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DIMENSION OF TCHEBYCHEFFIAN SPLINE SPACES OVER
PLANAR T-MESHES: THE CONFORMALITY METHOD

Abstract. We present the conformality method for studying the dimension of Tchebycheffian
spline spaces over T-meshes. This is a Tchebycheffian extension of the smoothing cofactor-
conformality method elaborated in the literature for polynomial spline spaces. We apply this
method to obtain a dimension formula which is equivalent to the one recently obtained by
the so-called homological approach.

1. Introduction

Univariate Tchebycheffian splines are smooth piecewise functions where the different
pieces are drawn from extended Tchebycheff (ET-)spaces [20, 23]. They are a natu-
ral generalization of univariate polynomial splines but offer a more flexible framework,
due to the wide variety of ET-spaces. Multivariate extensions of Tchebycheffian splines
can be obtained in a simple and elegant way from their univariate counterpart by means
of tensor-product structures. As a consequence, they are attractive in several applica-
tion areas ranging from geometric modeling (see, e.g., [8, 11, 16, 27]) to numerical
simulation (see, e.g., [2, 18, 19]).

Tchebycheffian spline spaces over T-meshes [4, 5] have been introduced as a
generalization of polynomial spline spaces over T-meshes [9, 24] aiming to combine
the richness of ET-spaces with the possibility of supporting local refinement, without
deviating too much from the simple tensor-product structure. As in the polynomial
case, a complete understanding of these spline spaces requires the knowledge of the
dimension of the space defined on a prescribed T-mesh for a given smoothness. It is
important to understand when the dimension only depends on combinatorial quantities
of the T-mesh (such as number of vertices, edges and faces), on the given smoothness,
and on the componentwise dimensions of the underlying ET-spaces because otherwise
the considered spline space is not robust for practical use.

The dimension problem of polynomial spline spaces on a prescribed T-mesh for
a given componentwise degree and smoothness turns out to be a challenging task. It
has been addressed by three different kinds of techniques:

(i) homological techniques [10, 21],
(ii) Bernstein-Bézier representations and minimal determining sets [24, 25],
(iii) smoothing cofactors and conformality conditions [9, 13, 14, 15].

Each of them can be seen as a version, finetuned for T-meshes, of the corresponding
approach developed in the eighties to face the dimension problem of spline spaces over
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triangulations or general rectilinear partitions [1, 7, 12, 17, 26]. They all have strong
and weak points, and the sharpest results can be obtained by a combined application.

The dimension of Tchebycheffian spline spaces over planar T-meshes has been
investigated so far by using a suitable extension of (i) for ET-spaces [3, 4, 5] and a
generalization of (ii) for particular subspaces [6]. In this paper we extend the smoothing
cofactor-conformality method to Tchebycheffian spline spaces over T-meshes and we
use it for studying their dimension. The application of this method allows us to obtain
a dimension formula which is completely in line with the dimension results in [5]
obtained by the homological approach and can be used to sharpen them.

2. Tchebycheffian spline spaces over T-meshes

In this section we discuss Tchebycheffian spline spaces over T-meshes. To this end, we
recall the definition and few properties of ET-spaces and T-meshes.

2.1. Extended Tchebycheff spaces
We start by defining ET-spaces on a certain interval [23].

DEFINITION 1 (Extended Tchebycheff space). Given an integer p > 0 and an
interval J, a space T, (J) < CP(J) of dimension p + 1 is an extended Tchebycheff space
on J if any Hermite interpolation problem with p + 1 data on J has a unique solution

inT,(J).

From the definition it follows that any non-trivial element in T, (/) has at most
p roots in J counting multiplicities.

