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ZECH TABLEAUX AS TOOLS FOR SPARSE DECODING

Abstract. Within the framework of Groebner-free Solving, we introduce the notion of Zech
tableau as a tool for producing a linear error locator polynomials for cyclic codes.

1. Introduction

In the Late Nineties, the classical approach on BCH decoding based on Berlekamp’s
key equation was upsetted by the application of Grobner bases to the problem; it ap-
peared a series of papers which terminated with two different proposals: Orsini-Sala
general error locator polynomial [30] and Augot ef al. Newton-Based decoder [3]; both
approaches payed not only the hard pre-computation of a Grobner basis but (mainly)
the density of their decoders.

A recent work-in-progress [7, 8, 9] reconsidered the same problem within the
frame of Grobner-free solving, explicitly expressed and sponsored in the book [26,
Vol.3,40.12,41.15]; such approach aims to avoid the computation of a Grobner basis of
a (O-dimensional) ideal J C P in favour of combinatorial algorithms describing instead
the structure of the algebra P/J.

The consequence is a preprocessing which is quadratic (and a decoding which
is linear) on the length of the code.

The approach requires to describe and produce a monomial basis of the syn-
drome algebra; such description forced us to introduce the notion of Zech tableau
which is the argument of this note.

2. Notations

IF denotes an arbitrary field, F denotes its algebraic closure and F,, denotes a finite field
of size ¢ (so ¢ is implicitly understood to be a power of a prime) and P := F[X] :=
Flx1,...,x,] the polynomial ring over the field FF.

Let 7 be the set of terms in P, id est

T = {x(lxl --~x2‘” . ((X,l,...,OCn) EN"}

Ifr = x}” .o.xI" € T then deg(t) = Y1, Vi is the degree of ¢ and, for each h €
{1,...,n}, deg,(t) := deg,, (¢) := vy is the h-degree of 1.
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A semigroup ordering < on ‘T is a total ordering such that
t <ty = st} < stp, foreach s,ty,tp € T.

For each semigroup ordering < on 7, we can represent a polynomial f € ©P as a linear
combination of terms arranged w.r.t. <, with coefficients in the base field F:

=Y ar=Y c(fini= ic(f,ti)ti ce(ft) EFN{0}, 6, € T 11 > ... > ¢
i=1

teT teT

For each such f its support is supp(f) := {1t € T : ¢(f,t) # 0}, its leading term is the
term T (f) := max (supp(f)) = t1, its leading coefficient is lc (f) := c(f,t1) and its
leading monomial is M (f) :=lc<(f)T<(f) = c(f,f1)f;. When < is understood we
will drop the subscript, as in T(f) = T<(f).

A term ordering is a semigroup ordering such that 1 is lower than every variable
or, equivalently, such that it is a well ordering.
In all paper, we consider the lexicographical ordering induced by x; < ... < x,, i.e:

n S 6n i = ] j
x}(l"'xz <Lexxll"'xn <:>E|J|,Yj<8j’yi_8i7VI>J’

which is a term ordering. Since we do not consider any term ordering other than Lex,
we drop the subscript and denote it by < instead of <.

The assignement of a finite set of terms

(i) i
G:={ny T} C Tt =x] ~~~x“5'1)
. ey VYV y Vi 1 n

defines a partition 7 = TLIN of 7 in two parts:
- T:={w;:t€ 7,1 <i<v} which is a semigroup ideal, id est a subset T C T

such that
teT,teT — teT,;

the normal set N := T \ T which is an order ideal, id est a subset N C T such
that
teN,reT |t = reN,

For any set F' C P, write

T{F} = {1(f): f € F};

M{F} = {M(f): f € F};

T(F):={tT(f) : 1€ T, f € F}, a semigroup ideal;

- N(F) := T\ T(F), an order ideal;
— I(F) = (F) the ideal generated by F.
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- FIN(F)] := Spans(N(F)).

Given an ideal J C P, denote G the minimal set of generators of the semigroup
ideal T :=T(J); we denote by N :=N(J) = 7'\ T(J) the order ideal introduced by the
partition 7 = T(J)UN(J) = TUN; N will be called the Groebner escalier of J.

