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A STUDY ON OPTIMISATION METHODS IN CELESTIAL MECHANICS

Abstract. This text explores advanced methods for solving the N-body problem, particu-
larly through variational approaches and optimization techniques. The focus is on finding
critical points of the action functional, which correspond to potential orbits. Various
optimization strategies, including trust region methods, constrained optimization, and
metaheuristic methods, are discussed for their effectiveness in identifying minima, saddle
points, and other critical points. The text emphasizes the importance of choosing efficient
algorithms and the challenges in distinguishing between local and global solutions in
nonlinear optimization problems. The goal is to gather a wide range of solutions to gain
deeper insights into the system’s behaviour and uncover new properties.

1. Introduction

The N-body problem in the celestial mechanics consists in the study of the motion of
N point particles (the bodies) in the d-dimensional space, when just the gravitational
forces induced by the other N — 1 act on each particle. To formalize this dynamical
system, we first define the masses of the bodies as m;, ..., my > 0 and their respective
positions as xj(£),...,xn(#). These positions can be represented by the vector x(t) =
(x1(D),...,xn(1) € RN, The gravitational force exerted by mass m; on mass m; is
given by

Fij(x)=m;im;G

with G being the gravitational constant. For simplicity, we assume G = 1. The cumu-
lative force on the i-th mass is
n
F;= Z Fij

j#ij=1
and, according to Newton'’s law, it is represented by
m;Xi(t) = Fj.

It is worth noting that F; is not a central force field. By dividing both sides of the
previous equation by m;, we derive the N-body dynamical system
n Xi—Xi
X0 = Z m; ]—l3
J#hi=1 |xj = xil
i=1,...,n.

ey

This system is valid for x € RAN \A, where A denotes the collision set

A:{xERdN:xizxj forsomei;éj}.
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By introducing the force vector
F(x) = (F1(x),..., Fn(x)) e RN
and the diagonal-block matrix of dimension d N x dN
M =diag(m1y,...,my1y),
we can represent system [1] in a compact form as
M3 (t) = F(x(1)).

This dynamical system [1] conserves energy, and the C! scalar function

mim;j dN
V(x)= ——— x€eR“M\A
igj |xi = xj

is such that
M3i(t) =VV(x(1).

So, if x: I < R — RN is a solution of the dynamical system [1], then the total energy is
conserved along the motion x, that is

1
E(M}'C(t),)b(t)) -V(x()=h, foranytel, 2)
for some constant & € R. The function
1
K(p):=>(Mp,p), pe rRN?

is the kinetic energy, while the potential energyis —V(q), g € RN4\ A.

Analysing the general N-body problem, one can prove the existence of some
special periodic solutions (relative equilibria and homographic solutions, starting
from central configurations). In recent years, a variational approach to the problem
has been used which has brought significant progress in the field and new possible
orbits have been determined. We refer to the following articles and references therein:
[2,3,21,22]. For this purpose, we introduce T, the unit circle of length T, and the
space of centred configurations &, a subspace of RN? formed by the points x =
(x1,x2,-++,xN) with centered center of mass Zﬁ\io m;x; =0. Let A = HY(T, %) the
Sobolev space of the L? loops T — & with L? derivatives. The new method consists
in the minimization of the Lagragian action functional «:

T
d(x)=f %(MX(t),X(t))+V(x(t))dt, 3
0

on a space of loops A where x;(f) € R%, with d = 2 or d = 3. The action functional .«
is of class C! on the subspace A c A of the collisionless loops.
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We can now consider the restriction of the action functional </ to a functional
defined on a subspace of G—equivariant loops, where G denotes an appropriate
finite group. In this case, the problem can be defined in a simpler way: it becomes a
Bolza-conditioned problem. As a matter of fact, the action functional is analysed on
a particular subdomain, the so called fundamental domain, and, thanks to the group
of symmetries G, the result can be copied symmetrically, obtaining the entire orbit.
Furthermore, the initial conditions become conditions that are only restricted to the
border of this fundamental domain, therefore Bolza conditions. This is a fundamental
step towards the minimisation problem, since it allows to switch from the analysis of
periodic loops to the minimisation among fixed-end points which share initial and
final conditions fixed on extrema of such subdomains. For more details, see [4].

So, while in the classic problem the solutions were sought as solutions to differential
systems, in this new approach the solution trajectories are seen as the search for the
critical points of the action functional.

At this point, it becomes important to use effective and efficient optimisation
methods to determine such trajectories. optimisation is the process of minimizing
or maximizing a function subjected to constraints on its variables. The first step to
tackle is therefore to identify the real variables and constraints related to the problem.
We give a brief overview of how this process can be carried out. We consider [3],
where N, d, my,...,my > 0 are input values. Our goal is to reckon the N trajectories
x1(8),...,xn(0), with x; (1) € R%, i =1,...,N as the minima of the action functional <.

We have two possible choices for modeling our problem. The first one consists
in discretizing the integral operator using an appropriate quadrature technique
and subsequently using finite differences for the approximation of derivatives. In
particular, we consider an uniform grid 0 = 7o < f; <--- < tpr+1 = T SO tj represents
the k-th instant of the interval of time I = [0, T]. We put

N . m;:m:i;
G(D) = Gy (1), XD, xn () = Y S+ Y —
i-1 2 i<y 1% —xjl

and we consider a composite trapezoidal rule on the M + 1 intervals

T h
de Gdt~—
0 2

M
G(1) + Glip+1) +2 ) G(1g)
k=1

where h = T/(M + 1), considering yl’.C ~ x;(ty) € R%i=1,....N,k=0,...,M+1and
together with a forward difference formula we obtain

m,-mj
hz k k
i<j |yl _y]|

N m;:
I [ R e @

k1 _ k|2 ]

0 0 M+1 M+1

|yl~_J/j|+|yl~ _yj | a)
Y Mimj——— e = )
i<j |yi_yj||yi _yj |
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where we introduce opportune ghost points ylM *2, Consequently, we have to optimise
the object function

f(ylk):'d];l)! I:Ir)va:Ir;M (5)

with constrains y? € Hy and thH € Hy,i=1,---,N, where Hy, Hy are subspaces of

R and the numerical solution is a block real matrix (yl{‘),‘,k eR4 i=1,...,N and
k=1,...,M, with dimension d x N x M. For further details, see [9-12].

