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ON PRIMITIVE ULRICH BUNDLES OVER A FEW PROJECTIVE
VARIETIES WITH PICARD NUMBER TWO

Dedicated to the memory of Gianfranco Casnati

Abstract. We introduce the notion of primitive Ulrich bundle in a smooth projective
variety. We motivate this notion and give a cohomological characterization in the case
of the degree 6 flag threefold and rational normal scrolls. Finally we propose a few open
problems.

1. Introduction

A locally free sheaf (or “bundle”) & on a projective varity X is ACM if it has no
intermediate cohomology or if the module E of global sections of & is a maximal
Cohen-Macaulay module. There has been increasing interest on the classification of
ACM bundles on various projective varieties, which is important in a sense that the
ACM bundles are considered to give a measurement of complexity of the underlying
space. A special type of ACM sheaves, called the Ulrich sheaves, are the ones
achieving the maximum possible minimal number of generators. These bundles
are characterized by the linearity of the minimal graded free resolution over the
polynomial ring of their module of global section. Ulrich bundles, originally studied
for computing Chow forms, conjecturally exist over any variety (see [12]).

In this article we introduce the notion of primitive Ulrich bundle as an Ulrich
bundle which is extension of direct sums of Ulrich line bundles. If we consider the
varieties with a finite number of ACM bundles (see [11]) the projective spaces P,
the hyperquadrics 2, the Veronese surface V, and the cubic scroll S(1,2) we notice
that, except for the cases of 2, with n > 2, most of the Ulrich bundles (actually also
of the ACM bundles) are primitive.

In [13] it has been showed that the quartic scroll surfaces S(1,3) and S(2,2) sup-
port at most one dimensional families of Ulrich bundles. An explicit classification
it is given and we can notice that all the one dimensional families are made by
primitive Ulrich bundles. Also on elliptic curves there are at most one dimensional
families of (primitive) Ulrich bundles (see [4]). On Segre varieties P™ x - x P,
with ny < --- < ng, it is possible to find arbitrary large dimensional families of Ul-
rich bundles; when n; =1, arbitrary large families of primitive Ulrich bundles has
been constructed in [10]. See [18] for Segre-Veronese varieties, [1] for ruled sur-
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faces and [3] for Hirzebruch surfaces. Also on different type of threefold scrolls
arbitrary large families of primitive Ulrich bundles has been constructed (see [16]
and [15]). We may conclude that primitive bundles play an important role within
Ulrich bundles and that they are worth investigating. Here we give cohomological
characterizations of primitive Ulrich bundles on the degree 6 flag threefold and
rational normal scrolls and we propose a few open problems

Here we summarize the structure of this article. In section 2l we introduce
the definition of primitive Ulrich bundles and several notions in derived category of
coherent sheaves to understand the Beilinson spectral sequence. In section [3|we
deal with the case of the degree 6 flag threefold. In section [4| we study the cases of
rational normal scrolls of arbitrary dimension. In section[5|we discuss a few open
problems.

2. Preliminaries

Throughout the article our base field is the field of complex numbers €. We denote
by X a smooth projective variety over € with a fixed ample line bundle Ox(1).

DEFINITION 1. A coherent sheaf & on a projective variety X is called arith-
metically Cohen-Macaulay (for short, ACM) if it is locally Cohen-Macaulay and
HY(&()=0forallte Zandi=1,...,dim(X) - 1.

DEFINITION 2. For an initialized coherent sheaf & on X, i.e. ho(&(-1)) =0 but
h°(&) # 0, we say that & is an Ulrich sheaf if it is ACM and h°(&) = deg(X)rank(&).

REMARK 1. The following conditions are equivalent (see [12]):
(i) E is Ulrich.
(ii) E admits a linear Opn~ -resolution of the form:
0— Opn (=N +m)™N " — .. — Opn (1) — O} — E— 0.

where ay = rank(E)deg(X) and

N-n
a; = i ao

for all 7.
(iii) H'(E(-i))=0fori>0and H (E(-i—1))=0for i <n.
Moreover, since X smooth, an Ulrich sheaf is always locally free.