Let X = {Pj,...,Py} C " be a finite set of simple points
P :=(aij,...,an;),i=1,...,N.

We call
I1(X):={fe®: f(R)=0,i},

the ideal of points of X.
If we are interested in the ordered set, instead of its support X, we denote it by X =
[P1, ..., Py].

For any (0-dimensional, radical) ideal J C P and any extension field E of IF, let
Vi (J) be the (finite) rational points of J over E. We also write V/(J) = 15(J). We
have the obvious duality between I and ¥ = V.

Definition 1. For an ideal J C P, a finite set G C J will be called a Groebner basis of
Jif T(G) =T(J), thatis, T{G} := {T(g) : g € G} generates T(J) = T{J}.

We give now a brief recap on Cerlienco-Mureddu algorithm, introduced in [11,
12, 13], which is the first combinatorial algorithm that, given a finite set of simple
points X = {P,...,Py} computes the lexicographical Groebner escalier N(/(X)) for
the ideal of points of X.
In particular, in [11], they consider an ordered finite set of simple points in K”, X =
[Py, ..., Py], and prove that there is a one-to-one correspondence between X and the
terms of the lexicographical Groebner escalier of I(X):

®:X — N(I(X))

(@)

0(1'

o
P — x; §

..xn

They find & using only combinatorics on the coordinates of the elements in X. In
particular, only comparisons among the coordinates of the points are needed. The
algorithm is iterative on the points and recursive on the variables, thus it pays the
price of a rather bad complexity: a straightforward implementation of the algorithm
is proportional to n?N2. Another iterative algorithm [10] gives the same result by
eliminating recursion and keeping iterativity on the points, via the introduction of a
data structure (the Bar Code) that stores the information on the terms needed to perform
the algorithm.

We conclude this section briefly recalling the standard notation on cyclic codes,
needed to understand what follows.
Let C be an [n,k,d],g-ary cyclic code with length n, dimension k and distance d. We
denote by g(x) € F,[x] its generator polynomial, remarking that deg(g) = n—k and
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g | x"—1. Let Fyn be the splitting field of x" — 1 over IF,,.
If a is a primitive n-th root of unity, the complete defining set of C is

Sc={jlg(a’)=0,0< j<n—1}.

This set is completely partitioned in cyclotomic classes, so we can pick an element for
each such class, getting a set S C S¢, uniquely identifying the code. This set S is a
primary defining set of C.

If H is a parity-check matrix of C, ¢ is a codeword (i.e. ¢ € C), e € (IF,)" an error vector
and v = ¢+ e a received vector, the vector s € (Fyn)"* such that its transpose sT is
sT = Hv" is called syndrome vector. We call correctable syndrome a syndrome vector
corresponding to an error of weight u <, where # is the error correction capability of
the code, i.e. the maximal number of errors that the code can correct.

3. Cooper Philosophy

In 1990 Cooper [17, 18] suggested to use Grobner basis computations in order to
decode cyclic codes. Let C be a binary BCH code correcting up to ¢ errors, § =
(s1,...,52—1) be the syndrome vector associated to a received word. Cooper’s idea
consisted in interpreting the error locations z1,...z of C as the roots of the syndrome
equation system:

1
fi= Y g =i =0, 1<i <,
j=1
and, consequently, the plain error locator polynomial as the monic generator g(z;) of
the principal ideal

t
{Zgiﬁigi € ]FZ(Slw~~7S2z—1)[Zl,~~,Zt}}ﬂF2(51;~~7S2r—1)[Z1]7
i=1

which was computed via the elimination property of lexicographical Grobner
bases.

In a series of papers [14, 15, 16] Chen et al. improved and generalized Cooper’s
approach to decoding. In particular, for a g-ary [n,k,d] cyclic code, with error correc-
tion capability 7, they made the following alternative proposals:

1. denoting, for an error with weight u, z1,...,z, the error locations, y,...,y, the
error values, s1,...,5,—x € Fyn the associated syndromes, they interpreted [14]
the coefficients of the plain error locator polynomial as the elementary symmet-
ric functions 6 and the syndromes as the Waring functions, s; = Zﬁf:] y jz;», and

suggested to deduce the 6;’s from the (known) s;’s via a Grobner basis compu-

tation of the ideal generated by the Newton identities; a similar idea was later

developed in [2, 3].

