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Introduction.

In this paper we carry on with the study of the Semi-Riemannian submanifolds of the
Semi-Riemannian manifold of non-singular real matrices, GL,, of order n > 2, en-
dowed with the so-called trace metric g. We started this investigation in [6] (relatively
to whole GL,, and SL,) and in [7] (relatively to O, and SO,,). In this context, the totally
geodesic submanifolds of (GL,, g) (as SL, and O,) seem to have a particular role. For
this reason we focus our attention on the manifolds (GLSym,(p), g) of the non-singular
symmetric real matrices of signature (p,n — p) together with their Semi-Riemannian
submanifolds (SLSym,(p),g) of matrices with determinant (—1)"~7; indeed also all
these manifolds are totally geodesic in (GL,,g) and so their properties can be deduced
from the analogous properties of (GL,,g). Furthermore, as particular cases among
them, we find (B, g), the Riemannian manifold of real symmetric positive definite ma-
trices, and its submanifold (SL%,,g), where SLB, = B, n SL,. These last manifolds
have a remarkable interest in many frameworks, for instance in theory of metric spaces
of non-positive curvature and in matrix information geometry, and they have recently
been object of many researches; for more information we refer for instance to [24],
[25], [5], [16, Ch. X111, [17], [4], [31, [19], [21].

This paper develops the differential-geometric properties of (GLSym,(p), g), indepen-
dently of the signature, and therefore includes (?,, g) in a more general setting. In fact
in Section 2, we consider the manifolds (GLSym,(p), g) together with their submani-
folds (SLSymy(p),g), as totally geodesic Semi-Riemannian submanifolds of (GL,,g).
In particular we obtain suitable expressions for geodesics, parallel transport, Riemann
tensor, Ricci and scalar curvature and we prove that (GLSym,,(p), g) is isometric to the
Semi-Riemannian product (SLSym,(p) x R, g x h), where h is the euclidean metric.

In Section 3 we resume many properties of the Riemannian manifold (%,,g) and of its
submanifold (SL®,, g). These properties are mostly already known in literature, but we
deduce them again as easy consequences of the results of Section 2.

The last Section 4 is devoted to determine and describe geometrically the full group of
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the isometries of (SL%,,g) (Theorem 4.1) and of (&,,g) (Theorem 4.2) (to our knowl-
edge, not yet known in a complete and explicit way). At first we determine the isome-
tries of (SL%,, g) by using many arguments from the theory of symmetric Riemannian
spaces and from the theory of Lie group representations; then the isometries of (%, g)
are deduced from the de Rham decomposition of (®,,g) as (SLPB, x R,g x h). These
arguments seems to work only for (%, g) and do not generalize directly to the study of
the full group of the isometries of (GLSym,(p),g). Finally, we interpret many isome-
tries as suitable symmetries inside (B, g).

After finishing this work, we have found a paper of Lajos Molnar, where he describes
the isometries of the manifold of positive definite hermitian matrices H, endowed with
a class of metrics, which includes g (see [20, Thm. 3]). Comparing this with our results,
it follows that every isometry of (%,,g) is the restriction of an isometry of (H,,g).
Anyway our methods are different and should clarify the geometric descriptions and
make explicit the links with the theory of symmetric Riemannian spaces and with the
theory of Lie group representations.

Acknowledgement. We thank Fabio Podesta for many discussions about the matter of
this paper and especially for his fundamental help in clarifying to us the tools of the
theory of Lie group representations, used here.

We thank also the referee for the suggestions in order to precise some results and to
improve the setting of our work in literature.

1. Preliminary facts and recalls

1.1 Notations. In this paper, for every integer n > 2, we denote

- M,, = M, (R): the vector space of real square matrices of order n;

- Symy, = Sym,(R) (resp. Symg): the vector subspace of M, of symmetric matrices
(resp. with trace equal to 0);

- GL, = GL,(R) (respectively GL = GL} (R) and SL, = SL,(R)): the multiplicative
group of non-degenerate matrices in M, (respectively with positive determinant and
with determinant equal to 1);

- GLSym,, = GL, n Sym, = {A € GL, / A = AT} (AT is the transpose of A);

- P, (respectively SLP,): the subset of GLSym, of positive definite matrices (respec-
tively with determinant 1);

- GLSymy,(p) (0 < p < n): the set of matrices of GLSym,, with signature (p,n— p); in
particular GLSymy,(n) = B,;

- SLSym,(p) (0 < p < n): the set of matrices of GLSym,,(p) with determinant (—1)"~7;
in particular SLSymy,(n) = SLB,;

- Jp (0 < p < n): the diagonal matrix diag(I,, —I,—p), where I, is the identity matrix
of order &, with the agreement that J,, = I, and Jo = —1,;;

- O, (resp. SO,): the group of (resp. special) orthogonal matrices;

- Ox(p) (resp. SO,(p)), 0 < p < n: the subgroup of matrices A € GL, (resp. A € GL;)
such that AJpAT = J, (in particular, if p = n, then O, (n) = O, and SO, (n) = SO,);
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- for every n = 3, ®, : Spin,, — SO,: the universal covering of SO,,, where Spin,, is the
usual Spin group.
For every connected Lie group G, we denote by Aut(G), by Inn(G) and by Out(G) =

Aut(G)/Inn(G), respectively, the group of automorphisms, the group of inner auto-
morphisms and the quotient group of outer automorphisms of G.

Since Spin, is compact, simply connected, simple Lie group, Out (Spiny,) is isomorphic
to the group of symmetries of the Dynkin diagram of its Lie algebra (see for instance
[28, Thm.8.11.3] and [23, pag.49]). If n =2m + 1 = 3 the corresponding Dynkin
diagram is B,, and if n = 2m > 4 it is D, (see for instance [28, Thm.8.9.12]); as a
consequence Out (Spinom1) is trivial for every m, while Out(Spiny,,) ~ Z, for m # 4
and Out(Sping) ~ Dihs (the dihedral group).

As usual, the commutator of A,Be M, is [A,B] = AB — BA.

For every A € GL,, A~T denotes the matrix (A7)~! = (A=1)T.