An alternative strategy relies on a Fourier expansion of the trajectories; related meth-
ods can be found, for instance, in [25-28]. Following the approach adopted in [4, 24],
the trajectory is decomposed into a linear interpolant connecting the boundary
configurations and a finite Fourier correction. More precisely, we write

t
x(t):xo+;(x1—xo)+w(t), (6)

for £ € [0, ], where the remainder term satisfies the homogeneous boundary condi-
tions ¢ (0) = w(x) = 0. The function () is approximated by a truncated Fourier sine
series. Let F € N denote the number of retained modes; then

F
y(r) = Agsin(kt), te 0,7,
k=1

with coefficients Ay € R4*". The choice of sine functions guarantees compatibility
with the prescribed boundary conditions. Inserting the ansatz [6] into the action
functional [3] yields a reduced functional of the form

flxox1, A =t?,  k=1,.,F @

This formulation leads to an optimisation problem involving (F +2) x d x n real
variables, which can be solved using suitable numerical minimisation techniques.
Additional implementation details are discussed in [4, 24].

In both models, we have introduced scalar functions f;,i = 1,2, given by [5] or by
[7], in the variables x = yl{‘ or x = Ay where the vector x represents the unknowns of
our problem and some constraints. The functions f = f;,i = 1,2, to be maximized or
minimized is usually referred to as the objective function.

The various methods and approaches presented in this work are used to collect as
many critical points as possible of the action functional, defined in [4]. These critical
points include minima, maxima and saddle points. Once obtained this large set,
it is fundamental to be able to distinguish them or to consider them equal when
they give the same orbit. As a matter of fact, an overview of a large scale of possible
orbits of the N-body dynamical system would give us more information on how this
system develops. Moreover, using the orbits obtained numerically, we might be able
to discover new properties and previously hidden patterns.

There are no universal algorithms to solve a specific problem, but rather a collection
of algorithms, each of which is tailored to a particular optimisation problem.
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To set the notation, let us consider x as a vector of variables, which are the parameters
or unknowns. Then f is a scalar function called the objective function that represents
the function we want to minimize or maximize. Finally, we have two sets of scalar
functions which are the constraint functions, denoted by ¢; and d; that define certain
equations or inequalities, respectively, that must be satisfied.

Optimisation algorithms are always iterative methods that are distinguished
based on the technique used to move from one iteration to the next. Roughly speak-
ing, we can distinguish between methods that obtain the next iteration using the
values of f, the values of the constraint functions d;(x), and possibly their first or
second derivatives, or methods that take advantage of the information accumulated
in previous steps, or even local information derived from the current point.

Choosing an algorithm is not a simple matter but important, as it determines how
quickly or slowly a problem can be solved and above all how satisfactory the solution
can be. An algorithm must be efficient in terms of memory usage or computational
time, and accurate, meaning it must be able to determine the solution with precision,
without being too sensitive to errors introduced in the data or rounding errors intro-
duced once the algorithm is implemented on a computer, remembering, however,
that these goals often conflict with each other. (optimality conditions, sensitivity
analysis?)

We underline the importance of the regularity of the functions involved both
to be able to exploit information on constraints and objects at nearby points and
to establish the nature of the solutions found. We speak of local or global solutions.
Many algorithms for nonlinear optimisation problems lead to a local solution or
points where the objective function is smaller compared to the value of the function
at nearby points. It is not always easy to find a global solution that represents the
point where the objective function takes the smallest value over the entire domain.
In cases where f is a convex function, global solutions are also local. In general,
nonlinear problems, both constrained and unconstrained, have local solutions that
are not global and a large number of local solutions must be sought, to which global
optimisation algorithms can then be applied.

The aim of our work is to present a brief survey of the possible optimisation
methods. With the advent of artificial intelligence, particularly in the realms of ma-
chine learning and deep learning, the optimisation techniques have gained renewed
interest and importance while, historically, optimisation techniques have been piv-
otal in areas ranging from operations research to economics. As a consequence,
the motivation of this work is to highlight the research and improvements made
in the last years. As a matter of fact, we have not considered several well known
methods, such as the Gradient Methods and the Newton’s Methods. Both categories
are considered as fundamental techniques used in optimisation and they have been
generalised and improved during the past years. In the upcoming sections, we delve
into various optimisation techniques and their applications. Section 2 focuses on
trust region methods, laying the groundwork for more specialized topics; see for
example [5-7,31]. In Section 3, we explore constrained optimisation, with particular
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attention given to penalization methods, nonlinear optimisation, and the integral
roles of merit functions and filters in the optimisation process. Lastly, in Section
4, we pivot to metaheuristic methods, discussing techniques such as tabu search,
simulated annealing, and genetic algorithms. Each section aims to provide compre-
hensive insights into these respective methods and their implications.

All the described methods mainly focus on the research of minima. If one is interested
in saddle points and critical points of Morse index major than 2, they can on the
one side exploit these methods to find minima and then use, for example, bisection
algorithms to search for mountain pass critical points (i.d. saddle points of Morse
index equal to 1); on the other side, they can impose as objective function to minimise
the gradient, so to find critical points, which may include saddle points. In general,
the metaheuristic methods can be seen as the most versatile ones for the search of
critical points which are not global or local minima.

2. Trust-Region Methods

A general algorithm for minimization, starting from an initial point x, produces a
series of iterations, denoted as {xk}i":o which conclude either when further improve-
ments seem unattainable or when the solution appears to be approximated with
adequate precision. To transition from one iteration x to the next, these algorithms
utilize data about the function f at the point x; and potentially also from prior itera-
tions like xp, x1,---, x_1. Leveraging this data, they identify a subsequent iteration
Xk+1 that has a more favorable function value than xj. There are two principal strate-
gies for moving from the current point xj to a new iterate xy,;. In the line search
approach, the algorithm picks a direction, denoted as py, for example py = =V f(x¢)
in the gradient methods or p; = — Hy.(x) "'V f(x¢) in the Newton methods, where
Hj.(x) denotes the Hessian of f in xi, and then searches along this direction from
the current point x to find a new point with a better function value. The extent to
which one should move in the direction py is determined by attempting to solve a
one-dimensional optimisation problem to identify an optimal step size, a, given by:

min f(xx + apg)-
a>0

Ideally, by solving this problem precisely, one would maximize the benefits from the
chosen direction p. However, finding the exact solution might be computationally
intensive and often is not required. Instead, the line search method tests a few
potential step sizes until it identifies one that provides a good approximation to
the minimum of the problem. Once this new position is established, the algorithm
determines a new search direction and step size, and the cycle continues.