2. They considered [15] the syndrome variety, namely the variety

b
= {(‘Ylw-wsnkvylv---v)/thv”-th) € (Fgn)" ™ is5i= Y yjel 1 <i<n_k}
=
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and proposed to deduce via a Groebner basis pre-computation in

Fq[xla'"7xn—k7y17'"7yt7zla"'7zt]
a series of polynomials g,(x1,...,X,—k,Z),u <t such that, for any error with
weight u and associated syndromes s1,...,5,—k € Fgm, gu(s1,...,8—¢,Z) in

Fyn[Z] is the plain error locator polynomial. This approach was improved in
a series of paper [4, 22] culminating with [30] which, specializing Gianni-
Kalkbrener Theorem [20, 21], stated in Theorem [d below.

For a survey of this Cooper Philosophy see [29] and on Sala-Orsini locator [5].

4. Syndrome Variety and spurious roots

The notion of syndrome variety was formalized in [15] in its approach to decoding
g-ary [n,k,d] cyclic codes, with error correction capability .

Definition 2. For such a cyclic code, the syndrome variety is the set of points
\Y ;:{(Sl,.,,7sn7k,y1,,,,,yhzl,_,_,z,) € (Fym)t=*+2 15 = yjf:lyjz_l]., 1<i< n—k} where for an er-
TOT (S1,e v vy Sn—kyVlse--,Vt5215---,2) € V with weight u <t and

yy+l:"':yt:0a Z/J+1:"':Zz:0,

z1,...,2, represent the error locations, yi,...,y, the error values, si,...,s,_x € Fyn
the associated syndromes.

Definition 3. For such a cyclic code, and u < t the plain error locator polynomial is
the polynomial TT,_, (X —z)

Definition 4. [15, 30] A point (S1,...,Sy—k;Y1,---3Yt,21,---,2) € V is said spurious if
there are at least two values z;,z;,1 <i# j <y, such that z; = z; # 0.

Denote Vps C V the set of the non-spurious points of the syndrome variety and
consider the polynomial set

Fos = {fihj, X Aoy, 1 <U<I<t,1<i<n—k1<j<t} CP,

where
' n_n
fi=Y iz —xi, PI[::ZI”ZIZZ .
=1 a3

n

n+1 a1 4
. —Zj, }Lj '_yj —1, Xi =X =X

hj Z:Zj

Theorem 5. [30] It holds 1(Fos) = I(Vos).
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5. General error locator polynomial

Let G be the reduced Grébner basis of I(Fos) = I(Vps) w.r.t. the lex ordering with
X < <Xpp <7 <---<z1 <y <--- <y and let us denote, for each 1 < and
each/ e N

G :=GNFy[x1,..., % 1%, %) and Gy 1= {g € G\ \ G : deg, (g) =/}
Moreover, we enumerate each Gy as

Gu = {gu1,---8uj, }, T(gun) <+ <T(guj,)-
Theorem 6. [30] With the present notation we have
1. GNFy[x1, . Xn—i21y- - 2] = U Gy
2. Gi=Uy_Ggand Gig #0,1 <i<t,1<8<i;

3. Gi={gin}, 1 <i<t, ie. exactly one polynomial exists with degree i w.r.t. the
variable z; in G;;

4. T(gin) =2, le(gin) =1;
5. if1<i<tand1<8<i—1,thenVg e G,z | g

Definition 7. [30] The unique polynomial

t
gl‘tl - Z; + Z a171(51 g 7sn7k)ziil
=1

with degree ¢ w.r.t. the variable z, in G;, which is labelled the general error locator
polynomial, is such that the following properties are equivalent for each syndrome
vector s = (sq,...,8:—k) € (qu)”’k corresponding to an error with weight bounded by
t:

— there are exactly u <t errors {y,...{y;
= a;_1(s1,...,8p—k) =0for I > pand a;_,(s1,...,8—k) # 0;
— &1 (StyesSntoz) = 2T (2= Gi).

