si(u), it is less than Sk (u).
So we have

sl HDOﬂu”[}(Q ) < C4A|(X\+lsk+l(u) (A—m_i_A7|a\71+

PO*S”’M

NI S L N S

Mi<mp’' <o’ Bl<m—1



50 R. Chaili - M. Djilali

But o .
2 Z B\ZafBHlA—\oz—B\gA—lCm 2 (BZA—I)W’
nj<mp’' <o/ [B|=0

then we can choose A large enough in order to get

8D%u]| 20 <AL (w),

9075””(1\ )

which completes the proof of theorem 4. O
Next we consider the general case of multi-indices o = (', 0i,,) for arbitrary o,.

PROPOSITION 5. Under the assumptions (A) and (‘B) there exist two constants
A>1and B> 1 such that for every ue C*(Qy,), every oe N" with |o)| <kmand k> 1,
and every § €]0, 1], we have

a7 3l 1D% 20, <Al B g, (i),

—Bm‘al )
where Sy(u) is defined as in proposition 4.

Proof. According to proposition 4, we will prove this inequality for o = (o', o, ) , with
o, = m. As in the proof of proposition 4, we proceed by recurrence. So suppose that
(17) holds every B € N" with B, < a,, — 1 and show that it remains true for o. Set
o = o + o with aig = (0,...,0,m). From assumption (A) the coefficient Ay, (x) =
SV lajal? € Ru(p,) and does not vanish in Oy, then there exist coefficients c;
and dy € Ry (Qp,) such that

N
(18) D™ =% c;Pi+ ) dyD"

Jj=1 [n|<m
Nn#m

Indeed, we have

N N
> ajoy@)Pi(x,D) = >lajex) Y] ajn(x)D"
Jj=1

j=1 nl<m
N N
5 -
= D laje@PD%+ > > a0 (x)ajn(x)D",
=1 nl<m j=1
N#0o
from where
N
D% = 3 ¢;(0)P;(x,D) + Y, dnD",
Jj=1 ni<m
n#og
with

S aj () ajn(x)
Agy (x)

¢ = 299 g () = —
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The coefficients ¢; and dy € Ry(Qp,) from lemma 2.
By derivation of (18) we get

N
DY=3% > <0[§>D°‘"BchBTj+ >3 p¥Paypn+b

J=1B<a/ nl<m B<o’
Nn#m

Since c¢; and dy, € Ry (Qp, ), there exists a constant L > 0 independent of o, o', 3 and &
such that

HDW_BCJ‘HL‘X»(Q ;< L‘“"BHIM\OLI,M (SM‘G‘)_‘“_B‘

pO_Sm|oc|

and D% Panlie gy, g ) < LY Mg (Bmi) P

p078m|0¢|
which implies with (10)
of /_ o =B+l e—|o/—
(B)HD“ Beillin pomtmy) < Lo’ PIHIETIH
of ’_ /_ le_lof—
and<ﬁ>\|D°‘ Pyl gy omy < LIS,
with another constant Ly. Therefore we obtain

N
! —B|+1
Rl P I A s LAl 1o L7 N

po—0m p—ﬁm)
0—0m)q| Dl e 0—m|g)
|0/ —Bl+1sn+B| | Hn+B
bOX S A g
[nj<m B<of
Np#m

since |ot = || +m, | < m and mq; > max (mg), myp)) -
Now we use the induction assumption to estimate each term of the right side of
this inequality. The first term is

N
< DLy P AR Ry N s () < D L P AR BB ()
j=1

p<a’ p<o’

and the second term is

' Bl+1 _
< Z Z L(\)Ot Bl+1 ym+|Bl+1 gm 1+Bn Sy ()

Inlsm B<o/
Nn#m
So we have
8‘0“ HDQHHLZ(Q,JO—SmM) <A|(X|+1B(xn5k(u) X
x ATBT YL BT Y L A Bt

m|<m B<o/
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To finish the proof, it suffices to choose A and B large enough, in order that the
term between the brackets will be less than 1. O

4. Main result

We give now the main result of this work which is the theorem of iterates up to the
boundary of the systems (%;), _;y and (By), <y, in Roumieu spaces.

THEOREM 1. Under the assumptions (A4) and (‘B), we have
Ry (ona (ij)ijzl ) (%)Ll) < Ry (Qp) forall p with0 < p < pg

Proof. Let u e Ry (on, (Tj)ljyzl 7(537»)];::1) , then there exists L > 0 such that for all
l1eN, 1<j<l, 1<ij<N, keN, wehave

(19) pril'“(l')hu”Lz(on) <Lt My,
[ B\B;, ---fPilu”Hm—vx—l/2+km(rpo) <L M ym 1<A<p

So forall o € N*=!, v > 1 and u > 0 with %] 4y = v — 1, we get

/
DS BBy .. Pyt vy —1240m oy < LV My, 1 <A< p,

)
consequently from (19) and by definition of S (), we obtain

k
(20) Sic(u) < DT 8VTUINY (14 2™ LY My + L,
v=1
since |o| <Vmif‘?%+,u=V—l.
Now let p € ]0,po[,00e N”, o # 0, and let k € N* such that (k— 1)m < || < km,

and choose & = (po — p)/mun- Since the sequence (my) is increasing, we obtain from
(5), that forv < k

1 (v—1)m
SV=Dmpg, < (7> My < (M) ™" My < My,

My

which gives with (20) for some constant L; > 1
Sk (u) <Ly
But from proposition 5, there exist A > 0 and B > 0 such that

@n ID%ull 20, < 87 1MAINH B () < LEF! ()"
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On the other hand, from the condition (3), M2; <H 2j M? for some H > 0 and all j € N.
We obtain then with (5) for j = km

Substituting in (21), we get using again (3)

k+1 52k al+1
ID% 2 q,) < L5 ¥ My < LY+ Mg

Thus u € Ry (Qp). O

As consequences of theorem 1, we obtain the result of [10] in the case of Gevrey
spaces, and a result of smoothness of solutions of systems of interior and boundary
differential equations.

COROLLARY 1. Under the assumptions (A) and (‘B), if ue C* (&,
Ry (Qp,) for 1 < j < N and Byu € Ry(Tp,) for 1 <A< p, then u € Ry (Qp,

po)s Pju €
).
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