DEFINITION 3. A vector bundle E over X is said primitive Ulrich bundle if it
is an Ulrich bundle which is extension of direct sums of Ulrich line bundles. So E is a
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primitive Ulrich bundles if there exist A= &;_ L; and B = €B§=1L’j, with L,-,L’j Ulrich
line bundles, such that E arises from the following exact sequence

0—-A—E—B—0.

In particular s or z be can be 0 so also Ulrich line bundles can be consider as primitive
Ulrich bundles.

Let dim(X) = 2. Eisenbud and Herzog (see [11]) classified the varieties with
a finite number of ACM bundles: the projective spaces P”, the hyperquadrics 2,,
the Veronese surface V; i.e. (IF’Z,@PZ (2)) and the cubic scroll S = S(1,2) i.e. the
hyperplane section of X = P! x P?. In the following table in the second column we
list the ACM bundles up to twists, no twists of which are not Ulrich and in the third
column the Ulrich bundles:

ACM ULRICH
P @
2, o Z;
Vs 0,0(1) Qp2(3)

$,2) 06,0(1,00 ©(2,0,6(0,1),E

where X, are the spinor bundles (we use an unified notation for spinor bundles on
2, where for even 7, i can take on the values 1,2, while if n is odd, i can be only 1)
and E arises from the unique (hl(@s(—z, 1)) = 1) extension

0— 0s(0,1) — E — 05(2,0) — 0.

We notice that, except for the cases of 2, with n > 2, most of the Ulrich bundles
(actually also of the ACM bundles) are primitive.

Even in the other varieties with "few" ACM bundles, as was observed in the
introduction, the larger families are made up of primitive Ulrich bundles.

In the next section we will give some cohomological characterization of
primitive Ulrich bundles. An useful tool will be Beilinson spectral sequences:

Given a smooth projective variety X, let D?(X) be the the bounded derived
category of coherent sheaves on X. An object E € D?(X) is called exceptional if
Ext*(E,E) = C. A set of exceptional objects (Ey,..., E,) is called an exceptional
collection if Ext*(E;, Ej) =0 for i > j. An exceptional collection is said to be full
when Ext°(E;, A) = 0 for all i implies A =0, or equivalently when Ext*(A,E;) =0
does the same.

DEFINITION 4. Let E be an exceptional object in DY (X). Then there are func-
tors Lg and R fitting in distinguished triangles

Lg(T) — Ext"(E,T)® E— T — Lg(T)[1]
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Re(T)[-1] — T — Ext"(T,E)* ® E — Rg(T)

The functors Lg and Rg are called respectively the left and right mutation functor.

The collections given by

Elv =Lglg...Lg, ;  En-i;
VE; =Rg,RE, ,---Rg, ) En-i,

are again full and exceptional and are called the right and left dual collections. The
dual collections are characterized by the following property; see [17, Section 2.6].

KV kg pvy_ ) C ifi+j=nandi==k
1) Ext"(YEj,Ej) = Ext (E,,Ej)—{ 0 otherwise
THEOREM 1 (Beilinson spectral sequence). Let X be a smooth projective vari-
ety and with a full exceptional collection (Ey, ..., Ep) of objects for D?(X). Then for
any A in D(X) there is a spectral sequence with the E; -term

EPT= @ Ext"(Epp, A) & 7°(Ey)

r+s=q

which is functorial in A and converges to #P*9(A).

The statement and proof of Theorem|I]can be found both in [20} Corollary
3.3.2], in [17} Section 2.7.3] and in [5, Theorem 2.1.14].