For every 1 < i, j < n, E("J) denotes the matrix in M,, whose (h,k)-entry is 1 if (h,k) =
(i,J) and O otherwise.

LA
For every A € M,, we denote the exponential mapping by e* = exp(A) =1, + Y% -
il
We define a C*-tensor g of type (0,2) on GL,, by
ga(V,W) = tr(A~'VA~IW)

(tr indicates the trace of a matrix). We call trace metric the metric induced by g and
will denote by g also its restriction to every submanifold of GL,,.

For every A € M,, and every C € GL, we denote by I'c the mapping:

-T'c(A) = CACT (congruence by C);

if, moreover, A € GL,, we denote by @, by ¢¢ and by y the following mappings:

- @(A) = A~ (inversion);

- @clA) = (Teo9)(A) = CAICT;

- W(A) = |det(4)| /A,

In particular, for every A € GL,, we have: det(y(A)) = de%(A)’

(@ow)(A) = (Wo@)(A) = |det(A)|”/"A~"; finally @, y, @ oy have always period 2
and, if C € GLSymy,,, then also ¢¢ has period 2 and ¢¢(C) = C.

1.2 Remarks. We recall some facts which are know or easy to check.

a) The sets GLSymy,(p) are the (n+ 1) (open) connected components of GLSym,.

b) The mapping: (C,A) — I'c(A) = CACT, is a left action of the group GL, on every
GLSymy(p).

The action of GL,, on P, has been already described in [5, p.314 ff.].

The quotient group GL,/{+tI,} acts effectively by congruence on every GLSym,(p).
Indeed, arguing on the matrices E"/) + EU4)_ on Sym, it is simple to check that ['c =
I'c if and only if C = +C’ and this suffices to conclude, being Sym,, the tangent space
to GLSym,(p) at any point.
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If A € GLSym,(p), there exists a matrix C € GL, such that ['c(A) = CACT = Jp,. This
implies that, for every p, both GL,, and GL;| act transitively on GLSymy,(p).

Moreover O,(p) and SO,(p) are the isotropy subgroups at J, with respect to
these actions. Hence GLSym,(p) is diffeomeorphic to both homogeneous manifolds
GL,/0,(p) and GL; /SO,(p). In particular B, ~ GL,/0, ~ GL} /SO, (see for in-
stance [27, Thm. 3.62]).

c) Since SL, acts transitively by congruence on SLSym,(p), as above we get that
SLSymy,(p) is a submanifold of GLSym,(p), diffeomorphic to the homogeneous mani-
fold SL, /SO, (p). In particular SL®, ~ SL, /SO,

d) An isometry between two Semi-Riemannian manifolds is a diffeomorphism between
them preserving metric tensors. If (5\\/[ ,8) is any Semi-Riemannian manifold we denote
by I(fi/\/\[,g) the set of isometries of (ﬂ,g).

It is known that I (5\\/[ ,8) has the stru(it\ure of Lie group (see for instance [22, Ch.9

Thm. 32]) and we will denote by I O(M ,8) its connected component containing the
identity.

We end this section by recalling the following

1.3 Proposition. a) (GL,,g) is a homogeneous geodesically complete Semi-
n(n+1) n(n—1)
272

Riemannian manifold of signature (
curves:

t — Ke'C for every C € M, and K € GL,.
b) The Levi-Civita connection V of (GLy,g) is

), whose geodesics are the

1

SOGK %+ 0K X))

(VD) = (X(9))g =

for every K € GL,, and for all tangent vector fields X, Y of class C** on GL,,
and the Riemann curvature tensor of type (0,4) of (GL,,g) is

1
Rxyzw(K) = Zrr([K—lx,K—IY] [K~'Z,K~'W]),
for every K € GL,, and every X, Y, Z,W € M,, = Tx(GL,).

¢) (GL},g) is a symmetric Semi-Riemanian manifold and among its isomefries there
are the congruences and the inversion .

Proof. See [6, Prop. 1.1, Thm. 2.1, Prop. 3.1 and Prop. 1.2]. O

2. The Semi-Riemannian manifolds (GLSym,(p),g)

2.1 Proposition. a) (GLSym,(p),g) is a homogeneous Semi-Riemannian submanifold
n(n+1)

of (GLy, g) with signature ( —p(n—p),p(n—p)) forevery p=0,--- ,n.
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An orthonormal basis with respect to g;, of the tangent space Ty, (GLSymy(p)) = Symy,
is

E(ivj) +E(/’l)
V2

The time-like vectors are the vectors SU1) with 1 <i < p,p+ 1< j <n, the remaining
vectors are space-like.

B={EW) ji=1,.-- ,n}u{St) = <i<j<nl

b) For every p = 0,---,n, the mapping A — —A is an isometry between the Semi-
Riemannian manifolds (GLSym,(p),g) and (GLSym,(n— p),g); in particular (P, g)
and (GLSymy(0), g) are isometric Riemannian manifolds.

Proof. a) Let A € GLSym,(p) and C € GL, such that CACT = I'c(A) = Jp. Since
the restriction I'c|, ¢ is an isometry of (GLSym,(p),g), then (GLSym,(p),g) is
homogeneous for any p = 0,---,n. Hence to prove that (GLSym,(p),g) is a Semi-
Riemannian submanifold of (GL,, g), it suffices to verify that g " is non-degenerate on
T;,(GLSymy(p)) = Sym, with the expected signature.

Since the set ‘B is clearly a basis of the vector space Sym,,, it suffices to compute g s, ON
the pairs of elements of B.

For every X = (x;;),Y = (yij) € Sym,, standard computations allow to get:
81, (X,Y) = tr(JpXJpY) = 30 XiVii + Dicicjap 2XiiVij + Dpiicicjon 2XijVij—
Di<i<p<j<n 2Xijij-

This formula allows to conclude part (a) by direct computations.

b) The assertion follows by trivial checks. O

2.2 Proposition. Fix pe{0,---,n}. The inversion ¢ and the congruences I'c (C € GL,)
are isometries of (GLSymy(p),g).

If C € GLSym,(p), then the isometry ©c = I'c o @ is the symmetry of (GLSym,(p),g)
fixing C; therefore (GLSym,,(p),g) is a symmetric Semi-Riemannian manifold.