In the trust region approach, the information collected about the function f is utilized
to create a model function, denoted as m, that mimics the behaviour of f around
the current point x;. However, since mj might not accurately represent f at points
distant from xj, the search for an optimal point for my is limited to a vicinity around
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X. Specifically, the potential step p is determined by trying to solve:

min m(xg +p) subjected to x; + p being within the trust region.
p

If this proposed step does not lead to a significant reduction in f, it implies that our
trust in the region’s size might be misplaced. Consequently, the region is reduced in
size, and the problem is tackled again. Typically, the trust region is a sphere described
by I pll. < A, where A > 0 is the radius of this trust region. Other shapes, like ellipsoids
or rectangular regions, can also be employed.

Furthermore, we consider my to be based on the Taylor-series expansion of
our objective function f at xi, therefore

1
fOr+p)=fetgip+ EpTHk(xk)pm(npn%,

where fi. = f(x;) and g = Vf(xx) and ¢ is a scalar in (0, 1). We consider an approxi-
mation By of the Hessian Hj(xy) in the second-order term, therefore we can define
my as

1
m(p) = fe+ 8l p+ EPTBk p,

where Bj is a symmetric matrix. One can note that m(p) and f(x; + p) differ of a
factor @ (|| Pllz) that is small when p is small. In the trust region Newton methods, we
make the following choice By = Hy(xy), which leads to an approximation error of
o]l p||3), therefore we obtain an accurate model when || p|| is small.

Trust region methods are considered optimal and general, as few properties, only
symmetry and uniform boundedness, are imposed on By, making it more usable in
several problems.

A step is obtain finding a solution to the following problem

. 1
min m(pi) = fi+ & pr+=piBrpr st lIpell < Ay, (8)
pk€Rn 2

where Ay > 0 is the trust-region radius; therefore the solution p; of [8] can be seen as
the minimiser of 7 in the ball of radius A. One can verify that p} is a solution of
[8] if it solves the following

(Be+AcDpr = —8k

for a A = 0 with By + A I semidefinite positive and the condition A (A — || p,: I =0.
OBSERVATION. One can note that when By is positive definite and IIB];1 grll =

Ak, we can easily find the solution of [8] as the unconstrained minimum pf = —B,;lgk
of the quadratic m(p). In this specific case, pf is defined as full step.

Radius A of the trust-region. The key element in a trust region method is the
choice of the radius A at each iteration. The agreement between the model function



58 L Cravero - M. Introna

my and the objective function f at previous iterations is used to make an accurate

choice of the current trust region. Given a step py, one can define the following ratio
_ JOa) = f e + pid)

my(0) — my(pr)

9)

where the numerator is known as the actual reduction while the denominator as the
predicted reduction. When py, is negative, which means f(x;) is smaller than the
current value f(xi + px), one rejects the step. However, when py — 1, the model m
and the function can be considered similar over the step, therefore one can enlarge
the trust region in the following iteration. On the other hand, when 0 < pj << 1 one
does not modify the trust region; in case pj near to 0 then one reduces the trust
region at the next iteration.

Algorithm 1: Trust Region Method

Input: Set A >0, Ag € (0,A) and € [0, 7).
Output: Approximation of the solution.
for k=0,1,2,...do
Reckon py by solving [8] in an approximate way;
Evaluate py using [9];
ifpr<i
then
I_ A1 = iAk;
else
if o > 2 and || pill = Ag
then
| Ags1=min@Ag,A);
else
L Aks1 =A%

ifpr>n

then

[ Xk+1= Xk + Pk
else

L Xk+1 = X

return the current trial solution.

We denote A as an overall bound on the step lengths.

OBSERVATION. One increases the radius only in the case in which || p |l reaches
the boundary of the trust region. When the step does not reach the boundary the cur-
rent value of Ay is considered not to be interfering with the progress of the algorithm,
therefore it is not altered.

The Cauchy Point. Though in theory one looks for the optimal solution of the sub-
problem [8], for purpose of global convergence, it is sufficient to find an approximate
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solution py, which is in the trust region, and provide a considerable reduction in the
model. One can quantify this considerable reduction using the Cauchy point, which
can be denoted by p;.. We define this point using a particular procedure. We compute
a vector plsC which is the vector that solves a linear version of [8], which is

p;. = argmin fj + ngpk s.t. | pell < Ag; (10)
preR”

Then we find the scalar 74 > 0 that minimises my (7 p;) which has to satisfies the
trust-region bound, that is

T =argminmi(tpy) st llTppl < Ak 1y
720

and then we set p} = ¢ p}.-

The Cauchy step pj, can be calculated in an inexpensive way and it is funda-
mental when one has to decided whether to accept or not an approximate solution
of the trust-region subproblem. In detail, one can prove that a trust-region method
globally converges if its steps py give a reduction in the model my that is at least
some fixed positive multiple of the decrease attained by the Cauchy step.

OBSERVATION. One does not take the Cauchy point as our step because other-
wise it would be like implementing the steepest descent method using a particular
choice of step length. It is known that steepest descent method performs poorly even
if an optimal step length is used at each iteration.

Therefore, when using trust region methods, one usually computes the Cauchy
point and then makes an improvement of it. In order to do so, one designs the
algorithm so that the full step pf = _BI;I 8k is selected when By is positive definite
and || pf | < Ag. Let us see now two methods to approximately solve [8] which are
based on the strategy just described, i.e.