Let us assume next that the full exceptional collection (Ey, ..., E,) contains
only pure objects of type E; = & [—k;] with &; a vector bundle for each i, and
moreover the right dual collection (EY, ..., E)/) consists of coherent sheaves. Then
the Beilinson spectral sequence is much simpler since

EP? = Ext"9(E,_p, A®Ey = H" 7 nr(8,_, & A)® Ey).

Note however that the grading in this spectral sequence applied for the
projective space is slightly different from the grading of the usual Beilison spectral
sequence, due to the existence of shifts by » in the index p, g. Indeed, the E;-terms
of the usual spectral sequence are H7(A(p)) ® Q™ (—p) which are zero for positive
p. To restore the order, one needs to change slightly the gradings of the spectral
sequence from Theorem |1} If we replace, in the expression

E" =Ext"(E—y, A®Ey,, = H'* "1 (& 0 Ao F_,

u=-n+p and v =n+ g so that the fourth quadrant is mapped to the second quad-
rant, we obtain the following version (see [2]) of the Beilinson spectral sequence:

THEOREM 2. Let X be a smooth projective variety with a full exceptional col-
lection {Ey, ..., E,) where E; = éal.* [—k;] with each &; a vector bundle and (ko, ..., k,) €
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7" such that there exists a sequence (F,, = %y, ..., Fy = %) of vector bundles sat-
isfying

) C ifi=j=k
@ R A CTE RS IR it

i.e. the collection (Fy,..., Fy) labelled in the reverse order is the right dual collection
of (Ep, ..., Epn). Then for any coherent sheaf A on X there is a spectral sequence in the
square —n < p <0, 0< g < n with the E; -term

EP9 = Ext1(E_p, A ®F_, = HI"*r(&_,e Ao 7_,
which is functorial in A and converges to

: A ifp+q=0
pa _
®) B’ = { 0 otherwise.

3. The flag variety F(0,1,2)

In this section we give a cohomological characterization of primitive Ulrich bundles
over the flag variety F(0,1,2) Let F < P7 be the del Pezzo threefold of degree 6 and
Picard number two. Let us call hj, hy the generators of the Picard group. Let us
consider F as an hyperplane section of P? x P? with the two natural projections
pi: F cP? x P> — P? and the following rank two vector bundles:

G1 = Py Qpe () = pi Qg (D] G2 = p3Qp, (o) = p3 [Qp, (1],

We write OF(a, b) instead of Or(ah; + bhy). We have the exact sequences

1) 0— Op(-2,0) — 03(-1,00 — 4 — 0
) 0— OF(0,-2) — 03(0,-1) — %, — 0
3) 0—% — 03 — Or(1,0) — 0
@) 0— % — 03 — Op(0,1) — 0

All the rank two ACM bundles has been classified in [7].
We may consider the full exceptional collection

6)) {Es =0p(—1,-1)[-2],E4 = Op(-1,0)[-2], E3 = Op(0,-1)[-1],
E) =% [-1],E, =%,Ey =0F}

and
(6)
{FO :@F!Fl :@F(_lyo))FZ :@F(O)_l)rFB :ﬁF(O)_Z)rF4 =@F(—2,0),F5 :@F(_]-)_]-)}
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THEOREM 3. Let ¥ be an Ulrich bundle on F such that h>(V (-2,-2) ¥4 ®
%,) =0. ThenV is primitive and arises from an exact sequence of the form:

@ 0— 0r(0,2)%% — ¥ — Gr(2,00%? — 0.

Proof: We consider the Beilinson type spectral sequence associated to «f :=
¥ (—2,-2) and identify the members of the graded sheaf associated to the induced
filtration as the sheaves mentioned in the statement. We consider the full excep-
tional collection &. and right dual collection &, in (5) and (6).