Proof. The first part is trivial. For the second one it suffices to argue on the symmetry
oc: X — CX~'CT = CX~!C with respect to every C € GLSym,,. O

2.3 Proposition. a) Forany p=0,--- ,n, (GLSym,(p),g) is a totally geodesic subman-
ifold of (GL,,g) and its geodesics are precisely the curves of type t — Ke'C for every
K € GLSym,(p) and every C = K=V with V € Sym,,. In particular (GLSym,(p),g) is
geodesically complete.

b) The Levi-Civita connection V of (GLSym,(p),g) is

1

(ny)l( = (X(y))l( - E(XKK_ID/;( +9/1<K_1-XK);

Sfor every K € GLSymy,(p) and for all tangent vector fields X, Y of class C* on
GLSym, (p);
the Riemann curvature tensor of type (0,4) of (GLSym,(p),g) is
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1
Rxyzw(K) = Ztr([K*‘X,K*‘Y] K~z K~'W)),

for every K € GLSymy(p) and every X,Y,Z,W € Sym,, = Tg (GLSymy(p)).
¢) Let y=y(t) (with t in a real interval J containing 0) be a C*-curve contained in
GLSymy(p) and <, : T, (GLSymu(p)) — T, (GLSymy(p)) be the parallel transport

along (1) induced by the Levi-Civita connection of (GLSymy(p),g). Then T, agrees
with the congruence I ;-1

Ty(r) = FF(,)_l Vte 9,

where F = F(t) is the unique (non-singular) solution, for every t € J, of the following
matricial system:

Fe—Lpp
F(0) =1,

Proof. a) Remembering 1.3 (a), it suffices to check that Ke' € GLSym,(p) for every
K € GLSymy(p), for every C = K~'V with V € Sym,, and for every ¢ € R.

For, by standard properties of the exponential mapping: (KethlV)T = VKK =
KK VKK = Ke'K™'V . So ke'K™'V € GLSymy(p).

b) It follows by 1.3 (b), since (GLSym,(p),g) is a totally geodesic submanifold of
(GL,, 8).

¢) It is a standard fact that the system in the statement has a unique C*-solution which
is never singular (see for instance [1, Thm. 7.15, pp. 219-220]). By (b), the equation

. 1. .
of the parallel transport is: " = E(W’ID’ + 97~ '}). A direct computation shows that

Y(t)=F@t)""WF(@)~T = Lp -1 (W) is its solution under the condition 9°(0) = W
and this allows to conclude. O

24 Remark. Let Y(1) = Ke'K™'V = Fexp(%tVK—l)(K) be the geodesic of

(GLSymy(p), g) such that y(0) = K € GLSym,,(p) and Y(0) =V € Sym,,. In this case the

parallel trasport along y(t) becomes Ty;y =T’ exp(LvK-1) for every t € R, in accordance

with the general theory (see for instance [15, Ch. XI, Thm. 3.2]).

2.5 Proposition. For every p € {0,--- ,n}, the Ricci curvature of (GLSym,(p),g) is
1
Rico(X,2) = ;1r(Q'X)1r(Q'2) - %gQ(X,Z)
for every Q € GLSymy,(p) and for every X, Z € Tp(GLSym,(p)) = Symy,
and the scalar curvature of (GLSym,(p),g) is

(n—1)n(n+2)
S = —f
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Proof. Fixed p € {0,---,n}, we denote ¢, = 1, fori = 1,---,p, & = —1, fori = p+
l,---,n,and J = J,. If X,Y € R" are column vectors, we denote: < X,Y >= X7y =
S €&xiyi, where X = (x1,-++,x,)T and ¥ = (y1,--+,y,)T (the Minkowski product of
R” of signature (p,n — p)).
Given every matrix A, we denote by A" its h-th column. If A is symmetric, A" is the
h-th row too. From 2.3 (b), by standard computation we get:
= szzle,»ej(< XY ><ZI W >4+ <Y X! >< W/ Z > +
— <Y XI><ZIWi>— <X Y ><W/ ZI>),
for every X,Y,Z,W € T;(GLSym,(p)) = Sym,,.
EGH L gGD
The basis B of 2.1 can be listed also by {W; ) = ——=———/1<i< j<n}and
2(1 + 8,']')
s0 g(Wi jy, W j)) = €i€j forevery 1 i< j<n.
From the previous formula, for all symmetric matrices X, Z we get:
4Ric;(X,Z) = —421$k$mgng(W(k.m)7W(k,m))RXW(k_,m)ZW(k,m) =
=23 chemen i jo1 EAEMEE) (< Xi,W(’km) >< ZJ',W("k_’m) >+

- < XJ',W("k.m) >< Zf,W("k,m) >).

ik €O jm + AimEmO ji
2(1 + &)

Hence, by standard computations, if X = (x;;),Z = (z;;) € Sym, we get:
4Ric;(X,Z) =

For every symmetric matrix A = (a;;) we have < A’, W(jk m >=

= Z I<k<m<n W [8k€mxmkzmk + €k € Xk Zmm + EmEXXmmZkk + EmEXXkmZhom +
m
— 20721 (&R Xk jkc + EXE X jmZ jk Ok + EXE X jkZjm Ok + EmEjX jmZjm)] =
= 222:1 XkkZhk + Zl<k<m<n EEm (XkkZmm + XmmZk + 2XmZikm) +
n n n

=23 =1 BRE XKk — D21 chemen €k 20 j—1 EXkTjk = D1 <kamean Em 2uj—1 EjX jmTjm-
Note that: tr(JX)tr(JZ) + g;(X,Z) =
=23 o1 XkkZkk T 21 <kemecn EKEm (XkkZmm + XmmZik + 2XkmZim) -
Moreover: —2g,(X,Z) = 222,,‘:1 ELE X jkZ k-
Furthermore:
—(n=1)8/(X,Z) = = X1 chemen € 2j=1 EXjhZjk = 21 <kamen €m 2 j=1 €% jmZjm-
Comparing this with the expression of 4Ric;(X,Z), we get that:
4Ric;(X.,Z) = tr(JX)tr(JZ) 4+ g;(X,Z) —2g;(X,Z) — (n— 1)g;(X,Z) =
=tr(JX)tr(JZ) —ng;(X,Z).
Hence:

