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HARMONIC METALLIC STRUCTURES

Abstract. The concept of harmonic metallic structure on a metallic pseudo-Riemannian
manifold is introduced. In the case of compact manifolds we prove that harmonicity of a
metallic structure J, with J> = pJ 4 gl and p® +4q # 0, is equivalent to dJ = 0. Conditions
for a harmonic metallic structure to be preserved by harmonic maps are also given. More-
over, we consider harmonic metallic structures on the generalized tangent bundle, provide a
Weitzenbock formula for the dual metallic structure and express the Hodge-Laplace operator
onTM®T*M.

1. Introduction

Inspired by the paper of W. Jianming [12], we introduce the notion of harmonic metal-
lic structure and underline the connection between harmonic metallic structures and
harmonic maps. It is well known that harmonic maps play an important role in many
areas of mathematics. They often appear in nonlinear theories because of the nonlin-
ear nature of the corresponding partial differential equations. In theoretical physics,
harmonic maps are also known as sigma models. Remark also that harmonic maps
between manifolds endowed with different geometrical structures have been studied in
many contexts: S. lanug and A. M. Pastore treated the case of contact metric mani-
folds [10], C.-L. Bejan and M. Benyounes the almost para-Hermitian manifolds [1], B.
Sahin the locally conformal Kéhler manifolds [14], S. Ianus, R. Mazzocco and G. E.
Vilcu the quaternionic Kihler manifolds [9], J. P. Jaiswal the Sasakian manifolds [11],
D. Fetcu the complex Sasakian manifolds [7], J. Li the Finsler manifolds [13] etc. A.
Fotiadis studied the noncompact case, describing the problem of finding a harmonic
map between noncompact manifolds [8].

In the present paper, first, we consider the case of compact Riemannian man-
ifolds and prove that harmonicity of a metallic structure J with J> = pJ + gI and
p*+4q #0, is equivalent to dJ = 0, then we relate harmonicity to integrability. Con-
ditions for a harmonic metallic structure to be preserved by harmonic maps are also
given. Moreover, we consider harmonic metallic structures on the generalized tangent
bundle, provide a Weitzenbock formula for the dual metallic structure and express the
Hodge-Laplace operator on TM & T*M.
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2. Harmonic metallic structures

2.1. Preliminaries

Let (M, g) be an n-dimensional pseudo-Riemannian manifold. We recall that a metallic
pseudo-Riemannian structure J on M is a g-symmetric (1,1)-tensor field on M such
that J2 = pJ + gl, for some p and g real numbers, and (M,J,g) is called a metallic
pseudo-Riemannian manifold ( [4], [5], [6]).

Let V be the Levi-Civita connection associated to g. Consider the exterior dif-
ferential and codifferential operators defined for any tangent bundle-valued p-form
T eT(A’T*M @ TM) by

p+1 ) .
@T) (X, X, ) o= — Xi(—1)’(VXiT)(X1,...,Xi,...,XpH)

and

(8T)(Xy,... X, )= — i(VEiT)(Ei,Xl,...,XP_]),

i=1

for {E;},.;, a g-orthonormal frame field, and the Hodge-Laplace operator on
C(APT*M @ TM) by
A:=dod+0dod.

W. Jianming studied in [12] some properties of harmonic complex structures
and we discussed in [3] the almost tangent case and in [2] the para-cosymplectic case.

We pose the following:

DEFINITION 1. A metallic structure J is called harmonic if AJ = 0.

If M is compact and g is positive definite, from the definition it follows that J is
harmonic if and only if dJ = 0 and 6J = 0 which is equivalent to (V,J)Y = (V,J)X,
for any X, Y € C*(TM) and trace(VJ) = 0.

2.2. Properties of harmonic metallic structures

Let (M,J,g) be an n-dimensional metallic pseudo-Riemannian manifold, let V be the
Levi-Civita connection associated to g and let {E;},,., be a g-orthonormal frame
field. -

We have the followings:

LEMMA 1.

n

g((d))(X E,) . E;) = ) ((Vx))E; E;) +8(X,8J),
i=1

-

Il
-

4

forany X € C*(TM).