This means that the general error locator polynomial g; is the monic polynomial in
Fy[x1,...,Xn—,z] which satisfies the following property:

given a syndrome vector s = (s1,...,Sn—k) € (IE‘qm)”*k corresponding to an error
with weight u < t, then its t roots are the u error locations plus zero counted with
multiplicity t — u.

Theorem 8 ([30]). Every cyclic code possesses a general error locator polynomial.
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6. Degroebnerizing Error Correcting Codes (1)

Recently the same problem has been reconsidered in a group of papers [7, 9, 8] within
the frame of Groebner-free Solving [23, 28, 23, 27], explicitly expressed and sponsored
in the book [26, Vol.3,40.12,41.15]; such approach aims to avoid the computation of a
Grobner bases of a (O-dimensional) ideal J C 2 in favour of combinatorial algorithms,
describing instead the structure of the algebra ?/J.

In particular, given the syndrome variety®
Z={(c+d,>+d’c,d),c,d €Fsn,c#d}

of a BCH [2" — 1,2]-code C over F,m, and denoted I(Z) the ideal of points of Z, [7] is
able with good complexity to produce, via Cerlienco-Mureddu Algorithm [11, 12, 13]
and Lazard Theorem [19], the set N := N(7(Z)) and proves that the related Grobner
basis has the shape

G=(x]—1,8,22+21+x1,84)

where (see [30])

and g4 = z% — Y encet is Sala-Orsini general error locator polynomial.

Such result allowed [7] to remark (applying Marinari-Mora Theorem [25, 1, 6])
that, for decoding, it is sufficient to compute a particular polynomial — the half error
locator polynomial (HELP) — that is, a polynomial of the form

o —1
h(x1,x,21) =21 — Z ¢;t where H := {x’]xé,O <i<n0<j< nT}
teH

which satisfies

n—1

h(c(1+a¥ ™), 3 (14+a3% ) 7)) = 21 — ¢, foreach ¢ € F3u,0 < j < 5

the other error location ca®/*! been computable via the polynomial z, +z; +x1 € G as
2 :=x1—21 = (c+ca? ) —c = ca® .

In other words, once the HELP h(x;,x2,z1) is known, in order to decode a re-
ceived vector v, one should:

1. compute the syndrome vector s = (s1,s2) from v;

2. evaluate the HELP in s, namely compute A(s1,s2,21);

*We remark that the variables y;, corresponding to the error values (see Definition ) will be omitted in
this paper, because talking about error values in a binary code is completely useless. Therefore 51 = x; =
c+d,sp =x = A+d? represent the two syndromes and z; = ¢, zo = d represent the error locations.
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3. find the unique root of A(s1,s2,z1) in zj, i.e. z; = ¢; being an element of Fom, it
can be expressed either as c = d', i € {1,...,n}, in terms of a fixed primitive n-th
root of unity a € [Fom or as ¢ = 0;

4. evaluate the polynomial z, +z; 4+ x; in (s, c), namely compute zo + ¢+ s1;

5. solve zp +c+s1 =0, getting zo = ¢+ s» =: d; being an element of Fon, it can be
expressed either as d = a/, j € {1,...,n}, again in terms of a, or as d = 0;

6. c,d are the two error locations, so that, if they are different from zero, they iden-
tify the position of an error. For ¢ = a’,d = a’ # 0, two errors occurred, exactly
in positions i, j. Flipping the bits in that positions, we recover the correct sent
codeword. If some of c,d are zero, it means that less than two errors occurred.