1. Doglet Method: it is used if the model Hessian By, is positive definite.
2. Two-dimensional-subspace-minimisation: it is used when By is indefinite,
although an estimate of the most negative eigenvalue of By, is needed.
2.1. The Doglet Method

As previously mention, one can use this method when By is positive definite.

It is important to see how the trust-region radius Ay effects the solution pj (Ax) of
the subproblem [8]. When By is positive definite, we know that the unconstrained
minimiser of my, is pf = —B,;lgk. Of course, when this point is considered feasible, it
is a solution; therefore one has

pi(Ap) =pg, whenAg=|pgl.
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In the case in which Ay is small in relation to pf, the constraint || pi |l < Ak assures us
that the solution of [8] is not so effected by the quadratic term in my. For such choice
of A, one can reckon an approximation to py(Ay) thatis

pr) = —-A Sk \hen Ay is small.

lgxll’

For intermediate values of Ay, one can note that the solution p}; (A) usually follows
a curved trajectory.

The doglet method looks for an approximate solution by substituting this curved
trajectory for p,: (Ag) with a path, which consists of two line segments. The former
one starts from the origin until the minimiser of my is reached, following the steepest
descent direction, which can be written as

T
81 8k
U k
Py == 8k
, gL B gk

while the latter one starts from pg until pf. It can be summarise as the trajectory
p(r) with 7 € (0,2) that is defined as

Tpllcj, 0o<t<l,

pi(7) =
{p,lfﬂr—l)(pf—pg), lst=<2.

In conclusion, the doglet method selects p; to minimise the model my, following

this path constrained to the trust-region bound. One can prove that this minimum

can be easily found.

2.2. Two-dimensional-subspace-minimisation

When By is positive definite, one can improve the doglet method; as a matter of fact,
the search for p; can be widened to the entire two-dimensional subspace spanned
by pg and pf ,i.e. spanned by g and —B,;lgk. So one can substitute the subproblem
[8] with the following one

. 1 _
min m(pe) = fi + gipr+ Ep,kapk s.t.0 | pll < Ag, pi € span(gg, By gkl. (12)

One can deduce that the Cauchy point pz is feasible for [12]; therefore, we know that
we would get the same reduction, given by the optimal solution of this subproblem,
in my as the one given by the Cauchy point, which leads to global convergence of the
algorithm.

One can modify this strategy to adapt it to the case of By being indefinite. We only
present here the general idea, without going into details. When By has two negative
eigenvalues, the two-dimensional subspace is altered in [12] into

span gy, (Bx+al) 'gy] forsome a € (=1y,—2M1], (13)
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where we denote 1; as the most negative eigenvalue of B;. One makes this choice for
a so that By + al is positive definite and the range of @ gives more freedom in terms
of methods to compute it. When || (B + al)‘lgk I < Ag, the subspace search of [12]
and [13] is substituted with the following definition of the step to be

pe=-Br+aD g+,

where v defines the vector that satisfies UT(Bk +alh™! 8k =0, so one has that || pill =
By + D)~ gill.

On the other hand, when By has zero eigenvalues but no negative ones, the step to
be is defined as the Cauchy point py = py.

3. Constrained optimisation

In mathematical optimisation, constrained optimisation can be defined as the process
of optimising an objective function with respect to some variables in the presence of
constraints on those variables. The objective function can be either a cost function
or energy function, which is to be minimized, otherwise a reward function or utility
function, which is to be maximized. Moreover, one can have different possible con-
straints. They can be either hard constraints, which set conditions for the variables
that are required to satisfy, or soft constraints, which have some variable values that
are penalized in the objective function if the conditions on the variables are not
satisfied.

Let us consider the problem in the following form:

min yepn fx
subjected to ci(x)=0 forie.# equalityconstraints (14)
di(x)=0 forieé& inequality constraints,

where the objective function f and the constraint functions are all smooth, real-
valued functions on a subset of R”.

Let us give some fundamental definitions:

DEFINITION 1. We define the feasible setT to be the set of points x that satisfy
the constraints; that is,

IF'={x|c;(x)=0,i€ F andd;(x)=0,i € &}.

DEFINITION 2. The active set Q(x) at any feasible x consists of the equality
constraint indices from % together with the indices of the inequality constraints i for
which d;(x) = 0; that is:

Qx)=~ufieé&|di(x)=0}.

At a feasible point x, the inequality constraint i € & is said to be active if d;(x) = 0 and
inactive if the strict inequality d;(x) > 0 is satisfied.
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In other words, an active constraint is a constraint that "binds" or "restricts"

the solution at that point; while an inactive constraint does not impact the solution
at that point.
In constrained optimisation, it is crucial to determine which constraints are active
and which are not, as this affects the direction in which one can move to improve the
current solution. Specifically, when using active-set based methods, the idea is to
start with a guess about the active constraint set and solve a simpler problem based
only on these constraints. If the guess turns out to be correct, you have an optimal
solution. Otherwise, the active set is updated, and the process is repeated.

DEFINITION 3. Given the point x and the active set Q(x), we say that the lin-
ear independence constraint qualification (LICQ) holds if the set of active constraint
gradients {Vd;(x),i € Q(x)} is linearly independent.

DEFINITION 4. We define the Lagrangian function for the general problem [14]
as

LN =f0)- Y Aici(x) = Y Aidi(x). (15)
ied i€e&

THEOREM 2. Suppose that x* is a local solution of [14], that the functions f, c;
and d; in [14] are continuously differentiable, and that the LICQ holds at x*. Then
there is a Lagrange multiplier vector A*, with components /1;*, i€ FUE, such that the
following conditions are satisfied at

V. Lx* A% =0,
ci(x*)=0, i€y

16
di(x*)=0, €& 1o

Af =0, i€&
Afdi(x*) =0, i€&US. (17)

The conditions [16] are often known as the Karush—Kuhn-Tucker conditions, or KKT
conditions for short. The conditions [17] are complementarity conditions; they imply
that either constraint i is active or AT = 0, or possibly both.