Harmonic metallic structures

Proof. We have:

Y s((d)(X.E).E) = ¥ 8((Vd)Es— Vg JX+ (Vg X). ) =
—1 i=1

M:

[g((Vy J)Eiin)*Ei(g(nyEi))+g(]XaVEiEi)+8(VEI.XJE1‘)] =
1

M=n

[g((VxJ)E, i)_Ei(g(Xv‘]Ei))+g(X7](VEiEi))+g(inX7]Ei)]:

i V J El’Ez (X7VEI.JE1')+g(XaJ(VEiEi))] =
i=1
BV DELE) — X, (Ve DE)) = Y (Vo ), E,) + (X, 8).
i=1

M:

Il
-

i

COROLLARY 1.
di=0=g(X,8J) = Zg (VyJ)E,E;), forany X € C*(TM).

LEMMA 2.

Zn:g((dl)(X E)),JE,) *7ng (VyJ)E, E;) + pg(X,8]) —g(JX,8J),
i=1

forany X € C*(TM).

Proof.

g((d))(X,E,),JE;) Xn: (V4J)E;,JE,) —g((VEI_J)X,JEi)} =
i=1

-

Il
—_

-

1
i=1

+8(X, Vi JE;) + pg(V X JE) +qg(V X E))] =

pX(g(E;,JE;)) — pX (8(E;,JE,)) + pg(VxJE, E;)+

l"l=
N —

[
1

+pg(X,J(Vg E))) — pg(X,V JE;)] - g(JX,8]) =

I

[8(VyJE, JE,) —g(J(VyE;),JE;) —g(VEiJX,JEi) +g(J(VEiX),JEi)] =

1
= zn:[ix(g(]Ei,]Ei)) *Pg(VXEnJEi) - qg(VXEi’Ei) - Ei(g(JX’JEi))+
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—

As an application, we get the following:

PROPOSITION 1. Let (M,J,g) be a metallic pseudo-Riemannian manifold such
that J> = pJ + ql with p*> +4q # 0. Then dJ = 0 implies 8J = 0.

Proof. 1f dJ = 0, then:

8((VyJ)E, E;) = —g(X,8J)

n
=1

1

and

.M:
N | —

pe((VyJ)E, E;) = —pg(X,6J) +g(JX,8J).

i=1

Hence |
g(UJX — EpX,SJ) =0,

forany X € C*(TM). If p*> +4q # 0, then %p is not an eigenvalue of J and so J — %pl is
invertible. In particular, g(¥, 8J) =0, forany Y € C*(TM) and this implies §/=0. [

Furthermore:

COROLLARY 2. Let (M,J,g) be a compact metallic Riemannian manifold such
that J* = pJ + ql with p*> +4q # 0. Then J is harmonic if and only if dJ = 0.

Proof. LetJ be harmonic. Since M is compact and g is positive definite, AJ = 0 implies
dJ = 0. Conversely, if dJ = 0, then also 6J = 0 and furthrmore AJ = 0. Then we get
the statement. O

The vanishing if dJ is also related to integrability, namely we have the follow-
ing:

LEMMA 3.
(d])(JX,Y)+ (d])(X,JY) — p(d])(X,Y) = N,(X,Y),
forany X, Y € C*(TM), where N, is the Nijenhuis tensor of J.
Proof. LetX,Y € C*(TM). Then

@dN)(X,Y) = (Vx)Y = (Vi )X = [X, Y]+ V , X =Y, JX]| -V Y —J([X,Y]);
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(dI)(IX,Y) = [JX,JY]+ V1 JX — [Y,J2X] =V , ¥ —J(UX,Y]) =
UX,JY]+V,,JX — plY,JX] —q[¥,X] — pV 3 Y —qV ¥ —J([JX,Y]);
(dI)(X,JY) = [X,JY]+V , X = [JY,JX] =V JY —J([X,JY]) =
= pIX,JY]+q[X,Y]+ pV,y X +qVy X — [JY,JX] =V, JY — J([X,JY]).

Hence:

(dNUX,Y)+(d)(X,JY)—p(d))(X,Y)=[JX,JY]|-J([JX,Y])—J([X,JY]) +J2([X7Y})

and the proof is complete. O
As a consequence, we get the following:

PROPOSITION 2. Let (M,J,g) be a compact metallic Riemannian manifold. If
J is harmonic, then it is integrable.

Proof. Since M is compact and g is positive definite, AJ = 0 implies dJ = 0, then we
get the statement. O

We recall the following:

DEFINITION 2. Let (M,J,g) be a metallic Riemannian manifold and let V be
the Levi-Civita connection of g. (M,J,g) is called locally metallic if

VJ =0.
Moreover:

DEFINITION 3. Let (M,J,g) be a metallic Riemannian manifold and let V be
the Levi-Civita connection of g. (M,J,g) is called nearly Kdhler, or nearly locally
metallic, if the following condition holds:

(Vi)Y +(V, )X =0,
Jorany X,Y € C*(TM).
We have the following:

PROPOSITION 3. Let (M,J,g) be a compact metallic Riemannian manifold.
Then (M,J,g) is locally metallic if and only if J is harmonic and (M,J,g) is nearly
Kdhler.