The HELP can be easily obtained with good complexity via Lundqvist interpo-
lation formula [23] on the set of points

. . —1
{(c—|—ca2'/+1,c3+03a3(2”1),C)7CEFEm,OSj< nT}

Experimental showed that in that setting HELP has a very sparse formula, which has
been proved in [7]:

n—1
2 . . n—1
(4-3i) modn_(i—1) mod %5~
h(x1,x2,21) =21+ Y, aix, X 2
=1

where the unknown coefficients can be deduced by Lundqvist interpolation on the set
of points

. . -1
{1+ 1+d3@H) 1),0< j< "T}

. . 1
(4-3i) modn_(i—1) mod %5
{xi X

and on the monomials 1<i< ";—1}

Knowing the structure of the lexicographical Groebner escalier associated to the syn-
drome variety is a crucial step, in order to find the HELP and efficiently decode a binary
cyclic code.

This suggested [9] to consider a binary cyclic code C over GF(2™), with length
n | 2™ — 1 and primary defining set S¢c = {1,/}. Thus it denoted by

— a a primitive (2" — 1)™ root of unity so that Fom = Zs|a], ot := 2’””7—1 and
— b :=a* a primitive n' root of unity,

- Ry:={ec€Fm:e"=1}

- S =R, U{0};

considered the following sets of points

Zy:={(c+d,c +d' c,d),c,d € Ry,c #d} #Z5 =n*—n;
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Z,:={(c+d,d+d'c,d),c,d € Sy,c #d}Y#L =n*+n,
Zys:={(c+d,c'+d' c,d),c,d € $,} \{(0,0,c,c),c € R, }H#Z) =n*+n+1,
Z,:={(c+d,c+d,c,d),c,d € $,} #ZX = (n+1)2,
and denoted, for * € {e,ns, +,2},
- Jo:=1(Z.),

— N, :=N(J,) the Grobner escalier of J, w.r.t. the lex ordering with x| < x; < z; <
7o and

- &, : Z, — N, a Cerlienco-Mureddu correspondence.
Then it assumed to know

(a). the structure of the order ideal N,, #N, = n? —n, i.e. a minimal basis

{t1,...,tr} 1= x‘f"xlz"', of the monomial ideal 7\ Ny = T(3(Z3)),
(b). a Cerlienco Mureddu Correspodence ®; : Np — Z»

and deduced with elementary arguments N, and ®., for * € {e,ns,+}.

7. Zech Tableaux

We observe that the parameters of a minimal basis G = {#1,...,t,},t; := x}”x?ﬁ of a

monomial ideal
TcT={0d: (v,8) e N?}

satisfy relations
i I
-0 <P < <9,
— and T is 0-dimensional if and only if 8; =0 =,
Indeed, the 7; can be ordered so thaty; > v, > ... >V,
If v; = ¥;4+1 and without loss of generality, 8; > 8;1 then f;1|t;, contradicting the min-

imality of G. Moreover, if §; > 8;11, ti+1|t; contradicting the minimality of G.
The corresponding escalier N = 7 /T, in the zerodimensional case, is

r—1
Ni= | {80 <y<y,0 <8< 8y}
i=1
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Definition 9. Consider the field Fon = Z;|a], a denoting a primitive (2" — 1)™ root of
unity; for a value n | (2" — 1) we denote o := 2'"771 and b := a* a primitive n' root of
unity.

Denote, fori,0 <i< o, Z:={j,1<j<n:1+b/ =1+a/*=a" ™"}, set z(i) = #Z;
for any set H C {j,1 < j < n} we consider also the values {(i) = #(H NZ;).

The (2™ — 1,n; H)-Zech Tableau is the assignment of

— an ordered sequence S := [jo, ..., jr—1] C {i,0 <i < a} which satisfies

- &(o) = ... > L(jr-1) >0,
- {(j) =0foreach j ¢S.

- the minimal basis G = {#1,...,t},t; 1= x?"xg", of the monomial ideal T =7\ N
corresponding to the escalier

r—1
N:= U{xfxg :0<a<a,0<b<biy}.
i=1

Example 10. Let us consider the valuesn =21,m=6,00= % =3and 0:={2i—1,1<
i < 10}. Let the primary defining set of our code be S = {1,3}. The three classes in-
duced by the 21-st roots of unity are divided in this way:

0 ={1+a?1+a® 1+ 1+a} 1] = {1+ 1+a%1+a%}, 2] = {1+
a1+ a1+ a%)}, so that {(0) =4 > {(1) = {(2) = 3 and the (63,21;0)-Zech
Tableau is given by the sequence [0, 1,2] and by the minimal basis {x3,x1x3,x3}.

