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DERIVATIONS OF RINGS AND BANACH ALGEBRAS
INVOLVING COMMUTATOR

Abstract. In the present paper we obtain the commutativity of a semiprime ring R admitting
a derivation d such that d um,vn ℓ up,vq

k for all u,v R and for fixed positive
integers m,n, p,q,k,ℓ. Finally, we apply the above purely ring theoretic result to Banach
algebras and obtain a noncommutative version of the Singer-Wermer theorem. In particular,
we prove that if B is a noncommutative Banach algebra which admits a continuous linear
derivation d : B B such that d um,vn ℓ up,vq

k rad B for all u,v B, where
m,n, p,q,k,ℓ are fixed positive integers, then d B rad B .

1. Introduction

Throughout this paper R will denote a prime ring with center Z R . The Martindale
quotient ring and the Utumi quotient ring of R are denoted by Q Q R and A
A R respectively. The center of A is called the extended centroid of R and is denoted
by C Z A (we refer the reader to [6] for these objects). By a Banach algebra B
we mean an algebra equipped with a norm ∥ ∥ that makes it into a Banach space and
additionally satisfies the inequality ∥ uv ∥ ∥ u ∥∥ v ∥ for all u,v B (see [7]). The
Jacobson radical of B, denoted by rad B), is the intersection of all the primitive ideals
of B . An algebra B is called semi-simple Banach algebra if rad B 0.

For any u,v R , the symbol u,v represents the commutator uv vu. Given
u,v R , set u,v 0 u, u,v 1 uv vu and by induction u,v k u,v k 1,v for
k 1. The ring R is said to satisfy the Engel condition if u,v k 0 for some fixed
k 1. A ring R is said to be prime if for any u,v R , uR v 0 implies either
u 0 or v 0, and is said to be semiprime if for any u R , uR u 0 implies u 0.
An additive mapping d : R R is called a derivation on R if d uv d u v ud v
holds for all u,v R . The mapping Ia : R R given by Ia u a,u for all u R
and for some fixed a R is known as the inner derivation in R determined by a.

During the past few decades, many authors have given fascinating results con-
cerning the relationship between the commutativity of a ring and certain specific types
of derivations under some suitable restrictions (see [5], where further references can be
found). The beginning of the Engel type identity with derivation was first seen in the
well-known paper by Posner [26] who proved that a prime ring admitting a nonzero
derivation d such that d u ,u Z R for all u R , must be commutative. Since then
there has been an ongoing interest in the study of Engel type identities with derivations
acting on two-sided ideals and Lie ideals of prime and semiprime rings (see [11]). In
the year 1992, Daif and Bell [10, Theorem 3] showed that if I is a nonzero ideal in
a semiprime ring R and d : R R is a derivation such that d u,v u,v holds for
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all u,v I , then I is contained into the centre of ring R . If R is a prime ring, this
implies that R is commutative. Following the same line, Huang [16, Theorem 1], ob-
tained that if I is a nonzero ideal in a prime ring R and d : R R is a derivation
such that d u,v m u,v n holds for all u,v I and m,n fixed positive integers, then
R is commutative. Further several authors have investigated commutativity of prime
and semiprime rings satisfying certain differential identities in rings (for references see
[1],[2], [4],[14],[15], [22],[24]).

In view of the above results it is quite natural to ask about the commutativity
of a ring R if R satisfies d um,vn ℓ up,vq

k for all u,v R . In this paper we
have investigated this identity and obtained the commutativity of a prime ring R . In
fact, we also prove the commutativity of a semiprime ring R .

2. The Result on prime and semiprime rings

We know that any derivation d of a semiprime ring R can be uniquely extended to a
derivation of its Utumi quotient ring A (maximal right ring of quotient) and hence can
be defined on the whole A (Beidar et al., [6, Proposition 2.5.1]). Further, the Utumi
quotient ring of a semiprime ring R is also semiprime. Moreover, we shall use the fact
that the extended centroid C of a semiprime ring R coincides with the center of its
Martindale quotient ring (Chuang, [8, pp. 724]). Also R is assumed to be a B-algebra
which is orthogonally complete, where B is the set of all the idempotents in C . For
any maximal ideal P of B , P R forms a minimal prime ideal of R , which is invariant
under any nonzero derivation of R (Chuang, [9, pp. 42]). We shall use the following
facts without any specific mention.