Proof. If (M,J,g) is locally metallic then J is harmonic and (M, J,g) is nearly Kéhler.
Conversely, if (M,J,g) is nearly Kahler, then (VyJ)Y = —(V,J)X and from
dJ =0we get VJ =0. O

From VI = 0 we have Al =0 and we get the followings:
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PROPOSITION 4. Let (M,J,g) be a metallic pseudo-Riemannian manifold such
2 _ ) — 1 _
that J= = pJ + gl with p*+4q > 0 and let J, = \/m(ZJ pl) be the almost product

structure on M associated to J. Then J is harmonic if and only if J,, is harmonic.

Proof. AJ, = \/ﬁA} and the proof is complete. O

PROPOSITION 5. Let (M,J,g) be a metallic pseudo-Riemannian manifold such
2 _ : 2 - 1 _
that J= = pJ + gl with p*+4q < 0 and let J. = \/ﬂ(ZJ pl) be the Norden

structure on M associated to J. Then J is harmonic if and only if J. is harmonic.

_ 2 :
Proof. AJ. = \/ﬂAJ and the proof is complete. L

2.3. Bochner formula

We know that for any tangent bundle-valued differential form, T € T(A!T*M @ TM),
the following Weitzenbock formula holds [15]:

AT = —V>T -8,

where V2T :=Y" | (Ve Ve T=Vy pT)and SX =Y, (R(E,X)T)E;, X € C*(TM),
for {E;},.,., a g-orthonormal frame field and R(X)Y):=V,V, -V, V, — V[X’Y],
X, Y € C*(TM), the Riemann curvature tensor field. We shall also use the notation
R(X,Y,Z,W)=:g(R(X,Y)Z,W),X,Y,Z, W € C*(TM).

On the metallic pseudo-Riemannian manifold (M,J,g), taking T equal to J, for any
vector field X, we have

SX = i(R(Ei,X)J)Ei = i[R(Ei,X)JEi —J(R(E,X)E,)].
i=1 i=1

We can state:

PROPOSITION 6. Let (M,J,g) be an n-dimensional metallic pseudo-
Riemannian manifold. If J is harmonic, then

IVIP =Y, R(E,E,JE,JE;)+ p-trace(J o Q) —q-scal,
1<i,j<n
for {Ei}lgign a g-orthonormal frame field in a neighborhood of a point x € M such that

(VEI_EJ-)(x) =0, 1 <i,j <n, Q the Ricci operator defined by g(QX,Y) := Ric(X,Y)
and scal the scalar curvature of (M, g).

Proof. A similar computation like in [12] leads us to

n

<V2J»J> = Z(VE[-VEI.J7J> = —|VJ‘2

i=1
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and

J):igSE JE;)= Y g(R(E,E)JE,JE)— Y g((R(E,E)E,),JE;)=
j=1

1<i,j<n 1<i,j<n

Y R(EE,JE,JE;)— Y RE,Ej,Ei,JzEj):
1<i,j<n 1<i,j<n

Z R(E.E;,JE,,JE, )—i—pZRlc E; JE;)—q-scal =
1<i,j<n

Y R(E,E;JE,JE;)+p-trace(J o Q) —q-scal.

1<i,j<n

Therefore
0= (AJ,J)=—(V2J,J)—(8,J) =

=|VIP— Y R(E,E;JE,JE;)—p-trace(JoQ)+q-scal.

1<i j<n

O

REMARK 1. If (M, J, g) is a locally metallic pseudo-Riemannian manifold, then
(AJ,J)=0.

3. Harmonic maps and harmonic metallic structures

Let (M,J,g) and (M,g,J) be two n-dimensional metallic Riemannian manifolds. De-
note by V and respectively, V the Levi-Civita connections associated to g and respec-
tively, g

Consider @ : (M,J,g) — (M,J,g) a smooth map and let

n
() := Z[V(D*Eid)*Ei —db*(VEiEi)]
i=1
be the tension field of ®, where {E;}, .., is a g-orthonormal frame field on 7M.

PROPOSITION 7. Let ®: (M,J,g) — (M,J,g) be a metallic isometry. Then
n
J(2(P)) + P (87) - 8] = Z[V@E,CD*(]EJ —®.(VJE)),
=1

for {E;}, <<, a g-orthonormal frame field on TM.