1 n

Ric;(X,Z) = Ztr(JX)tr(JZ) - ZgJ(X,Z), for every X,Z € Ty(GLSymy,(p)) = Symy,.
Now let O be a generic matrix of GLSym,,(p). We know that there exists a non-singular
C such that T¢(Q) = CQCT = J, i.e. JC =C~TQ~!. Since I'c is an isometry of
(GSymy(p),g), it preserves Ric, i.e. for any X,Z € Sym,,:
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Rico(X,Z) = Ricr(g)(Tc(X),Te(Z)) = Ric,(CXCT,CZCT) =

1 1

Ztr(JCXCT)tr(JCZCT) - er(JCXCTJCZCT) = Ztr(Q*IX)tr(Q*IZ) - ZgQ(X,Z)
and this concludes the first part.

The scalar curvature S of (GLSym,(p),g) is constant, because this manifold is homo-
geneous. So it suffices to compute S at the point J. Now J € T;(GLSymy,(p)) = Sym,,
is a space-like vector (indeed g;(J,J) = n), hence we have:

Sym,, = Tj(GLSymy,(p)) = Span(J) @ (J)*, where (J)* = {V € Sym,, : g;(J,V) = 0}.

1
LetVy,---,V; withd = @ — 1 be an orthonormal basis of (/). We have:
J J . J J .
S = 81(%7 ﬁ)RlCJ(%’ %) +>3 1 8s(Vi,Vi)Ricy (Vi, V).

Now from the expression of Ric, the latter is equal to:

1. 2, n J a1 s My
Z[”(%)] - Z”(;) + i ZgJ(VhVi)["(JVi)] - ZZi:ng(Viavi)gJ(Viavi) =
—Zd, since tr(JV;) = g;(J,V;) =0 forevery i =0, --- ,d.
1 -1 2
Hence:Sz—%(n(n;_ )—l)z—%. O

2.6 Proposition. For every p =0,--- ,n let us consider the set SLSym,,(p).

a) (SLSymy,(p), g) is a homogeneous Semi-Riemannian submanifold of (GLSym,(p), g)
n(n+1)

—p(n—p)—1,p(n—p)).

b) (SLSymy,(p),g) is a totally geodesic submanifold of (GLSymy(p),g), whose
geodesics are the curves t — Kexp(tK~'V) for every K € SLSym,(p) and every
V € Sym,, with tr(K='V) = 0. In particular (SLSym,(p),g) is geodesically complete.

with signature (

¢) The inversion ¢ and the congruences I'c with det(C) = +1 are isometries of the

symmetric manifold (SLSym,(p), g) and, for every Q, Q¢ is the symmetry fixing Q.

d) (SLSymy,(p), g) is an Einstein manifold with Ricci tensor Ric = — Zg and with scalar
—1 2

curvature S = — W

8

Proof. a) Note that SLSym,(p) = GLSym,(p) n SL,((—1)""7), where
SL,((—=1)""7) = {A € GL, : det(A) = (—1)""P} is a submanifold of GL, of
codimension 1 such that, for every Q € SL,((—1)""?), by the well-known Jacobi’s
formula, we have:

To(SLy((—=1)"7P)) ={V e M, : tr(Q~'V) = 0}.

Hence: Tp(GL,) = M, is the sum of its vector subspaces Tp(GLSym,(p)) = Sym, and
To(SLa((=1)"7P)), since Q € To(GLSym(p)) \ To(SLa((—1)"77)).

Thus GLSym,(p) and SL,((—1)"?) intersect transversally and therefore SLSym,,(p) =
GLSymy(p) n SL,((—1)"~?) is a submanifold of GLSym, (p) of dimension n(nz—i- D

1 (see [12, Thm. 3.3, p. 22]).
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Of course Tp(SLSym,(p)) = {V € Sym,, : tr(Q~'V) = 0} for every Q € SLSym,(p).
With the same notations as in the proof of 2.5, for J = J,,, we have: T;(SLSym,(p)) =
(Nt ={V e Sym, : g;(J,V) = 0}. Since J is a space-like vector of Tj(GLSym,(p)),
the restriction of g; to T7(SLSym,(p)) is non-degenerate with signature

(n(n;- 1)

matrix C such that Tc(Q) = CQCT = J. Hence det(C) = +1 and I'¢ is an isometry of
(GLSym,(p),g), mapping SLSymy,(p) onto itself and Q to J. We conclude that g; and
8o have the same signature, for every Q.

b) By 2.3 (a), it suffices to check that Qe'C € SLSym,,(p) for every Q € SLSym,(p), for
every C = O~V with V € Ty (SLSym,(p)) and for every t € R.
For, it suffices to compute det(Qe'C) via the fact that tr(Q~'V) = 0.

—p(n—p)—1,p(n—p)). Now if Q € SLSym,(p), there exists a non-singular

¢) The mappings in the statement are clearly isometries. If Q € SLSym,(p), then ¢p =
I'p o ¢ is the expected symmetry of (SLSym,(p),g), fixing Q.

d) If Q € SLSym,(p) then N = Ny = 5% € To(GLSymy(p)) = Sym,, is a space-like

unit vector and Ty (SLSym,(p)) = (N)*. Since To(GLSym,(p)) = Span(N) @ (N)*,

i
ViV withd = "D

N,Vi,---,Vy is an orthonormal basis of Tp(GLSym,(p)).