3.1. The Penalty Methods

The penalty methods are used to transform constrained optimisation problems into
unconstrained ones by adding penalty terms to the objective function. In particular,
considering [14], we introduce the penalty function

QUe,w) = f)+p Y wici(x))+p ) ¢di(x)
ied ie&

where p is the penalty parameter and v, ¢ are functions that penalize constraint
violations. The various methods differ based on the choice of functions ¥ and ¢.
Generally, smooth functions are chosen, and the penalty function is minimized over
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an increasing sequence of penalty parameter values p until sufficient accuracy of the
constrained problem is achieved. Another possibility is to use exact penalty functions,
sacrificing the smoothness of such functions. In literature, one defines a penalty
function to be exact when, due to particular choices of their penalty parameters,
the minimisation with respect to x can yield to the exact solution of the nonlinear
programming problem; see for example [14, 20]. It is an advantageous property
because we get a penalty method which depends less on the scheme to update the
penalty parameter. One can tackle the problem from several points of view. We
concentrate on three methods:

1. The quadratic penalty methods add a multiple of the square of the violation
of each constraint to the objective function to penalize solutions that violate
constraints. The quadratic-penalty-functions are smooth and differentiable;
they facilitate analysis and computation but they may require very large penalty
parameter values to enforce feasibility.

2. In nonsmooth exact penalty methods, the original constrained problem is re-
placed by an unconstrained problem, instead of a sequence, providing exact
solutions through the use of penalty functions without the need to increase the
penalty parameter. It introduces penalty terms that are exact, i.e., solutions
to the penalized problem which match those of the original constrained prob-
lem. In the end, one deals with a single unconstrained minimization problem,
although it being nonsmooth may add complications. An example of these
penalty functions is the ¢, function. With the advent of large datasets and
complex models, such as those in machine learning, nonsmooth optimisation
has become increasingly relevant. Algorithms for nonsmooth optimisation
have seen significant development see, for example [18].

3. The method of multipliers or augumented Lagrangian method combines the
Lagrangian function with quadratic penalty terms. It can be seen as a different
kind of exact penalty approach. In this case, one avoids the ill-conditioning,
which is inherent in the quadratic-penalty-function, using explicit Lagrange
multiplier estimates. As it converges quickly, it can handle both equality and
inequality constraints but it requires solving unconstrained problems at each
iteration.

We recall also the interior penalty functions; these functions add a penalty term to
the original objective function to "punish" solutions that approach the boundaries
of the constraints, pushing the solutions towards the interior of the feasible region.
The primary goal of interior penalty functions is to keep the solution within the
feasible region, avoiding the boundaries of the constraints. Therefore, they introduce
a penalty term that becomes infinite as the solution approaches the boundaries of
the constraints. A common example of an interior penalty function is the log barrier
function, where the penalty is based on the logarithm of the constraints.

Interior penalty functions are particularly useful when one wants to ensure
that the solution remains within the feasible region. This can be important in appli-
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cations such as linear and quadratic programming.

A major disadvantage of these methods is the requirement of an initial solution to
already be within the feasible region. Moreover, since the penalty term becomes
infinite at the boundaries of the constraints, the objective function can become very
steep, making the search for a solution more challenging.

The Quadratic Penalty Method

The quadratic penalty methods substitute a constrained optimisation problem with a
single function, the quadratic-penalty-function, that consists of the original objective
function and one additional term for each constraint, which is positive when the
current point x violates that constraint and zero otherwise; that is the reason why it
is called quadratic penalty method.

A classical way to approach the problem is to define a sequence of such penalty
functions, in which one multiplies the penalty terms for the constraint violations by
a positive coefficient. The larger this coefficient is, the more severely one penalises
constraint violations; consequently, the minimiser of the penalty function is pushed
closer to the feasible region for the constrained problem.

The simplest example of quadratic-penalty-function is when the penalty terms are
the squares of the constrained violations. Let us analyse first the equality-constrained-
problem, i.e.:

mxinf(x) subjected to cj(x) =0, i€.Z. (18)
One can define the quadratic-penalty-function Q(x; i) as follows:
Q=0 +5 Y ¢2m), (19)
2 i€ed

where p > 0 is named the penalty parameter. As previously said, the larger p is
(i.e. p— o0), the more severely one penalises constraint violations; consequently,
the minimiser of the penalty function is pushed closer to the feasible region for
the constrained problem. Therefore, it is logical to consider a sequence of values
{ur} with pg — oo, when k — oo, and to search for the approximate miniser xj of
Q(x; i) for each k. Thanks to the regularity of the terms in equation [19], one can
use unconstrained optimisation techniques to seek xj.

For general constrained optimisation problem [14], the quadratic-penalty-function
is defined as follows:

QW =f@+EY 2@+ E Y taiwr? (20)
2 icd 2 €&

where [y]~ denotes max{-y,0}.

OBSERVATION. Due to this definition, Q may be less regular than the objective
and constrained functions.

We can write a general framework for the algorithm which uses the quadratic-
penalty-function as follows:
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Algorithm 2: Quadratic Penalty Method
Input: Set yp > 0, a non-negative sequence {74} with 7, — 0 and a starting
point x;.
Output: xpi, fig.
for k=0,1,2,...do
Find an approximate minimiser x; of Q(:; ), starting at xlsC and
terminating when ||V, Q(x; wi) |l < 7g;
if final convergence test is satisfied then
| stop with approximate solution xi;

Choose new penalty parameter py.1 > Ui;
Choose new starting point xlsC

+1
return the current trial solution.

One can choose the parameter sequence {u} accordingly to the difficulty of
minimising the penalty function at each iteration. For instance, the more expensive
the minimisation of Q(x; 1) tends to be, the less larger uy.; is in relation to yy.

OBSERVATION. Unfortunately, it could happen that the iterates may move
away from the feasible region when the penalty parameter is not large enough;
therefore, the stop rule |V,Q(x; 1)l < 7 may not be satisfied. In order to avoid this,
one has to include safeguards that increase the penalty parameter when either the
decreasing speed of the constraint violation is not high enough or when the iterates
appear to be diverging.