FACT 1. [6, proposition 2.5.1]Suppose R is a semiprime ring and d be any
derivation on R , then d can be uniquely extended to its left Utumi quotient ring A, and
so any derivation d of R can be defined on the whole A.

FACT 2. [8, Theorem 2] Let R be a prime ring and and I be an ideal of R , then
I, R and Q satisfy the same generalized polynomial identities with coefficients in Q .

FACT 3. [19, Theorem 2] Suppose R is a prime ring admitting a nonzero deriva-
tion d and I be a nonzero two-sided ideal of R . If f u1, . . . ,un,d u1 , . . . ,d un is a
differential identity in I, that is

f s1, . . . ,sn,d s1 , . . . ,d sn 0 for all s1, . . . ,sn I.

Then one of the following holds:

1. For the Martindale quotient ring Q of R , d is an inner derivation in Q, and
therefore there exists b Q such that d u b,u for all u R . Moreover, I
satisfies the generalized polynomial identity

f s1, . . . ,sn, b,s1 , . . . , b,sn for all s1, . . . ,sn I.

or
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2. I satisfies the generalized polynomial identity

f u1, . . . ,un,v1, . . . ,vn .

We shall start with the following result which plays an important role in estab-
lishing the proof of our main Theorem. The proof of Lemma 1 can be seen in [3].

LEMMA 1. Let R be a ring satisfying an identity q X , where q X is a poly-
nomial in the finite number of non-commuting indeterminates, its coefficients being
integers with highest common factor 1. If there exists no prime number p for which the
ring of 2 2 matrices over GF p satisfies q X 0, then R has nil commutator ideal
and the nilpotent elements of R forms an ideal.

LEMMA 2. Let R be a ring and r R such that r2 0. Then ru m, ur n
k

ru m ur kn for all u R and fixed positive integers m,n,k.

Proof. We proceed by induction on k. For k 1, we have ru m, ur n ru m ur n

ur n ru m. Using the given hypothesis we get ru m, ur n ru m ur 1n for all
u R . Thus the result is true for k 1. Now for k 1 assume that the result is true for
k 1 i.e.;

ru m, ur n
k 1 ru m ur k 1 n

for all u R . Now

ru m, ur n
k ru m, ur n

k 1, ur n

for all u R . Then by the induction hypothesis, we find that

ru m, ur n
k ru m ur k 1 n, ur n ru m ur kn

u R . Thus the result is true for k as well. Hence the result is true for every positive
integer k.

LEMMA 3. Let R be a semiprime ring such that um,vn
k = 0 for all u,v R

and fixed integers m 1, n 1, k 1. Then R is commutative.

Proof. Given that

um,vn
k 0 for all u,v R .(1)

If R is a semiprime ring satisfying the polynomial identity (1), then R is isomorphic
to a subdirect sum of prime rings R α each of which as a homomorphic image of R
satisfies the hypothesis placed on R . Therefore, it can be assumed that R is a prime
ring satisfying the identity (1). First we shall show that R has no nonzero nilpotent
elements. Let r R such that r2 0. Using our hypothesis, we find that

ru m, ur n
k 0 for all u R .
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By Lemma 2, we have ru m ur kn 0, for all u R . Now compute

ru m kn 1 ru m knr ru m ur kn u
r ur u m ur u r knu

0.

Therefore ru m kn 1 0 for all u R . If rR 0, then it is to be noted that rR is a nil
right ideal satisfying the identity wm kn 1 0 for all w rR . Thus by the application
of Lemma 1.1 of Herstein [13], we see that rR 0 and hence the primeness of R
forces that r 0.

Now if we consider u 1 0
0 0 , v 1 1

0 0 , we find that no 2 2

matrix ring over GF p , p a prime, satisfies the relation(1). Hence by Lemma 1, R
contains a nil commutator ideal. But since R has no nonzero nilpotent elements, R
does not contain any nonzero nil ideal and hence R is commutative.

THEOREM 1. Let R be a prime ring and m,n, p,q,k,ℓ be fixed positive integers.
If R admits a derivation d such that d um,vn ℓ up,vq

k for all u,v R , then
R is commutative.