We construct a Beilinson complex, quasi-isomorphic to <, by calculating
H*ki(of ©8)) ® Fj with i, j €{0,...,6} to get the following table:

@F(_lr_l) @F(_Z,O) @F(Oy_z) @F(O,_l) @F(_l)o) @)F

H3 H3 * *
H2 H2 H3 H3 E3 *
H' H' H? H? H? H?
HO HO H' H' H? H?
* * H0 H0 Hl Hl
* * * * HO HO
Or(-1,-1) 0Ofr(-1,0) ©fr(0,-1) ) % Or

We assume due to 12, Proposition 2.1] that
Hi(ef(-j,—j) =0foralliand -1<j<1.
From the exact sequence
0— A G — A% — /(1,00 —0,

since, by (1), H®(«/ ®%1) = 0 we get H*(«/(1,0)) = 0 and since H(/(1,0)) = 0 we get
H'(o/ %) = 0. In a similar way we get H>(«/(0,1)) = H' (o ® %) = 0. If we twist
the above sequence by Gr(0,1) we get also H?(of ®4,(0,1)) =0 and an analog way
H? (o ®%(1,0)) =0.

From the exact sequence

0— /(1,00 > 4 - 4 ®%(1,0) — 0,

since, by , HO(«/®%(1,0)) = 0 we get H'(ef(~1,0)) = 0 and since H3(«#(~1,0)) =0
we get H? (o« ®4(1,0)) = 0. In a similar way we get H' («# (0, —1)) = H?(«/ ®%,(0,1)) =
0.

So the table become
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Or(-1,-1) Or(-2,00 Or(0,-2) Or(0,-1) Or(-1,00 OF

0 0 * * * *
0 H? 0 0 * s
0 0 H? H? 0
0 0 0 0 H? 0
* * 0 0
* * * * 0 0
Or(-1,-1) ©@p(-1,00 ©Gr(0,-1) @, @ Or

From the exact sequence
0— A9 09 — A3 0G — /(1,009 — 0,

since H?(of ® 91 ®%4,) = 0 and H?(o/ ® 9»(1,0)) = 0 we get H>(«/ ®%,) =0. In a
similar way we get H?(of ) = 0.
So the table become

@F(_ly_]-) @F(_zyo) @F(O) _2) @F(Or_l) @F(_l,o) @F

0 0 * * * *
0 a 0 0 * *
0 0 b 0 0 0
0 0 0 0 0 0
* * 0 0 0 0
* * * * 0 0
Or(-1,-1) Op(-1,0) 0©OF(0,-1) %> % Of

where a = h?(«/(-1,0)) and b = h?(<#(0,—1)). Hence we obtain
0 — Op(-2,0%% — of — OF(0,-2)°" —0.

So, twisting by Or(2,2) we get the claimed extension.

4. Rational normal scrolls

Let S= S(ay,...,ay,) be a smooth rational normal scroll, the image of P(&) via the
morphism defined by Opg) (1), where & = &' Op1 (a;) is a vector bundle of rank
n+1 on P! with 0 < ay < ... < a,. Letting 7 : P(§) — P! be the projection, we
may denote by H and F, the hyperplane section corresponding to Gpg)(1) and the
fibre corresponding to 7*Op1 (1), respectively. Then we have Pic(S) = Z(H, F) and
ws = 0s(—(n+1)H+ (c—2)F), where c:= ;’:0 a; is the degree of S. We will simply
denote Os(aH + bF) by Os(a+ b, a), in particular, Os(F) = Os(1,0). From now on we
fix an ample line bundle on S to be Os(H) = Os(1,1).

Recall the dual of the relative Euler exact sequence of S:

(1) 0— Qe (1,1) — B := ®]_Os(a;,0) — O5(1,1) — 0,
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and so we have wgp1 = O0s(—(n+1)H +cF) 20s(c—n—-1,-n-1). The long exact
sequence of exterior powers associated to (1) is

dn—l
0—0Os(c—n,—n) — AN"B(-n+1,-n+1) —

dn—2

(2)
d
AL B—n+2,-n+2) - - B —Os(1,1) — 0.