OBSERVATION. Although Q(x; ug) is smooth when only equality constraints
are considered, it is important to note that as y1; becomes large, the minimization of
Q(x; ux) becomes challenging. As a matter of fact, the Hessian VixQ(x; Ux) becomes
arbitrary ill conditioned near the minimiser. As a result, even if we could employ algo-
rithms for unconstrained minimization (such as Newton’s, quasi-Newton’s methods,
or conjugate gradient), their performance might be suboptimal. To mitigate this, a
judicious choice of the starting point x;.,, can be made or one could set x}, , = X
and choose .1 to be slightly larger that .

For more details on convergence theorems and on how to reformulate the problem
when there is ill conditioning for the Hessian see [13, 16].

Nonsmooth Penalty Functions.

A well known nonsmooth penalty function used in general non linear programming
problems is the ¢1 penalty function, which can be written as

QG =f)+p Y, lei(0l+p ) [di(x)]™. 3))
ied ie&



66 L Cravero - M. Introna

One can prove that the ¢; penalty function is exact.
In more general settings, one can define exact nonsmooth penalty functions in terms
of other norms. For example, one can define

QUx; 1) = f(x) + plldg (Ol + pll[e.s ()17,

where | - || is any vector norm and the vector functions dg and cy define all the
equality and inequality constraints, respectively.
The most common norms used in practice are ¢1, £, and ¢, (not squared).

Note that, although Q; is not differentiable, one can reckon a directional
derivative D(Q; (x; u); p) along any direction p and a stationary point for the penalty
function Qg (x; ) is a point X € R” such that D(Q,(%; w); p) = 0, for all p € R". It is
important to characterize stationary points for Q; as one minimises the penalty
function when using penalty methods.

We introduce the function measure of infeasibility as

h(x)= )" lei(x)|+p ) [di(x)]. (22)
ied ie&

One can write the following algorithm:

Algorithm 3: Classic ¢, Penalty Method

Input: Set yg > 0, tolerance 7 > 0 and a starting point x;.
Output: x; approximation of the minimiser of Q.
for k=0,1,2,...do
Find an approximate minimiser x; of Q; (x; ix), starting at xlsC ;
if h(xy) < 7 then
| stop with approximate solution xy;
Choose new penalty parameter piy1 > t;
Choose new starting point x

S .
k+1’
return the current trial solution.

The minimisation of Q; (x; 1) is made difficult by the nonsmoothness of the
function.

Augmented Lagrangian Method.

In the following paragraph, we explain the approach named as the method of multi-
pliers or the augmented Lagrangian method. 1t differs from the previous ones because,
with the introduction of explicit Lagrange multiplier estimates into the function to be
minimised, ill conditioning is less possible.

Moreover, the augmented-Lagrangian-function largely preserves smoothness and
one can implement this method using unconstrained optimisation methods.
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Let us study the equality-constrained-problem [18]. We know that the quadratic-
penalty-function defined in [19] penalises constraint violations by squaring the infea-
sibilities and scaling them by % Nevertheless, one can notice that the approximate
minimizers x; of Q(x; 1) do not satisfy the feasibility conditions c;(x) =0, € .#.
Instead, they are perturbed so to have that ¢;(x;) — 0, when p; — co. Once noticed
that, one could be incline to change the function Q(x; ux) to avoid this systematic
perturbation.

The augmented-Lagrangian-function £, (x, A; u) succeeds in this thanks to the inclu-
sion of an explicit estimate of the Lagrange multipliers A, based on the perturbation
done on c;(xy), previously mentioned.

DEFINITION. We define the augmented-Lagrangian-function £4(x, A; p) as

Lot =) - Y L@+ E Y . (23)
ied 2 ied

The augmented Lagrangian is different from the standard Lagrangian [15]
due to the presence of the squared terms; on the other hand, it is different from the
quadratic-penalty-function [19] due to the presence of the summation term involving
A. Consequently, it can be seen as the result of combining the Lagrangian function
with the quadratic-penalty-function.

Let us now make some considerations in order to build an algorithm that fixes
the penalty parameter u to some value . > 0 at its k—th iteration; moreover it fixes A
at the current estimate A* and minimises in relation to x. Thanks to the optimality
conditions for unconstrained problems, one has

0= Ve Lalxp AN ) = V) — Y IAF — e (x)1Vei (xp).
ic¥

Using the optimality condition for unconstrained problem, it follows that
AF =AY~ prei(xr), Vied,

where 1* is the optimal Lagrange multiplier vector. Rewriting the previous expression,
one has

1
cilxp) x——Wr =15, vies.
M

Therefore, when A¥ — 1*, the infeasibility in xj is much smaller that ﬁ and not
proportional as it would happen with the quadratic-penalty-function. Consequently,
one can deduce a formula which improves the current estimate A* of the Lagrange
multiplier vector, by the use of the approximate minimizer xj just calculated. It
follows:
AR AR e, Vie s 24)
OBSERVATION. One can show that this method converges without increasing
1 indefinitely. Therefore, one does not encounter a big problem with ill conditioning,
so the choice of starting points x; , is less critical.
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Algorithm 4: Augmented Lagrangian Method-Equality Constraints

Input: Set yg > 0, tolerance 7¢ > 0 and starting points x; and A0,
Output: Approximation of the minimiser of Z,.
for k=0,1,2,...do
Find an approximate minimiser x; of Za(:, Ak i), starting at x;‘C ;
and terminate when ||V, £ 4 (xk, Ak Bl <Tg;
if a convergence test for the problem [18] is reached then
| stop with approximate solution xy;
Using formula [24], update the Lagrange multipliers, so to obtain Ak+L
Choose new penalty parameter pij+1 = tg;
Choose new starting point x,sC 1 =Xk
| Select a new tolerance 7y ;
return the current trial solution.

One can prove two main properties of the augmented Lagrangian:

1. When one exactly knows the Lagrange multiplier vector 1*, the solution x* of
the problem [18] is a strict minimizer of £ 4(x, A*; u) for all u sufficiently larger.
Moreover, in the practical case that the exact value of 1* is unknown, a good
estimate of x* by minimizing £ (x, 1; 1) can be obtained even when p is not
particularly large, although one needs that A is a reasonably good estimate of
A%

2. When A # A1*, one can impose some conditions in order to prove the exis-
tence of a minimizer of £4(x, A; u) which lies close to x*; furthermore one can
provide error bounds on both x; and the updated multiplier estimate A5*1,
obtained at the k-th iteration from solving the problem.