Proof. If d 0, then up,vq
k 0 for all u,v R . By Lemma 3, R is commutative.

Now we assume d is a nonzero derivation satisfying d um,vn ℓ up,vq
k

for all u,v R which can be rewritten as d um ,vn um,d vn ℓ up,vq
k. By

Fact 3, we divide the proof into two cases:
Case 1. If d is Q-outer, then R satisfies the polynomial identity

m 1

s 0
uszum 1 s,vn um,

n 1

s 0
vswvn 1 s

ℓ

up,vq
k

for all u,v,z,w R . In particular, for z w 0, we obtain the identity up,vq
k 0 for

all u,v R . By using Lemma 3, R is commutative.
Case 2. Let d be Q-inner derivation, i.e., there is an element b Q, such that

d u b,u for all u R . It follows that b,um ,vn um, b,vn ℓ up,vq
k

for all u,v R . By Fact 2, R and Q satisfy the same generalized polynomial identities
(GPIs), and hence we have b,um ,vn um, b,vn ℓ up,vq

k for all u,v Q. If
the center C of Q is infinite, we see that b,um ,vn um, b,vn ℓ up,vq

k for
all u,v Q C C , where C is the algebraic closure of C .

Since R is prime, in view of [9, pp.38] Q is also prime and in the light of [6,
Proposition 2.2.2] R Q A. By [6, Remark 2.3.1] C satisfies Z Q C Z A .
But by [6, Theorem 2.1.11] we know that the Utumi quotient ring of the Utumi quotient
ring of R coincides with A i.e., A A A, and hence C A Z A A Z A C .
Now in view of [6, Proposition 2.1.10], the above chain of inclusion yields that A
A R A Q A A A and hence C C R C Q C A C . Since a ring
is said to be centrally closed if it coincides with its central closure ( see [6, pp.68]), we
conclude that Q is centrally closed because C Q Q CQ Q. By [6, pp.70] C is a
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field and the obvious inclusion C Q makes Q a C -algebra. In the light of the above
argument, Q is a closed prime algebra over C and C is a field extension of C . Now
apply [12, Theorem 3.5] to conclude that Q C C is prime and centrally closed over
C . Hence we may replace R by Q or Q C C according as C is finite or infinite.

Hence it can be seen that R is centrally closed over C (i.e., R C R ) which is
either algebraically closed or finite and

b,um ,vn um, b,vn ℓ up,vq
k for all u,v R .

Now using Martindale’s [23, Theorem 3], we see that R C (and so R ) is a primitive ring
having nonzero socle H, where C as the associated division ring. By using Jacobson’s
theorem [17, pp.75], we see that R is isomorphic to a dense ring of linear transforma-
tions on some vector space V over C . Moreover, H consists of the finite rank linear
transformations in R . Let’s assume that dimCV 2, otherwise we are done.

Now our job is to prove that for any t V , t and bt are linearly C -dependent. If
we assume that bt 0, then t,bt are C -dependent. So we shall start by assuming that
bt 0. If t and bt are linearly C -independent for some t V , by the density of R there
exist u,v R such that

ut t, ubt t;

vt 0, vbt bt.

We can easily see that 0 b,um ,vn um, b,vn ℓ up,vq
k t 1 ℓt 0,

a contradiction. So we conclude that t and bt are linearly C -dependent for all t V .
Hence for each t V , bt tαt for some αt C . Now we prove that αt does not depend
on the choice of t V . Since dimCV 2 there exists w V such that t and w are linearly
independent over C . Now there exist αt ,αw,αt w C such that

bt tαt ,bw wαw,b t w t w αt w,

and hence,
tαt wαw b t w t w αt w.

This implies
t αt αt w w αw αt w 0.

Since t and w are linearly independent over C , it follows that αt αt w αw. There-
fore there exists α C such that bt tα for all t V . Now let r R , t V . Since
bt tα,

b,r t br t rb t b rt r bt rt α r tα 0,

that is, b,R V 0. Since V is a faithful irreducible R -module, b,R 0, i.e.; b
Z R , and hence d 0, a contradiction.