Now (2) splits into

3) 0 — Qpa (i, 1) = A'B — QU (i,1) — 0

for each i = 1,...,n, and we have Im(d; ® Gs(i —1,i — 1)) = Q;Pl(i, A,

Now, thanks the above sequences, we introduce suitable full exceptional
collections that we will use in the next Theorem (see [2, Example 4.6]):

En+1 = Os(—n,—n)[—nl, &y, =0s(—n+1,-n)[—n],
Ern-1=0s(—n+1,—-n+1)[-n+1], &5,-2=0s(—n+2,—n+1)[-n+1],...,
6’3 :@S(_l,_l)[_l]) éaz :@S(O,_l)[_l]r(gl = @S(_l)o) ) g’() :@S-

and the right dual collection

Fons1 =0s(c=3,-1), Fop =0s(c=-2,-1),
Fon1= Qi (n=3,n=1), Fonp = Qi (n-2,n-1),...,
F3= Qe (-1,1), Fo= Qg 0,1), F1=05(-1,0), F=0s.

THEOREM 4. LetV be an Ulrich vector bundle on S such that h' (V (—i,—i —
1))=0foranyi=1,...n—1. ThenV is primitive and arises from an exact sequence
of the form:

4) 0— 05(0,1)%°* — ¥ — Og(c—1,00°? — 0.

Proof: We consider the Beilinson type spectral sequence associated to & :=
¥ (-1,-1) and consider the full exceptional collection &, and right dual collection
&. above. We construct a Beilinson complex, quasi-isomorphic to «, by calculating
Hitk (A e&j)eF; with i, jell,...,2n+2} to get the following table. Here we use
several vanishing in the intermediate cohomology of <, </ (-1,-1),--+, < (—n,—n)
together with vanishing of cohomology H® and H"*!:
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Fone1 Fon  Fon-1 Fon—2 ... F> F1 Fo
0 0 0 0 0 0 0
0 H" 0 0 0 0 0
0 H"1 0 H" 0 0 0
0 H"2 0 H™ 1 0 0 0
0 0 0 H! ... H" 0 0
0 0 0 0 ... H™L Hn 0
0 0 0 0 ... H"?2 H™1 o
0 0 0 0 .. H! H? 0
0 0 0 0 .. 0 H! 0
0 0 0 0 .. 0 0 0

Eont1 & Epm1 Erp—2 ... & &1 &

217

By [2, Example 4.6], we may conclude that all the entries off the diagonal must be
zero and thus we get

Fon+1 Fon  Fon-1 Fon—2 ... Fo F1 Gy
0 0 0 0 0 0 0
0 H" 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 H™ ! 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 ... H' o0 0
0 0 0 0 ... 0 H' o0
0 0 0 0 ... 0 0 0

&ne1 Ean Epr Epn ... & & &

Notice that the vanishing hypothesis are:

R (¥ (-1,-2)) = K (£ (0,-1)) = k' (V ® &) =0,

R (V (=2,-3)) = h' (£ (~1,-2)) = h' (¥ ® ) =0,
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W W (—n+1,-n) = hi (A (~n+2,-n+1) = ' (V ® Ey_2) =0.

So we get the following table:

Fon1 Fon  Fon1 Fonz ... Fo F1 FHo
0 0 0 0 0 0 0
0 b 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 ... 0 0 0
0 0 0 0 .. 0 a 0
0 0 0 0 .. 0 0 0

Epr1 Eon Ep1 Ep2 ... 2 & &

where a:= hl'(«/(-1,0)) = h' (' ® &) and b:= K" (L (-n+1,-n)) = "' (L ® Eap).
This yields to the desired extension.

REMARK 2. For a rational normal scroll of dimension n+ 1 we need n—1
cohomolgical vanishing conditions in order to characterize primitive Ulrich bundles.
In particular for n =1 we get that any Ulrich bundle is primitive (see [13]).

For n =2 the primitive Ulrich bundles are characterized by just one cohomological
condition. In particular if ¢ = 3, S = P? x P! there are arbitrary large families of ACM
but only a finite number of ACM bundles which are not primitive Ulrich (see [14]).