Hence, if X,Z € Tp(GLSym,(p)) and Ricg is the Ricci tensor at Q of (GLSym,(p), ).
we have: Rico(X,Z) = —(Rxnzw + Xy 80(Vis Vi)Rxvizv,) = — XLy 80(Vi, Vi) Rxvzv,.
being RXNZN = 0, by 2.3 (b)

By part (b), the Riemann tensor of (SLSym,(p), g) is the restriction to SLSym,(p) of the
Riemann tensor of (GLSym,(p),g). From the previous expression of Ricg(X,Z), we
deduce that the restriction to To(SLSym,(p)) of the Ricci tensor of (GLSymy,(p), g) co-
incides with the Ricci tensor of (SLSym,(p), g) at Q. Hence, if X, Z € Tp(SLSymy(p)),
by part (a), the Ricci tensor of (SLSym,(p),g) at Q is

Rico(X,Z) = %{tr(Q_lX)tr(Q_IZ) —ngo(X,2)} = —380(X.2).

— 1) is an orthonormal basis of Tp(SLSym,(p)), then

Hence (SLSym,(p),g) is an Einstein manifold with Ric = —Z g and with

S = —Zdim(SLSym,,(p)) _ % ]

2.7 Proposition. For every p = 0,---,n, (GLSym,(p),g) is isometric to the Semi-
Riemannian product manifold (SLSym,(p) x R, g x h), with h euclidean metric on R.

Proof. The mapping F : (SLSym,(p) x R,g x h) — (GLSymy(p), g), given by
P In(|det(P)])

{/|det(P)]’ n

can easily check that F and F —1 are isometries (see also [6, Thm. 4.2]). O

F(Q,x) = eV Q, is invertible with inverse F~'(P) = ( ). We
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3. The Riemanniann manifold (7%, g)

3.1 Proposition. a) (P,,g) and (SLP,,g) are simply connected, symmetric Riemannian
manifolds with non-positive sectional curvature; (B,,8) is isometric to the Riemannian
product manifold SLP, x R and SLP, cannot be expressed as a non-trivial (metric)
product.

b) The Levi-Civita connection V of (B,,8) is

1

(ny)l( = (x(y))K - E('XKKilo/;( +9§<K71XK),

for every K € P, and for all tangent vector fields X, " of class C* on By;
urthermore, if y(t), ©.,., F(t) and J are as in 2.3 (c), then the parallel transport, T
N Ty p P
along y(t) induced by the Levi-Civita connection of (B,,8) if given by

(@)’

Ty(f) = FF(,)_l Vte 9.

¢) The Ricci curvature of (B,,g) at any point Q is negative semi-definite and
Rico(X,X) = 0 if and only if X = AQ, for some A € R; the scalar curvature is
(n—Dn(n+2)

8
d) (SL®,,g) is an Einstein manifold with Ricci tensor Ric = —Zg and with scalar
—1 2
curvature S = — %

Proof. a) These results are well-known: we refer for instance to [25, Thm. 2.1] for the
curvature and to [5, Prop. 10.34, Lemma 10.52, Prop. 10.53] for the remaining facts.

However, except for the sectional curvature and for the irreducibility of SLZ,, these
results are also direct consequences of the more general facts proved in the previous
Section. For completeness we get also the remaining assertions.

For the curvature, by homogeneity, it suffices to compute the sectional curvature
1
at point I,, where, by 2.3, we have Ryyxy = Ztr([X,Y]z). Since [X,Y] is skew-

symmetric, t7([X,Y]?) is the opposite of the sum of the squares of the entries of the
matrix [X,Y] (i.e. the opposite of the Frobenius norm of [X,Y]) and so the sectional
curvature is non-positive.

Finally, it is known that SL®, ~ SL,/SO, is an irreducibile symmetric space (see for
instance [2, Table 3 p.315]), hence (SLP, x R, g x h) is the de Rham decomposition
of the simply connected complete Riemannian manifold (%,,g) (see for instance [14,
Ch. IV, Thm. 6.2]).

b) It is a particular case of Proposition 2.3 (b) and (c). The Levi-Civita connection is
also in [25, p.214] and in [19, p. 176].

¢) The assertion about the scalar curvature is in 2.6 (d) (and also quoted in
[19, p. 176] with opposite sign).
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Since Q is symmetric positive definite, there exists a non-singular matrix C such that
Q =CCT =T¢(I,). Let X € Ty(B,) = Symy, then by proposition 2.5:
4Rico(X,X) = [tr(Q7'X)]* —ngo(X,X) = [tr(Y)]? —ntr(Y?),
where Y = C~'XC~7 is a symmetric matrix. The statement follows from the following:
Claim.
For every symmetric real matrix ¥ of order n, we have [tr(Y)]* < ntr(Y?) with equality
if and only if Y = Al, for some A € R.
Indeed, if Ay, -+, A, are the (possibly repeated) real eigenvalues of Y, then

2,92
[r(N)]? = X7 o Mk < X7 “ erkj =n Y A =ntr(Y?)
and the equality holds if and only if A; = A ; for every i, j, i.e. if and only if Y = Al, for
some A € R, being Y diagonalizable.

d) It follows directly from 2.6 (d), in accordance with the general theory (see for in-
stance [2, Note 10.83, p. 298]). O

3.2 Remarks. a) For every point Q € P, the corresponding symmetry Qg has Q as
unique fixed point.

Indeed, by homogeneity, it is enough to check this for the case Q = I, € B,. We have
¢, = ¢ and so X € B, is a fixed point of @ if and only if X is orthogonal too, therefore
X =1,

b) (SLP,,g) is isometric to the hyperbolic plane #4 (endowed with Riemannian metric
having curvature —5).
Indeed (SLP,,g) is a complete, simply connected, homogeneous, Riemannian surface

. . S 1 .
and, therefore, its curvature is constant and equal to 3 = —5 (see for instance

[14, Ch. VI, Thm. 7.10]).
Hence P, is isometric to the Riemannian product #, x R.

c) Asin 2.4, if y(r) = Ke'K™'V is the geodesic of (P, g) such that y(0) = K € P, and
¥(0) =V € Sym,, then: Ty = Fexp(%lw(,.) for every t € R.

3.3 Remark-Definition. Let M be an n x n real matrix, diagonalizable over R with
(possibly repeated) eigenvalues A, - - , A, all strictly positive, and G € GL,, be a matrix
such that M = G~ 'diag(\y,- -+ ,\)G.

We denote by LOG(M) the matrix G~ 'diag(In(A1),- -+ ,In(A,))G.