Proof. Express 6J = =Y (Vg J)E; = =Y/ [V JE; — J(V E;)] and replace it in
the left-side of the relation. O
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COROLLARY 3. Let ®: (M,g,J) — (M,g,J) be a metallic isometry. If there
exists a g-orthonormal frame field {E;}, ,., on TM such that ®.((VpJ)E;) =

(Vo5 J)(PLE;), then
8] =, (8J).

Proof. We have Vg, p J(®.E,) = ®.(V JE;) =J (Vg g P.E;) —P.(J(V E;)) and we
get

M=

T(2(®)) + @.(87) ~ 6T =1(Y. [Voy  ®E; — Du(V . Ey)]) = T(1()).

i=1

O

DEFINITION 4. A smooth map ® : (M,J,g) — (M,J,g) is said to be harmonic
if its tension field T(®) vanishes.

PROPOSITION 8. Let ®: (M,J,g) — (M,J,g) be a metallic isometry. If ® is a
harmonic map, then

D, (8)) =87+ Vo p P.(JE;) — . (V. JE)],
i=1 ' '
for {E;} <, a g-orthonormal frame field on TM.
Moreover, if there exists a g-orthonormal frame field {E;}, <i<n Such that
P, (Vg I)E) = (Vo £ J)(R.E), then

[th*Eiq)* (]Ei) — P, (VE,.JEI')] =0.

™=

i=1

COROLLARY 4. Let®: (M,g,J) — (M,g,J) be a metallic isometry and assume
that J is a harmonic metallic structure.

1. If there exists a g-orthonormal frame field {Ei}lgign on TM such that
. (Vg )E;) = (Vg p J)(P.E;), then 8T = 0, hence J is a harmonic metallic
structure, 10o. '

2. If ® is a harmonic map, then

8J=—

(ngE

Vo1, @ E;) —®.(V, JE).
i=1

for {E;} <<, a g-orthonormal frame field on TM.

REMARK 2. If ®: (M, g,J) — (M,g,J) is a metallic isometry, then either p =

and g =g or J and J are trivial metallic structures, namely equal to z:%l , for p #p.
Indeed, for any X, Y € C*(TM), we have:

Pe(IX.Y) +qg(X,Y) =g(JX,JY) = g(®.(JX), P, (JY)) =g(J(P.X),J(D.Y)) =
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= ﬁ(j(d)*x),qb*Y) +q8(®.X,2.Y) = pg(P: (JX), P.Y) +qg(P.X, P,Y) =
:ﬁg(JX7Y) +§g(X7Y),

which implies (p — p)J = (¢ — ¢)I and similarly, (p —p)J = (§ —q)I.

4. Harmonic generalized metallic structures

4.1. Metallic structures on the generalized tangent bundle

Let TM @ T*M be the generalized tangent bundle of M and let (/, §) be the generalized
metallic pseudo-Riemannian structure induced by (/,g) [4]. In block matrix form, J is

written as
Je J 0
\bg S +pl

and the metric ¢ is given by

8X+a,Y+B)=g(X,Y)+g(Heet, 5e) + [p(a(Y)+B (X)) —2(a(JY)+B (X)) =

1
=
— o(X,¥) + gk, 1) + W[a(ﬁ)+ BUX),

forany X,Y € C*(TM) and o, B € C*(T*M), where b, and f; are the musical isomor-
phisms induced by g.

Let V be the Levi-Civita connection of g and let V be the induced generalized
connection [4]:

VC(TMOTM) x C(TMST*M) — C*(TM & T*M)

Viia Y +B) :=VyV + VB,
forany X,Y € C*(TM) and , B € C*(T*M).

4.2. Harmonicity of generalized metallic structures

Define the exterior differential and codifferential operators for any TM & T*M-valued
pformT e T(AP(TM®T*M)* @ (TM®T*M)) by

p+1 R ~
dT)(0y,...,0,,,) = — Z(71)’(Vo-iT)(Gl,...,GI-,...,Gerl)

i=1

and
n

(8T)(0y,...,0, ) = f;(ﬁ,;[n(;,ol,...761,71)7

for {&},.;, a g-orthonormal frame field, and the Hodge-Laplace operator on
DAP(TM&T*M)* @ (TM ST*M)) by

A:=dod+dod.
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PROPOSITION 9.
(dN(X +o,Y +B) = (d))(X,Y) + (VyJ*) o — (Vi J)B,
forany X, Y € C*(TM) and o, B € C*(T*M).
Proof. A direct computation gives:

(@NX + .Y +B) = (VoY +B) = (Vy g/ (X + @) =

=Vl (Y +B) = (Vi (Y +B) = Vy g/ (X +0) +J(Vy s (X +a)) =
=VyJY +Vybg(Y) = Vy "B+ pVy B —JIVyY —by(VyY) +T"(VyB) = pVx B -
—VyJX = Vb (X)+VyJ o — pVyo + IV X +b,(Vy X) =T (Vya) + pVyor =
— (V)Y — (V)X + (Vo) ot — (Vod*)B =
= (@)X, Y)+ (VyJ )= (VxJ)B.

PROPOSITION 10. dJ = 0 ifand only if (M, J,g) is locally metallic.

Proof. From Proposition 9 it follows that dJ = 0 if and only if dJ = 0 and VJ* = 0.
Since VJ* = 0 if and only if VJ = 0 and moreover, VJ = 0 implies dJ = 0, we get the
statement. O

In order to compute the codifferential operator we need a g-orthonormal basis
of TM®T*M.

First we recall the following. Let (M,J,g) be a metallic pseudo-Riemannian
manifold such that J> = pJ + gl with p? 4-4q # 0. Define

. -1
Ji=———— (20— pI).

VIp*+4q|

A direct computation gives the following:

LEMMA 4.
2 p*+4q

PP +4ql

In particular, J is an almost product structure for p* +4q > 0 and an almost complex
structure for p> 4 4q < 0.

We shall consider the case when g is a Riemannian metric, which, in particular,
implies that p? +4¢q > 0 (because if g is positive definite, then J has necessarily real
eigenvalues, and J2=0.
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Let n be the real dimension of M and let {E;}, ., be a g-orthonormal frame
field for 7M. If we consider {b;(E,)},;<, and 0, := JE; +by(E;), we have:

8(0,,0;) = ¢(JE,,JE;) +8(E,,E;) + 8(E;, J’E,) + ¢(E;,J°E;) = 4g(E,,E;).
In particular, defining
& =50,
we have that &, for 1 </ <n, are §-orthonormal on TM & T*M.

PROPOSITION 11.

5/ 5]+b YV,

=

where {E;} | ;. is a g-orthonormal frame field for TM.

Proof. A direct computation gives:

= 3 Y9 T+ o) — " Gl E)) + P20 B)) (5 5 TE + 1 ()] =
:_Zi[(ViEiJ)fEi (V5 E)] =

6J+|> Zn: iz )ED)-
i=1

LEMMA 5.

4(d8T)(X + o) = (dS8J)(X) + by ( ZV E)),

for any X € C*(TM) and oo € C*(T*M), where {E;},_,., is a g-orthonormal frame
field for TM. o

Proof. We have:

4d8I) (X +a) =4Vy, ( 8T =4V 87 = V87 + byl Z i ))E)) =
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= (d8J)(X) +by( Z 75 VED)-
O
LEMMA 6.
4(8d))(X +a) = (8dT)(X) + (V") (o) +
+bg(Z £ (VXDE) + (Vi) (V ,)+(ijE.XJ)EJ)7

for any X € C*(TM) and o € C*(T*M), where V>J* := Z?:I(VE,.VE’.‘I* — VVE.E,-J*)
and {E;} ., is a g-orthonormal frame field for TM.

Proof. We have:

N

A(8dN) (X +a)=-Y (V; dJ}(fEi+bg(Ei),X+a) =
i=1
== y WjE_(dj)(jEi"'bg(Ei)vX +o)— (dﬁ(ﬁjg,(jEi +0g(E;)), X +a)—
:1 1 1

*(dﬂ(fEﬂng(EiL@fE[(X+O‘)] =

n

= = LAY 5 (AUEX)) 9 1, (VI o) = Vg (Vg )0~
o 157 0= (T30 )~

—(dJ)(V fEifE,.,x) +(V
_(dJ)(JEl,VJEX) Vo 4_ng(E")+(VfEi‘]*)a] =

n

=(8d))(X)+ Y [(V;, VT —(V

JE; " JE, J*)a]+

~ Vi, JE;

-

+bg( [7vai((vX])Ei) + (VVjE-X])Ei + (V )(VJE z)]) =

i=1

= (8dJ)(X) + (V2I*) (o) +

+bg(2 £ (V) )E) + (V) (Vi E) + (Ve XJ)ED

Defining
(A7) (@) == bg ((AJ) (B @)

we have the following Weitzenbock formula for J*:
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LEMMA 7.
(A7) (@) = —(V2T")(at) —bg (Z (E;, B 0)J)E)),

for any a € C*(T*M), where {E;} ., is a g-orthonormal frame field for TM.
Proof. 1t follows immediately from the Weitzenbock formula for J [15]. O