From this result, one deduces that the augmented Lagrangian method provides two
ways to improve the accuracy of xi, while the quadratic penalty method gives only
one way. As a matter of fact, the former states that x; will be close to x* if A is
accurate or if the penalty parameter p is large; the latter states that x; will be close
to x* only by increasing p.

Conclusion. In literature, one can find many examples of practical uses of the
quadratic penalty approach when the number of constraints is small. This approach
is especially used as an important mechanism to regularise other algorithms, such as
the sequential quadratic programming.

On the other hand, the augmented Lagrangian method is generally the one chosen
due to its semplicity. As a matter of fact, the subproblems are not likely to be more
difficult to solve and introducing multipliers estimates reduces the chance of needing
large values of p to reach good feasibility and accuracy. Doing that, ill conditioning of
the subproblems is avoided.

In relation to the ¢; penalty function, this approach has lately been developed. It has
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proven to be particularly useful to solve difficult problems, such as mathematical
programs with complementarity constraints, which do not satisfy standard qualifica-
tions. In this case, one transform these problematic constraints as a penalty term,
extending the range of applicability of these other methods.

3.2. Nonlinear Constrained optimisation

In this section, we analyse algorithms which find local solutions for the problem [14]
in the case of an objective function that is nonlinear, subjected to a set of constraints
that can also be nonlinear. The main difficulty in this situation lies in deciding which
of the inequality constrained can be considered active at the solution and which
inactive. The foundation of active-set methods is to start by making a guess of the
optimal active set Q*, therefore the set of constraints that are satisfied as equalities at
a solution. If we name the guess set the working set W, then we can solve a problem
in which we impose the constraints in the working set as equalities, while we ignore
the constraints that do not belong to W. Next, we study whether there is a possible
choice of Lagrange multipliers so that the solution x* obtained for this particular W
satisfies the KKT conditions [16]. If this is the case, x* is accepted as a local solution
of the problem [14]. On the other hand, a different choice of W is made and we repeat
the process.

It is important to notice that one can choose the working set W in several ways, to
be precise 2/4!. As a matter of fact, one can distinguish only two possible choices for
each i € &: either it belongs to W or it does not. Therefore, it is easy to note that the
number of possible working sets grows exponentially in relation to the number of
inequalities and it is known as combinatorial difficulty of nonlinear programming.
As a consequence, designing an algorithm that takes into account all the possible
choices of W is unthinkable.

Furthermore, thanks to some educated guesses for the working set based on the
properties of the functions which define the problem, one can reduce the number
of choices of W, eliminating the ones which would lead nowhere. For a practical
example, see [17].

Reducing the number of variables

In order to obtain a simpler problem with fewer degree of freedom, it is common
to take advantages of the constraints so to reduce the number of variables. It is
important to point out that, when dealing with elimination techniques, precaution
is needed otherwise one might alter the problem or introduce ill conditioning. As a
matter of fact, when one uses nonlinear equations to reduce the number of variables,
they may create errors which are not easy to trace. Most optimisation algorithms
tend to avoid nonlinear elimination. Instead, one usually linearises the constraints
and then applies elimination techniques to reduce the difficulty of the problem.

We intoduce now a procedure to eliminate variables using linear constraints. Let us
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consider the following problem
min f(x) subjectedto Ax=Db, (25)

where A is an m x n matrix, with m < n and with full row rank. Therefore, there is
a subset of m columns of A which is linearly independent. We can consider a new
matrix B made of these m x m and then consider a n x n permutation matrix P, which
puts these columns to the first m column positions in A, so it follows that:

AP = [B|N],

where N € R"*("=" denotes the n — m remaining columns of A. Let us define the
following subvectors xp € R™ and xy € R"~"™ as:

XB

= PTx,
XN

and we define xp as the basic variables and B as the basis matrix. As one has PPT =1,
one can formulate the constraints Ax = b as follows:

b=Ax=AP(P"x) = Bxp + Nxy.
It is easy to deduce that we can write the basic variables as:
xp=B'b-B ' Nxy.

Then, a feasible point for the constraints Ax = b can be computed selecting any value
of x and writing xp using the previous formula. Consequently, we can solve

)

that it is an equivalent unconstrained formulation for the problem [25].

B 'b-B INxy
XN

rgclllvnf (P

This method is known as the simple elimination of variables.
One can interpret the simple elimination of variables in a compelling way. We can
assume that P = I, which means that the basic columns appear in the first m positions.
From the previous formulas, one can deduce that we can write any feasible point x
for the linear constraints as

X
Bl —x=vb+ ZXN,
XN
where . .
Y = erm, z=| BN oguxtm
O(n—m)xm I(n—m)x(n—m)

One can notice that Z has n— m linearly independent columns and that it satisfies
AZ =0. Consequently, Z can be seen as a basis for the null space of A.

Rewording, thanks to the simple elimination technique, one can write feasible points
as the sum of a particular solution of Ax = b plus a displacement along the null space
of constraints. From the previous relations, we can obtain the particular Y b solution
by holding n — m components of x at zero, while relaxing the other m components
until they reach the constrains.
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OBSERVATION. Although simple elimination is inexpensive, it can lead to
numerical instabilities. As a matter of fact, choosing the best basis can be challenging
as one might encounter the need of an excessively large coordinate relaxation step. To
avoid this situation, the particular solution Y b can be defined as the minimum-norm
step to the constrains.

Generalising the simple elimination of variables. Let us now consider the
matrices Y € R”*™ and Z € R"*("~" with the following properties:

[Y]Z] € R""is nonsingular, AZ =0.
Then, any solution of the linear constraints Ax = b can be rewritten as:
x=Yxy+Zxgz,

for some vectors xy € R™ and xz € R"™". If one substitutes this in the constraints
Ax = b, one has

Ax = (AY)xy = b;

thanks to the nonsingularity of AY, one can write xy explicitly
xy = (AY) "' b.
It leads to the fact that any vector of the form
x=Y(AY) 'b+ Zxy

has the property of satisfying the constraints Ax = b for any choice of xz € R"™"™,
Consequently, we have achieved a different formulation for the problem [25] as an
unconstrained problem

rr%iznf(Y(AY)_lb +7Zx7).