LOG(M) is the unique solution of the equation exp(X) = M among the n x n real
matrices, which are diagonalizable over R; the proof is contained in [11, Thm. 1.31].
LOG(M) is said to be the principal logarithm of M. Therefore, for every r € R, it is
possible to define the r-th power of M as M" = exp(r LOG(M)).

3.4 Proposition. Let A,B € P,.
a) Y(t) = Aexp(t LOG(A~'B)) = A(A™'B)'is the unique geodesic arc Y(t) : [0,1] —
(P, g) such that y(0) = A and y(1) = B.
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b) The distance d(A,B) between the matrices A, B € B,, induced by the trace metric, is
d(A,B) = (X1, (In)*)' 2
where - - ,u, are the (possibly repeated) eigenvalues of A~'B.

Proof. These results are known (see [4, § 2], [3, Ch.6 § 1] and [19, §3.5, §3.6]). We
shortly prove them, by using the arguments previously developed.

The classical Theorem of Cartan-Hadamard ([22, Ch. 10 Thm. 22]) implies that there
is a unique geodesic arc as in (a) and by Hopf-Rinow ([22, Ch.5 Thm. 21]) its length
gives d(A,B).

By simultaneous diagonalization, there is a non-singular matrix C such that ¢ (A) =
CACT =1, (ie. A=C~'CT)and I'c(B) = D := diag(uy,--- ,un), where uy,--+ i,
are the (necessarily positive) eigenvalues of A~!'B, which is diagonalizable over R.
Now LOG(D) = diag(In(u;),--- ,In(u,)) and so by 2.3, the unique geodesic arc joining
I, and D is B(t) = exp(t LOG(D)), t € [0, 1].

Since I'c is an isometry, we get: d(A,B) = d(I,,D) = length(B) =

L3, (B(0),B(0))]'/* = [g,, (LOG(D),LOG(D))]'/? = (XL (Inpi)*)' 2.

Now the unique geodesic arc joining A and B is

Y(t) =Te1(B(1)) = CLexp(t LOG(D))C~T = Aexp(t CTLOG(D)C™T).

Note that, by 3.3, C'LOG(D)C~T = LOG(A~'B). This allows to conclude. O

3.5 Remark. The description of the full group of isometries of (%,,g) is in §4. For
now we recall that inversion and congruences are isometries of (?,,g), so GL, acts
transitively by congruences on the Riemannian manifold (%,,g) (remember 1.2 and
2.2).

Moreover it is possible to prove that for every pair A, B € P, there is a unique matrix
X € B, such that Ty (A) = B and that X is the geometric mean of the matrices A~! and B,
i.e. the midpoint of the unique geodesic joining A~! and B in the manifold (B, g) (see
for instance [3, p. 11, pp. 106-107, p.206]). In particular the homogeneity of (%,,g)
can be obtained by means of congruences associated to positive definite matrices (see
also [16, Ch. XII, Lemma 3.2]).

3.6 Proposition. Fixed a matrix U € Oy, we denote: Iy = {UQeGL,: Q€ P,} and
Ry ={QU € GL, : Q € B}. Then Ly = Ry and GLy = | Jyo, Lu is a foliation of
(GL,,g), whose leaves are isometric to (B,,g) and totally geodesic in (GL,,g).

Proof. From the polar decomposition (see for instance [13, Thm. 7.3.1]), for every
matrix A € GL, there is a unique U € O,, and there are unique Q, Q' € P, such that A =
UQ = Q'U (so: ¢/ =UQUT). This gives that each A € GL, belongs to an unique 7
and gives also the equality Ly = Ry. We get the last part of the statement, because, by
[6, Prop. 1.2], left translations are isometries of (GL,,g) (remember also 2.3 (a)). [

3.7 Remark. The roles of O, and of &, in the previous Proposition are mutually in-
terchangeable: indeed, in [7, Prop.4.5], we proved that GL, has analogous foliations:



Diftferential properties of spaces of symmetric real matrices 37

GLy = Jgep, Lo = Ugen, Ro Whose leaves are all isometric to (Oy,g) and totally
geodesic in (GL,, g).

4. The group of isometries of (7, g)

Next Lemma and next Proposition are known, but we state and shortly prove them for
convenience and completeness.

4.1 Lemma. Let G be a connected Lie group and G be its universal covering group.

Then Out(G) is isomorphic to a subgroup of Out(G).

Proof. For every o € Aut(G) we denote by @ : G > G the unique lift of o such that

0(lg) = lg; then & is in Aut (G) and the mapping which associates to o the equivalence

~

class of @& in Out(G) is a group homomorphism with kernel Inn(G). O

4.2 Proposition. Aut(SO,) ~ SO, ifnis odd and Aut(SO,/{£l,}) ~ O,/{£],} ifn #8
is even, where the groups on the right act by conjugation.

Proof. The following arguments need some facts recalled in 1.1.

If n is odd, the result follows from the previous Lemma and from the fact that
Out(Spin,) is trivial.

If n is even and different from 2, then Spin,, is also the universal covering of SO, /{£1,}.
If n # 8 too, by the previous Lemma, Out (SO, /{*1I,}) has at most two elements. Since
any conjugation by elements of 0,\SO,, is an outer automorphism of SO, /{+1I,}, then
Out(S0O,/{*l,}) ~ Z, and this gives the assertion.

If n =2, then SO,/{+D} ~ S' (the circle), Aut(S') = Out(S') ~ Z, (with elements the
identity and the complex inversion) and so Out(SO,/{+h}) ~ Z, and this allows to
conclude as above. 0

Theorem 4.1. A mapping G : (SL®,,g) — (SLP,,g) is an isometry if and only if there
exists a matrix X € GL, with det(X) = t1 such that (with the notations of 1.1)

G=Ix or G=TI%xo0.
Moreover G fixes I, if and only if the matrix X belongs to O,,.

Proof. The mappings I'y and I'y o @ with det(X) = £1 are isometries by 2.6 (c).