EXAMPLE 1. The nullspace L, of differential operator L, := DY + +3P gD
with real coefficients is an ET-space of dimension p + 1. If the characteristic polyno-
mial has only real roots then I, is an ET-space on the real line. If some of the roots are
not real then L, is an ET-space on a suitable interval J. The space P, := (1,x,...,x") of
algebraic polynomials of degree less than or equal to p is a special case with L, = D¥ +

EXAMPLE 2. The space {1,x,...,x"=2,U(x),V(x)) is an ET-space of dimen-
sion p+ 1 on J provided that <D)’C’71 U(x),folV(x» is an ET-space on J; see [3, 8].

ET-spaces are a natural extension of the space of algebraic polynomials, because
they enjoy the same structural properties as polynomial spaces; see [5, 23] for more
details. In particular, from Definition 1 it follows that for any X € J the ET-space T (/)
admits a Taylor-like basis {yz;}/_, such that

(21) D)jc'\'!)?,i(i)zaij: i:07~'~7P7 j:0:~-'7p7

where §;; stands for the classical Kronecker delta.
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EXAMPLE 3. For T,(J) = P, we have yz;(x) = (X_.x)i, i=0,...,p.

i!

2.2. T-meshes

We recall the concepts and definitions related to T-meshes, using the notation given
in [4, 21]. We consider a domain Q c R? which is a finite union of closed axis-
aligned rectangles, called cells, whose interiors are pairwise disjoint. This domain
Q is assumed to be simply connected and its interior Q is connected. We denote by
[an,by] % [av,by] the smallest rectangle containing Q.

DEFINITION 2 (T-mesh). A T-mesh T := (I;,71,Ty) on Q is defined as:
e ‘D, is the collection of cells in Q;

e T = ‘Tlh U 1} is a finite set of closed axis-aligned horizontal and vertical seg-
ments in UO‘E‘TQ 00, called edges;

e Ty:= UTEF[I 07 is a finite set of points, called vertices;
such that
e for each 6 € ‘T, 0G is a finite union of elements of ‘I;;

* for 6,6' € I with 6 # &', 66" = 06 N 06’ is a finite union of elements of
T v Ty,

e fort, T e fiwitht#7,TnT =0tn ot < X,
e for each y€ Ty, Y = T, N T, where Ty, is a horizontal edge and T, is a vertical

edge.

We denote by 7, the set of interior edges, i.e., the edges intersecting °. Anal-
ogously, 7 represents the set of interior vertices, i.e., the vertices in Q’. Moreover,

‘I]"’h and 7,”" indicate the sets of the horizontal and vertical interior edges of T, re-

spectively, and we set T := T"" U T"". A segment of T is a connected union of
edges of 7 belonging to the same straight line. Given any T € Z,°, we denote by p(7)
the maximal segment composed of edges of 7,” containing T. A maximal segment is

* a cross-cut if both its endpoints belong to 0Q,
* aray if only one of its endpoints belongs to 0€2,
* a maximal interior segment (MIS) if both its endpoints belong to Q°.

These concepts are illustrated in Figure 1. We denote by MIS(7) the set of all MISs.
The set of all horizontal (resp., vertical) MISs is denoted by M1S,(‘T) (resp., MIS,(7T)).

We now formalize the concept of smoothness in the context of T-meshes.
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Figure 1: Example of a T-mesh. Cross-cuts: 1}5’ V) 1’6’ v ’cg V) ‘c’é and T} U T U T}; ray:

T uthuth; MISs: T, T U T, and T, U T

DEFINITION 3 (Smoothness). With each edge T € I,°, we associate an integer
(1) = 0. We say that f € C") (1) if the partial derivatives of f up to order r(t) are
continuous across the edge t. We assume that r(t) = r(tv') for all T,v lying on the same
straight line. A smoothness distribution on ‘I is defined as

r:={r(t),Vre I},
and leads to the following class of smooth functions on Q.
C'(T):={f: Q> R: feCO(1),V1e T°}.