5. Open problems

So far we have considered projective varieties with Picard number two. Let us
consider now the case P! x P! x P!, Let Vi, V5, V3 be three 2-dimensional vector
spas with the coordinates [x1;], [x2}], [x3x] respectively with i, j, k € {1,2}. Let X =
P(V;) xP(V,) xP(V3) and then it is embedded into P7 = P(V) by the Segre map where
V=VieV,®V;.

The intersection ring A(X) is isomorphic to A(P!) ® A(P!) ® A(P!) and so we
have

A(X) = Z[hy, ha, ]/ (W5, b3, h3).

We may identify A'(X) = Z®3 by ay hy + aphy + azhz — (ay, az, az). Similarly we have
AZ(X) =793 by kie1+ kpes + kses — (ki, ko, k3) where ey = hohs,e; = hihs,es = hihy
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and A3(X) = Z by chyhahs — c. Then X is embedded into P7 by the complete linear
system h = hy + hy + h3 as a subvariety of degree 6 sin h°® = 6.
We have six Ulrich line bundles namely Gx(2,1,0) up to permutations. Notice that

Ext'(0x(0,1,2),0%(2,1,0) = H' (Ox(2,0,-2)) = €3

and
Ext'(0x(1,0,2),0x(2,1,0) = H' (Ox(1,1,-2)) = €*

so we have two (up to permutations) families of rank two primitive Ulrich bundles
arising from the extensions

1) 0—-0x(2,1,00 - ¥V —0x(0,1,2) — 0.
and
2) 0—-0x(2,1,00 -V —0x(1,0,2) — 0.

Question 1: How many and what cohomological conditions are necessary to
characterize primitive Ulrich bundles on X or other varieties?

Question 2: The number of cohomological conditions is always the same for
each family of primitive Ulrich bundles on X or other varieties?

In [8] it has been proved that the moduli space of rank two Ulrich bundles
M (hy +2hy +3h3,4hyhs + hy hs + 2h hy) is a single point, representing the equiv-
alence class of all the strictly semistable bundles with such a ¢; from (1) and the
moduli space .4 (hy +2hy +3hs,2hyhs + 2hy hs +4hy hy) is generically smooth and
rational of dimension 5: its general point corresponds to a stable bundle and it
also contains exactly one point representing the equivalence class of all the strictly
semistable bundles with such a ¢; from (2).

Question 3: Which moduli spaces of Ulrich bundles are made up completely
of primitive Ulrich bundles and which only partially on X or other varieties?

So far we have considered the two Del Pezzo threefold of degree 6, the re-
maining case is the del Pezzo threefold Y of degree d = 7. Rank two ACM bundles
on Y are classified in [9] and it is showed that there are not Ulrich line bundles.
So on Y no primitive Ulrich bundle can exist. An interesting well known open
problem is the following: which is the lowest rank 6 of an indecomposable Ulrich
sheaf on a given projective variety? In the case of smooth hypersurfaces X c PNV
Buchweitz, Greuel and Schreyer conjectured (see [6]) that the minimal rank 6 of an
indecomposable Ulrich bundle should be at least 2"7) True for 2. So for the
cases where such a § is known we give the following definition:

DEFINITION 5. A vector bundle E over a smooth projective variety X is said
6 -primitive Ulrich bundle if it is an Ulrich bundle which is extension of direct sums of
Ulrich rank & bundles. So E is a §-primitive Ulrich bundles if there exist A= &;_, U;
and B = $7=1UJ"’ with Ui,U]’. Ulrich rank & bundles, such that E arises from the
following exact sequence
0—A—E—B—Q0.
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REMARK 3. On £, all the Ulrich bundles are §-primitive.

Question 4: How many and what cohomological conditions are necessary to

characterize §-primitive Ulrich bundles on a smooth projective variety?
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