Example 11. Let us consider the value n = 35;m = 12,0 = % = 117 and
O :={2i—1,1 <i< 17}. Let the primary defining set of our code be S = {1,3}. The
35-th roots of unity, namely the powers of a''7: R3s = {a''7,a**,...,a*"78,a* = 1}
The 117 classes induced by the 35-st roots of unity are divided in this way:
0 = {1 + %1 + &% (1 + a'"™)}and foreachs/ € Rss \
{a®% @ a7 q*0%5) {1 +u'} = [k] where 1+u=a*, k=u mod 117.

The (4095, 35; 0)-Zech Tableau is given by the sequence

0,113,106,78,116,29,58,115,53,39,73,85,95, 101, 109]

with €(0) = 3, C(113) = £(106) = £(78) = L(116) = (29) = £(58) = {(115) =
€(53) =£(39) =£(73) = £(85) = £(95) = £(101) = £(109) = 1 and the minimal basis
{x}s,x1x27x%}.

8. Degroebnerizing Error Correcting Codes (2)

In this section, we deal with the case of codes such that n | 2 — 1 with primary defining
set Sc = {1,/}.

The escalier’s shape is far from being trivial, and Zech tableaux will be used to study
the escalier’s shape.
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Experiments showed that, for binary cyclic codes C over GF (2™), with length n | 2™ — 1
and primary defining set Sc = {1,1}, the (2" — 1,n;0)-Zech Tableaux — with O :=
{2i—1,1<i< ”;21} — describe the structure of Z; thus making effective the results
of [9] and allowing to extend those of [7]. In particular [8] reports (and proves) the

following result. Still denoting @ a primitive (2" — 1) root of unity, o := # and

b := a* a primitive n root of unity, we consider the (2" — 1,n; 0)-Zech Tableaux with
— ordered sequence S := [jo, ..., jr—1] C {i,0 <i<a},
— minimal basis G = {t,...,t,;},#; := x‘ll"xg",
and let us enumerate
— each Zji as Zji = [B,’] geeey Bl(;(l)}
Then it holds.
(A). the minimal basis of T(J;) is G = {1y,...,T,},Ti := x’f“ixlz’i, so that
(B). Np := |_|{;11 {x‘fxg 10 <a<na;,0<b< b} correlated to Z; via

(C). the Cerlienco-Mureddu correspondence
s (1 (14+bP2), b1 (15102 b, P ) = ().

(D). Also in this more general frame the HELP has still a very sparse formula:

a1 ,HC(i)*l L
n —
h(zixi,x) =z1— Y x7 Y ajilx'x),
0 i=0

Jj=

(E). where the unknown coefficient can be deduced by Lundqvist interpolation on the

set of points
{((1 6P, (14 5P1), 1) }

Example 10 (cont.). We have
62 62, 2 2 622 3 3 20,3
No = {1,001, ., X770, X2, X1 X0, ey X) X2, X5, X1 Xy ooy X[ X5, X5, X1 X5 e ey XT X5 }
ding to Gy = {x{*,x}'x3,x4} and HELP
corresponding to Gy = {x}°,x7'x3,x5 } an
47 13 3 33.58 2 47372, 12 16 2, 41 6l 32 40 47_19

21 +a’'x;rxytatxptta ' xy’x;ta xpxytatxy xptatxy xo+a i xg X,

+ a27x4113+a42x%2+a9xl

Example 11 (cont.). We have

524 4.2 2 342
No = {1,201, ., X777 X2, X102, ooy X] X2, X5, X1X5 ey X] X5

corresponding to Gy = {x32°,x3°x,,x3 } and HELP

21 + 310330322390, 33 ) | I g1140,456 4 608,21 4 56,386 1 3477351 4
@286 - IS 281 L 3709,2460 4 2260,211 L 361176 | SI0y 141 | 400,106 1
a7l 4 g141,36 1 41663y,
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