THEOREM 2. Let R be a semiprime ring and m,n, p,q,k,ℓ be fixed positive
integers. If R admits a derivation d such that d um,vn ℓ up,vq

k for all u,v
R , then R is commutative.
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Proof. By Beidar [6], every derivation on a semiprime ring R can be defined on the
whole Utumi quotient ring A of R . It is to be noted that R and A satisfy the same
differential identities and hence d um,vn ℓ up,vq

k for all u,v A.
Now suppose that B is the complete Boolean algebra of idempotents in C , then

by [9, Fact 1(2) ], A is an orthogonal complete B-algebra. If M be a maximal ideal of
B , then by Chuang [9, Fact 1(5)], MA is a prime ideal of A which is invariant under d.
Denote A A MA and suppose d is a derivation induced by d on A, i.e., d u d u
for all u A. Then d has same properties in A as d has on A. In particular, as A is prime
and by making use of Theorem 1, we see that A is commutative. Thus, for any maximal
ideal M of B , A,A MA and hence A,A MMA 0, where MA runs over all
prime ideals of A. In particular, R ,R 0 and therefore R is commutative.

We close this section by the following corollaries.

COROLLARY 1. [10, Theorem 2] Suppose that R is a semiprime ring and
d : R R be a derivation satisfying d u,v u,v for all u,v R , then R is
commutative.

COROLLARY 2. [16, Theorem 3.1] Suppose R is a semiprime ring and d :
R R be a derivation satisfying d u,v ℓ u,v k for all u,v R and for all
fixed positive integers k,ℓ, then R is commutative.

3. The Result on prime Banach algebra

Let us introduce the background of our investigation. Singer and Wermer [28] obtained
an essential result which started the examination on the ranges of derivations on Banach
algebras. In [28] , Singer and Wermer showed that the range of a continuous derivation
on a commutative Banach algebra is contained in Jacobson radical of that algebra. In
particular a commutative semisimple commutative Banach algebra does not admit a
non-zero derivation. In the same paper they also conjectured that the continuity of the
derivation is not necessary. In [29] Thomas acknowledged this conjecture. The same
result of Singer and Wermer does not hold in noncommutative Banach algebras because
of inner derivations. Hence, in connection with Singer-Wermer theorem, it is natural
to ask what will happen if Banach algebra is noncommutative. The first solution to
this problem was established by Sinclair in [27], who showed that the primitive ideals
of a Banach algebra remain invariant under every continuous derivation of the Banach
algebra. In [20], Kim obtained that if a continuous linear Jordan derivation d on a
noncommutative Banach algebra B satisfies d u d u ,u d u rad B for all u B,
then d B rad B . Very recently, Park [25] also established that d B rad B
on a noncommutative Banach algebra, if d is a linear continuous derivation on B and
satisfies d u ,u ,d u rad B for all u B. In the meanwhile many authors also
established fascinating results about derivations satisfying certain suitable conditions
in Banach algebras (see [30],[31] where further references can be found). Motivated
by these results, in this Section, we use the above mentioned ring theoretic results and
show that if a non commutative Banach algebra admits a continuous linear derivation
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d satisfying d um,un ℓ up,uq
k rad B for all u,v B and m,n, p,q,k,ℓ, fixed

positive integers, then d B rad B .

THEOREM 3. Let B be a noncommutative Banach algebra and m,n, p,q,k,ℓ
be fixed positive integers. Suppose d : B B is a continuous linear derivation such
that d um,vn ℓ up,vq

k rad B for all u,v B, then d B rad B .

Proof. We know that every primitive ideal of a Banach algebra is invariant under the
continuous linear derivation on B. So, for any primitive ideal P B, we define a
linear derivation dP : B P B P, by dP û d u P, û u P for all u B,
where B P is a factor Banach algebra. As P is a primitive ideal, B P is prime
and hence semiprime. The hypothesis dp um,vn ℓ up,vq

k rad B reduces to
dp um,vn ℓ up,vq k 0 for all u,v B P. Moreover, by [18], B P is semisim-

ple. So, dP is continuous and dP B P rad B P . Again by the semisimplicity of
B P we see that dP 0 on B P. Thus, we obtain that d B P for every primitive
ideal P and hence d B rad B , where rad B is the intersection of all primitive
ideals. This completes the proof of the theorem.

Acknowledgement. The authors are thankful to the learned referee for his/her helpful
suggestions and critical comments which have improved the paper significantly.
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