For the converse, up to congruences with matrices of determinant +1, we can assume
that G fixes I,. Indeed G(I,) € SL®, and so G(I,) = BB for some B € GL, with
det(B) = 1. Therefore (I'z—1 0 G)(I,) = I,.

Let J be the group of isometries of (SLB,,g), J, be the corresponding subgroup of
isotropy at I, and 7°, ]IS be their connected components containing the identity.

Since (SL%,,g) is homogeneous Riemannian (remember 3.1), we have: SLP, ~ 7/ I

Remembering that SLB, ~ SL, /SO, (1.2 (b) and (¢)), from [10, Ch.V Th.4.1 ()], we
get that 7° ~ SL, if n is odd and 7° ~ SL, /{+1,} if n in even.



38 Alberto Dolcetti and Donato Pertici

Indeed it is well-known that SL,, is a connected simple Lie group and the actions of SL,
(if n is odd) and of SL,/{+1,} (if n is even) are both effective.

From this we get that dim(J) = dim(J°) = dim(SL,) and therefore dim(SO,) =
dim(J,) = dim(J)).

Let us consider the representation p : 0, — Aut(Sym)) defined by p(X)(A) = XAXT.
Arguing on the matrices E(/) 4+ EGD) and EGD — EUJ) for every i # j, we get that
Ker(p) = {£1,}. Let us consider also the representation d : 7, — Aut(Sym)) defined
by the differential at /, of every element of J, (remember that 7;,(SL®,) = Sym?).
By [22, Ch.3 Prop. 62], d is a faithful representation and so: d(7) = (d(J,))° (the
component of d(7, ) containing the identity).

Since congruences by orthogonal matrices are linear isometries fixing /,,, we get the
inclusion p(S0,,) € (d(J, ))°. Since these manifolds have the same dimension and are
connected, by theorem of invariance of domain, we deduce that p(SO,,) = (d(J, ))°.
For a fixed G € 7, , the previous equality gives: dGp(50,)dG~! = p(50,). Hence
there exists a unique automorphism o of p(SO,,) such that:

(*) dGop(X)odG~' = a(p(X)) for every X € SO,.

Claim. There is Y € O, such that a(p(X)) = p(Y) op(X) op(Y)~! for every X € SO,
and so, by (¥), we get (p(Y) 1 od G)op(X) =p(X)o(p(Y)~' 0d G) for every X € SO,.

Indeed p(SO,) ~ SO, if n is odd and p(SO,,) ~ SO, /{*1,} if nis even.

Hence, when n # 8, the claim follows by 4.2.

The case n = 8 needs different arguments.

First of all, we note that F = p omg : Sping — p(SOg) is the universal covering of

p(S03g); so the automorphism o€ Aut(p(SOs)) can be lifted to a unique & € Aut (Sping)
such that Fod =00 F.

As recalled in 1.1, Out (Sping) is isomorphic to the dihedral group Dih3 and therefore
it is the group of order 6 generated by elements & and 7y of order 2 and 3 respectively
(see also [8] and [18] for further details). In particular we can assume that J is the
equivalence class of the lifting Ty of the conjugation Ty in SOg associated to a fixed
matrix H € Og\SOs and Y is the equivalence class of an automorphism ¥ of Sping having
the unit 1 € Sping as unique fixed point in the fiber ker(F) (see for instance [18, Ch. 1
§8D.

Therefore, up to inner automorphisms, we can assume that & = 75/1(-1 of” with k =0,1
and p=0,1,2.

We prove that the unique admissible possibilities are k = 0,1 and p = 0.

From (*) above, we deduce that dG o F(Z) odG™! = a(F(Z)) = F(&(Z)) for every
Z € Sping (up to inner automorphisms); this implies that F and F o & are equivalent
representations of Sping.

The cases k = 0 and p = 1,2 are impossible because F, F oy and F oy are non-
equivalent.

Indeed, by standard facts from Lie group representation theory (and with the help of
the package LiE [26]), we get that the representations g, Ttg o and Tig o> correspond
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to maximal weights (1,0,0,0), (0,0,1,0) and (0,0,0, 1) respectively, while their trace-
free second symmetric powers are F, F o and F o¥* and correspond to (2,0,0,0),
(0,0,2,0) and (0,0,0,2) respectively and so they are mutually non-equivalent.

If k=1and p = 1,2, since Ty is the lifting of the automorphism Ty of SOg, we can
argue as above with p(H)~! 0dG instead of dG. Therefore, up to inner automorphisms,
a= %11{-1 with k = 0,1 and this allows to conclude the proof of the Claim.

Since the action of p(SO,) on Sym) is irreducible (see for instance [15, Ch.XI
Prop. 7.4 (1)] and [9, Prop.4.5(1)]), by [14, App.5 Lemma 1], we obtain: p(¥Y)~'o
dG = ald +bJ (Id is the identity of Sym?),

where a,b € R, J> = —Id. In particular, if b # 0, then dim(Symg) is even.

Now, if b would be non-zero, then the complexification of Symg should have the
eigenspaces of the complexification of J as invariant subspaces with respect to the
complexification of the representation; so the complexification of the representation
of p(S0,) would be reducible, while it is actually irreducible (see [9, Prop.4.5(1),
Prop. 4.6]).

Hence b = 0 and p(Y)~! 0d G = ald and so, being an isometry, we get: a = +1, i.e.
dG = +p(Y). In case of a = 1, then G(A) = YAYT =Ty (A), while in case of a = —1,
then G(A) = YA~™'YT =Ty(A~!) = (Ty 0 ¢)(A) (remember for instance [22, Ch.3
Prop. 62]). This concludes the proof. O

4.3 Remark. When n = 2, the inversion @ in SL, is the congruence associated to the
0
1

ences and has two connected components, with 1°(SLP,, g) isomorphic to SLy/{+5}.

rotation matrix W = ( _01 ) and I(SL®P,, g) consists only of the indicated congru-

If n > 3, then @ is not a congruence and the possibilities of the previous Theorem are
mutually exclusive, moreover we get that:

- if n is odd, then I(SL®,,g) is a Lie group with two connected components, with
1°(SLP,, g) isomorphic to SL,;

-if n # 2 is even, then I(SL%,,g) is a Lie group with four connected components, with
I°(SL®,, g) isomorphic to SL, /{+1,}.