Given a smoothness distribution r on 7, with each vertex Y€ 7, we associate
two integers ry(7y),r,(Y), where ry(Y) := r(t,) and r,(y) := r(t;) such that y =1, n 1,
and 1, € T, 1, € T,

In the following, we denote by £ either i or v. Let py € N, and let Tfm ([ae,be]) be
an ET-space of dimension py + 1 on Jy := [ay,b¢]. Then, we define the tensor-product
space

(2.2) By =T ([an,bn]) T}, ([av,by]),
where p := (pp,py) and T := (TZMT;V). If the space (2.2) is the space of bivariate

algebraic polynomials of bi-degree p, then it is denoted by Pp.

DEFINITION 4 (Tchebycheffian spline space over a T-mesh). Let T be a T-mesh
with a smoothness distribution r, and let py, p, € N. The Tchebycheffian spline space
over the T-mesh T, denoted by Sg‘r(T ), is defined as the space of functions in C*(T)
such that, restricted to any cell © € ‘I, they belong to Pg, ie.,

Sy (T):={seC"(T):55€Py,0eD}.
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Figure 2: Left: smoothing terms around an interior vertex 7y that is not a T-vertex (one
smoothing term should be dropped for a T-vertex). Right: smoothing terms along a
maximal segment p with vertices i,...,Yn,-

In the following, we will assume the usual condition on the smoothness:

r(t) <pn, VL eT™, r(t) <py, V€ ‘Tl”’h

3. Smoothing terms and conformality conditions for SE"(T )

In this section we develop the Tchebycheffian extension of the method of smoothing
cofactors and conformality conditions proposed in [7, 26] for investigating the dimen-
sion of spline spaces over general rectilinear partitions of planar domains and used by
several authors to address the dimension of polynomial spline spaces over planar T-
meshes; see [9, 13, 14, 15] and references therein. Our presentation follows the one
provided in [15] for the polynomial case.

A spline s € Sg’r(‘f ) is identified by its expression on the various cells of 7.
Starting from any cell in 7, we can reach any other cell in Z; by following a path that
crosses interior edges of 7; see [26]. Of course, the expressions of s on adjacent cells
must satisfy certain smoothness conditions across the common edge. We now describe
these smoothness conditions. Let y:= (X,¥) be an interior vertex of 7. Using the
related Taylor-like functions in (2.1), for any s € Sg”r(‘f ) we have (see Figure 2, left)

Ph Pv
Y. ¥,
4L "= Slory ~ Slop. = Z Z ajk\l’h ®lllyk7
J=0k=ry(y)+1
Ph R
Y. Y h v
4R = S|org — Slopr = Z Z ik Vx,j ®\|Iy’,kv
J=0k=r,(y)+1
Ph Py
Y. _ Y,
qp = S|ogg ~ Slop, = Z Z b;
Jj=rp(Y)+1 k=0
Ph T
Y. _ v, h v
qr = Sjorg —Slor, = Z Z bj,k Wﬁ?,j®l|ly,k’

J=ri(n)+1 k=0
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The functions qz, q}(e and q%, q’} will be referred to as smoothing terms along the corre-
sponding horizontal and vertical edges, respectively. We deduce

Ph Pv
Y Y _ _ Yo h v
qr — 41 = Siorg — S|or ~ S|ors T S|op, = Z Z Cik WXJ@wy',k’
J=0k=ry,(7)+1

Ph Pv
v Y o_ _ Y.V 0 v
4B — 41 = Siopr — S|op. — Slorr 1 S|ors = Z Z Cik Wi,j®‘|fy,k'

J=m()+1 k=0

Moreover,
Ph Py " Ph Py
Y v v Yo Yy v YV v
OZ‘]R_‘]L+‘IB_QT—2 Z cj7kwg,j®l|f}77k+ Z Z Cj,ka,j®\Vy,k7
J=0k=ry(v)+1 J=ra(N+1 k=0

and from (2.1) we get form = 0,...,r,(y) and n =0,...,r,(y),

pV
h
0=Dqk—aL +ap— 4D je=z) = D, ConiVer ),
k=ry()+1
Ph
Al
0= D;l(q% - qz + %IY; - qq;)\(x,y:y) = Z C}Y',n \V)h@j(x)’
Jj=rn(N+1

By the linear independence of the Taylor-like functions, the above equalities imply

CZ’:II(:O’ k:rV(Y)+]7"'7pV7 m:07"'7rh(y)a
C}{-:‘,),=0, J=rn+1,...;pn, n=0,....n(y).