Then the expression of the Hodge-Laplace operator on N'(AP(TM & T*M)* ®
(TM @©T*M)) computed on J is given by:

PROPOSITION 12. Let (M,J,g) be an n-dimensional metallic Riemannian man-
ifold such that J*> = pJ + gl with p> +4q > 0. Then for any X € C*(TM) and
o eC*(T*M):

4AN)(X +a) = (AT)(X) — (AT*) () +

,Zn; (X TE)DE; = (R(E;, te0)))E; + (V 1, 1) (Vi E}))),

where {E;} |, is a g-orthonormal frame field for TM.

Proof. Let us consider a g-orthonormal frame field {F;}_,, in a neighborhood of a
point x € M such that (V,F j)(x) = 0. Remark that E; := JF defines a g-orthonormal
frame field and JE; = J>F, = F,. Then (V ;,, JE,)(x) = 0.

From the previous computations we get:
AAN)(X +0) = (d8T)(X) + g ZVX( J)E;) + (8dJ)(X) + (V2I") () +

(V- (VD)E) + (T )V B+ (Vg )E]) =
= (AN)X) ~ (AT ) (@)t
55 (L ((ROCTE B, (RUE, 8500+ (V) (VxE))

COROLLARY 5. J is harmonic if and only if the following conditions hold:

1. J is harmonic;
2. YL (R(E, X)J)E; = 0;
3 Y (R(X,JE)E; + (V jEiJ)(VXEi)] =0,

for any X € C*(TM), where {E;}, ., is a g-orthonormal frame field for TM.
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5. Harmonic maps between generalized tangent bundles and harmonic general-
ized metallic structures

Let (M,J,g) and (M,g,J) be two n-dimensional metallic Riemannian manifolds. De-
note by V and respectively, V the Levi-Civita connections associated to g and respec-
tively, g.

Consider @ : (M, J,g) — (M,J,g) a diffeomorphism and define:

S TMOTM - TMOTM, d(X +a) :=D.X + (") a,
for any X € C*(TM) and a € C*(T*M).
REMARK 3. If ®: (M,J,g) — (M,J,g) is a metallic map, then

~b
o
o

olJ,

o

where (J, $) and (j,@) are the generalized metallic Riemannian structures induced by
the Riemannian structures (J, g) and (J,g) [4].

The tension field of & is defined by
(D) := Z[Vé*é,é*é _&)*(Vgiéiﬂa

where {§; := 1JE, + %bg(Ei)}]ggn for {E;}, ., a g-orthonormal frame field on TM.

PROPOSITION 13. Let ® : (M,J,g) — (M,J,g) be an isometry. Then ® is a
harmonic map if and only if ® is a harmonic map and

[ch* (JE)) (

™=

D.E) = (V. E))] =0,

Il
—_

for {E;}, ..., a g-orthonormal frame field on TM.

Proof. Let & := 3JE; + 1b,(E;) where J := \/1%4(](2]71)1) and {E;},_;., a g-

orthonormal frame field on TM. A direct computation gives:

o) = 1YV, gy (@ TE)) (Y, JE)

= @) 1Y BTy g (91)) g @V, E)] =
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(@) + 33¢(% Ty, ) (915~ 0.7, ) =

_ 1! _r__ _ Y
= 37O+ =t (@)~ p2+4q 25 (L Vo5 (B:E) = 2. (V5 )
O

PROPOSITION 14. Let ®: (M,J,g) — (M,J,g) be a metallic isometry and let

(J,8) and (jé) be the generalized metallic Riemannian structures induced by the non
trivial metallic Riemannian structures (J,g) and (J,g) [4]. Then

T(t(®)) = f%[@(éj) — 87+ % i‘?[vq)*Eicb* (JE;) = @.(VE JE) |+

+p ++/p? +4

apiiag T

bo(®.(8) — 87)—

Y
4/p*+4q

et
4 [72 +4q i=1 !
p n
_2 p2 —|—4q g(; [V(D (JE,')(D*E’ q)* (VJE El)])+
1
N @ £ P~ (Y, E)]),

for {E;}, <<, a g-orthonormal frame field on TM.

Proof. 1t follows from Propositions 7 and 13. O
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