4.4 Proposition. A mapping L: (P,,8) — (Py,g) is an isometry if and only if there
exist an isometry G : (SLP,,g) — (SL®,,g) and a matrix B € GL, such that

L(A) = (det A)'/" (T 0 G)( ) for every A€ B, or

A
(det A)!/n

L(A) = (det A)~'/" (T 0 G)( ) for every A € P,.

A
(det A)'/n
Proof. By 3.1 (a) and 2.7, we have the isometry F : SLP, x R — P, given by
_ P In(det(P))
= aam
isometry if and only if L = F~! o Lo F is an isometry of SL?, x R.

Let L be the isometries of (SL?, x R, g x h) defined by L(Q,x) = (G(Q), £x + b)
where G is a fixed isometry of (SLB,,g) and b is a fixed real number. Then L* =

F(Q,x) = eﬁQ and F~!(P) ). Hence L: P, — B, is an
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FoLT o F~ are isometries of (P,,g). After denoting B = ¢/ V"], by standard
: L7t — +1/n A

computations, we get: LY (A) = det(A)*'/" (I o G)( (et A1 ).

For the converse, let L be an isometry of (B, g). Since L(I,,) € B, there exists B € GL,

such that L(I,) = BB and so H = T'y—i oL is an isometry of (,,g) fixing I,.

Let us consider the differential: D = dHj, : T;,(,) — Tj,(‘B,) (remember that 77, (B,) =

Symy,). We want to prove that D(I,,) = +1,.

For, D preserves the metric g and its Riemann tensor of type (0,4) at [,. Remembering

2.3 (b), we have t7([D(I,),D(W)]?) = tr([L,,W]?) = 0 for every W € Sym,. Since

the bracket of symmetric matrices is skew-symmetric and since the opposite of the

trace of the square of a skew-symmetric matrix is its Frobenius norm, we get that

[D(1,),D(W)] = 0 for every W € Symy,, i.e. [D(I,,),U] = 0 for every U € Sym,, because

D is bijective and therefore D(I,,) = Al, for some A € R. Since D is an isometry, we get

A==l

Now note that the space (I,)* := {W € Sym,, : g, (I,,W) =0} = SymQ = T;, (SLB,) is

invariant with respect to D, because D(I,) = +I,. Hence D', the restriction of D to

(I,)*, is an isometry of Ty, (SL®,) with respect to the metric g.

Since D preserves the Riemann tensor of (®,,g) at I,, D' preserves its restriction to

Ty, (SLP,), but this last restriction is the Riemann tensor of (SL%?,,g) at I,, because

(SL?P,,g) is a totally geodesic submanifold of (?,, g) (remember 2.6 (b)).

Since SL®, is simply connected, complete and symmetric (remember (3.1)), by

[14, Ch. VI Cor. 7.9], there exists a unique isometry G of (SL%,,g) such that G(I,,) = I,

and dG;, =D'.

Now we denote GT(A,x) = (G(A),+x) for every (A,x) € SLP, x R. GT(A,x) are

isometries of (SLB, x R, g x h) such that G£(1,,0) = (I,,0) and such that dsz;n.O) =

D' x (+IdR).

Easy computations show that dFy, 0)(V,x) = %In +V forevery x € R and every V €
' n

tr(W)  tr(W) )

NI

for every W € Ty, (B,) = Sym,, where F and F~! are the mapping recalled above.
Now (F oGt o F~Y)(I,) =1, = H(I,) and

T,,(SL®,) = Sym{) and that dF}"' (W) = (W — I,

tr(W tr(W
d(FOGi OF_I)IW(W) = dF(]n’()) (dG%;mO)(W — ( )Im \(/ﬁ) )) =
tr(W tr(W tr(W tr(W
= dF([mo) (dH[)l(W — (I’l )In), + \(/?l)) =+ ( )In -I-dH]n(W — ( )In) =
t t
==t r(r‘:v)ln +dH, (W) F r(:V)I,, = dH;, (W) for every W € Ty, (B,) = Sym,,.

Therefore F o GT o F~! = H (see again [22, Ch. 3 Prop. 62]).

Now L=Tg0H =T30F oGt o F~! and easy computations allow the get the expres-
sions in the statement. O

Remembering the definitions of ¢ and y in 1.1, from the Theorem 4.1 and 4.4, we
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easily get the following

Theorem 4.2. A mapping L: (B,,8) — (P, g) is an isometry if and only if there exists
a matrix M € GL,, such that

L=Ty or L=Tyo¢@ or L=Tyoy or L=Tyo@owy.

4.5 Remark. When n =2, we have y =T'y o9 = @ o'y with W as in 4.3. Hence in
the previous Theorem there are only two mutually exclusive possibilities: L = I'y; and
L= FM oQ.

If n = 3, since @, y, @ oy are not congruences, then the families of isometries, listed
in Theorem 4.2, are mutually disjoint. Therefore:

-if n =2 ornis odd, then I(®,,g) is a Lie group with four connected components and
with 1°(‘B,, g) isomorphic to GL; if nis odd and I°(%, g) isomorphic to GLT /{£L};
- if n # 2 is even, then I(%,,g) is a Lie group with eight connected components and
with I°(B,, g) isomorphic to GL;} /{+1,}.

4.6 Remark. Standard computations allow to obtain the following geometric descrip-
tions of the isometries @, W and @ o y by means of the results of §3 and §4:

- @ is the symmetry with respect to I,;;
- y is the orthogonal symmetry with respect to the hypersurface SLP,;

- @ oV is the orthogonal symmetry with respect to the geodesic R = {tI, : 1 € R,t > 0}
(i.e. the geodesic through 7, and orthogonal to SL%,).

4.7 Remark. Let H, be the real manifold of positive definite hermitian matrices of
order n. The tensor g defines also on H, a structure of Riemannian manifold and (%, g)
is one of its Riemannian submanifolds. From [20, Thm. 3] and from the Theorem 4.2
we conclude that every isometry of (%, g) is restriction of an isometry of (H,, g).
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