Hence,
Ph Pv 0
Y Y _ Yy v
dr—9q1 = Z Z Lj,kwg.j®\|!y,kv
Jj=rn(N+1k=r(v)+1
Ph Pv
b Y _ Y,V v
dp —4r = 2 Z Cik i.,j®‘|!>"7k’
Jj=rn(N+1 k=r(v)+1
and

Ph Pv

_ h s I
0= Z Z (Cz,k + C}(Z Vi, @Wyx-
J=ra(N)+1 k=ry(Y)+1

Using again the linear independence of the Taylor-like functions, we obtain

h ) .
C;{‘V,k:_c;{}‘l; J:rh(Y)+17"'7ph7 kZVV(Y)+1>~~an'

In conclusion, we have

ax—aqr=d", qy—qr=—d,
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where

Ph Pv
(3.3) dxy)= >3 v ) w0).

J=ran(V+1 k=ry(y)+1

Consider first a horizontal MIS p € M1s, (7). Let y1,...,Yn, be the vertices of
p (numbered consecutively), and let q}g = qﬂf“ ,i=1,...,Ny —1 be the smoothing
terms associated with the edges of p; see Figure 2, right. From the above discussion
we obtain the relations

TNp—1 Np —2
R

_ YNp —1
('Z%I :dYI7 qIYQZ_qKI :d"{z’ coey 4R —q =d™ la _‘IRP =d™.

This means that the functions d¥ associated with the vertices y; of p completely deter-
mine all the smoothing terms associated with the edges of p. Moreover, we have an
additional constraint, called the conformality condition along p,

Np
(3.4 Z =0
i=1

Of course, we get a similar constraint for each vertical MIS p € M1S, (7).

Consider now a horizontal cross-cut or a (right-boundary) horizontal ray as in
Figure 1. Then, using again the notation from Figure 2, right, we obtain the relations

Y Y YNp—1 YNy —2 _

gR —qn =d", ..., qg° —qg’ =d™', or
v, % v Np—1 YNy —2 _
qu =d", qRZ_qu =d”, ..., qr —qr = qd™ 1

respectively. Note that these relations only involve d¥ associated with the interior
vertices ; of the cross-cut or ray. They determine all the smoothing terms associated
with the edges in the ray, and all the smoothing terms but one associated with the edges
in the cross-cut. We say that a cross-cut has a free smoothing term. A similar reasoning
holds for other kinds of cross-cuts or rays.

REMARK 1. Recalling Example 3, if ]P’g = Pp then
qz(an) = (y_Y)rV(Y)ﬂ_qu(xay)a Q}(e(%)’) = (y_)_))rV(Y)+IQ%(x’y)7
gp(xy) = (x=0" DT Ghxy),  gr(xy) = (x =5V gl (x,y),

for some polynomials q{,q} € Py, py—ro(y—1 and q}@,q} € Py, —ru(v)—1,p,» Which are
called smoothing cofactors; see [15, Section 3]. Furthermore, (3.3) becomes

d'(x,y) = (x—=2) D (=5 O P (x y), A EPp - 1py—r(r)—1

and the conformality condition (3.4) reduces to the one considered in [15, Section 3]
up to the factorization of the powers (x — %)M+ (y —5)vM+1,
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From here on, for notational convenience, we assume that the smoothness dis-
tribution is constant across all the vertical (resp., horizontal) edges, and we set

rpi=r(t), Vu,eT”, n:=r(w), V€ ‘Tl"’h.

We are now ready for our dimension formula. The result follows from the above discus-
sion, taking into account that each element in Sg'r(T ) is identified by its expression on
a single cell and by a sequence of smoothing terms associated with the interior edges of
7T . Recalling that the dimension of the space IP’IT, is (pn+1)(p, + 1), that each cross-cut
has a free smoothing term, and that the other smoothing terms can be determined by
the functions (3.3) associated with the interior vertices of 7, we obtain the following
theorem in complete analogy with the polynomial spline case [15, 26].

THEOREM 1. Let Sg"r(T ) be a Tchebycheffian spline space over a T-mesh ‘T.
Let Cy, (resp., C,) be the number of horizontal (resp., vertical) cross-cuts in ‘T. Then,

dim (S (7)) = (pn+ 1)(pv + 1) +Ci(pn + 1) (py — 1) + Co(pr — 1) (py + 1)
+125’|(pr = 12) (Pv — 1) — Ko,

where Ky is the rank of the linear system obtained by collecting the conformality con-
ditions (3.4) for all p e M1S(T).

(3.5)

Let p € M1S,(7) belong to the line y = y, and let v1 = (¥1,¥),...,n, = (¥,,¥)
be the vertices of p. Then, by combining (3.3) and (3.4) we get

Py N py
2w Y v =0,
k=ry+1 i=1j=rp+1
or, equivalently,
Noo pn
Z 2 c}(ikh 50 =0, k=n+1,...p.

i=1j=r;+1

Representing this w.r.t. any basis of TZh leads to at most (py+1)(py—ry) equations.
Likewise, for any p € MIS,(7), (3.4) amounts to at most (py —r;)(py + 1) equa-
tions. So,

(3.6) Ko < MISp(‘T)|(pn+ 1) (py — rv) + IMIS (D) |(pr — 1) (pv + 1).

Recalling the Euler’s formula, |T3| — |7,°| 4+ |7,’| = 1, and noticing that
0,h 0 0,V 0
|77 = Cr+ [T | = IMIsu(T), [T = Co+ [Ty | — IMIsy (T )],
we deduce from (3.5) with an elementary calculation that
dim(S37(T)) = B|(pa+ 1) (py + 1) = 1T (ps + 1) (o +1)
=T+ D) (e + 1) +1957|(ri + D (v +1)
+ IMISy(T)|(pr + 1) (v — rv) + IMISy(T)[(ph — r4) (v + 1) — Ko.
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Taking into account (3.6), this shows that the dimension formula (3.5) is in agreement
with the dimension formula in [5, Theorem 4.1] obtained by homological techniques.

For T-meshes with no MISs, Theorem 1 provides an explicit expression for the
dimension because Ky = 0. In general, finding the value of Ky in (3.5) is a difficult task,
completely equivalent to finding the value of the homology term in [5, Theorem 4.1].
In the polynomial case, a key ingredient for computing Ky is determining the number
of solutions of (3.4) for the various MISs in 7. With the same line of arguments as
in [15, Lemma 2] for the polynomial case, and using [5, Theorem 2.4], we have the
following result. It is remarkable that such a dimension is independent of the particular
ET-spaces we are dealing with.

PROPOSITION 1. Let uy := max(0,u). The dimension of the solution space of
(3.4) equals

(pv =) (No(pr—1n) — (pu+1))4, if peMis,(T),
(Pn—=rn)(No(py—1v) = (pv+1))4, if peMIs,(T).

4. Conclusion

We have presented the conformality method for studying the dimension (and construct-
ing a basis) of Tchebycheffian spline spaces over T-meshes. This is a Tchebycheffian
extension of the results elaborated in the last decade for polynomial spline spaces.

The obtained results mimic the corresponding ones for the polynomial case, and
give new insights into the dimension problem for Tchebycheffian spline spaces over T-
meshes. In particular, Proposition 1 paves the path for the Tchebycheffian extension
of the sharpened dimension results recently obtained for polynomial spline spaces (see
[14] and references therein), and provides an important step towards the identification
of families of stable Tchebycheffian spline spaces, i.e., spaces whose dimension does
not depend on the exact geometry of the T-mesh.
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