As one can notice from this formulation, it would be preferable to have Y in such a
way that AY is as well conditioned as possible. One can use the QR factorization® of
AT, which can be expressed as

atn=(or @l |g):

where [Q1 Qz] is orthogonal. One can see that the submatrices Q; and Q; have
orthonormal columns and are of dimension n x m and »n x (n — m); R, instead, is
m x m upper triangular and nonsingular and IT in an m x m permutation matrix.
Then one can define

Y=Q1, Z=Qo

*A QR decomposition is a decomposition of a matrix A into a product A = QR of an orthonormal
matrix Q and an upper triangular matrix R.
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in order to have that the columns of Y and Z for an orthonormal basis of R”. From
the previous considerations, it follows that

AY =TIRT, Az=0.

It follows that Y and Z have now the desired properties. Therefore, one can express
any solution of Ax = b as
x=QR " b+ Qoxz,

for some vector xz. In this setting we have the advantage that one carries out the
computation of R~TTI” b inexpensively, paying only the cost of a single triangular
substitution.

OBSERVATION. If one carries out a simple computation, one can deduce that
the particular solution Q; R~TTI” b can be expressed as AT (AAT)~!b. This vector can
be seen as the solution of the following problem

min ||x||2 subjectedto Ax=b;
that is known as the minimum-norm solution of Ax = b.

As the main cost associated with elimination via orthogonal basis is computing
the QR factorization, this reduction strategy is highly suitable for numerical stability.
Unluckily, in the cases where A is large and sparse, computing the QR factorization
can be more costly than simple elimination reduction strategy. In literature, one can
find other elimination strategies that compromise these two techniques.

3.3. Merit Functions and Filters

Sometimes an algorithm produces a step that, on one side, lowers the objective
function, but, at the same time, highers the violation of the constraints. Should the
step be accepted or not? An equilibrium can be obtained using merit functions and
filters. In the general setting of a constrained optimisation algorithm, one accepts
a step p only if it sufficiently reduces the so-called merit function Q or when it
is accepted by the filter. The real advantage of using the merit function becomes
apparent in complex and/or nonlinear problems, where the analytical approach
becomes impractical and numerical methods are employed. In such situations,
the merit function and the filters help guide the optimisation algorithm towards a
solution that not only minimizes the objective but also satisfies the constraints.

Merit functions. A merit function is a scalar function designed to measure the
"quality" or "merit" of a candidate solution, taking into account both the objective
function value and the degree to which the constraints are satisfied (or violated).
The goal is to minimize the merit function, and a solution that minimizes the merit
function will also be a solution to the original constrained optimisation problem.
In literature, one can notice that the natural choice for the merit function is the
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objective function in unconstrained problem. This can be true even for constrained
optimisation when the starting point and all subsequent iterations satisfy all the
problem’s constraints; for example see [15]. However, when iterations are allowed
to violate the constraints, methods are needed to evaluate the quality of the steps
and the iterations. In this particular case, a merit function is built using the objective
combined with measures of constraint violation.

The ¢, penalty function [21] is a potential choice for the merit function. In this case y,
the penalty parameter, determines the weight given to constraint satisfaction relative
to the minimization of the objective. It is important to point out that the #; merit
function Q; is exact but not differentiable.

DEFINITION. A merit function Q(x; ) is exact if there is a positive scalar pu*
such that for any u > p*, any local solution of the nonlinear programming problem
[14] is a local minimiser of Q(x; ).

One could prove that, if some assumptions are met, the ¢; merit function
Q1 (x; ) is exact and its threshold value p* is given by

p* =max{|A| withi € F UE},

where A} are the Lagrange multipliers associated with an optimal solution x*.

In case of equality-constrained-problems, where we define c(x) as the vector
of the equality constraints, one could choose as merit function the exact ¢, defined
by

Q20 ) = f(x) + pllec()l2,
which is not differentiable and its derivative is not defined at x so that c(x) = 0.

In order to obtain merit functions with smoothness and exactness, one has to
add terms to the merit functions. In relation to equality-constrained-problems, one
has the Fletcher’s augmented Lagrangian, which is defined as

1
Qr(x; ) = f(0) A e +=u Y ci(0)?,
2 ey
where p > 0 is the penalty parameter and
A0 = [A AT AWV (x),

where A(x) is the Jacobian matrix of c(x).

OBSERVATION. It can be proven that this merit function has some interesting
theoretical properties; however, it is not often used due to expense of solving 1(x).

Another possible example of merit function is given by the standard aug-
mented Lagrangian in x and A, which for the equality-constrained-problems is de-
fined as follows

1
Latc, ;) = fx0) = ATe(x) + S Hle) I3
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OBSERVATION. The standard augmented Lagrangian is not considered a merit
function in the sense that a solution (x*, A*) of the nonlinear programming is usually
only a stationary point, not a minimiser. One can modify ¢ and 1 in some sequential
quadratic programming methods in order to use £, as a merit function.

In the case of non differentiable merit functions, one might use, when they
exist, their directional derivatives D(Q(x; w); p), such as in the case of the ¢; and ¢;
merit functions that are not differentiable but they have a directional derivative. For
example, in a line search method, one can deduce that the step length parameter
a > 0 must be small enough to ensure that the following inequality is satisfied:

Qx+ap;u) < Q(x; 1) +naD(Q(x; w); p),

for some 7 € (0, 1); in the trust region method, one often uses a quadratic model g (p)
to reckon the value of the merit function Q after a step p. In this case, the sufficient
decrease condition can be written as

Qx+p;w) =Qx; 1) —n(q0)—gq(p))),

for somen € (0,1).

Filters. Filters are an alternative technique to merit functions for constrained prob-
lems. While a merit function combines the value of the objective function and the
measure of constraint violation into a single scalar value, filters maintain a list of
acceptable combinations of objective values and measures of constraint violation.
Let us consider the measure of infeasibility written in the following way, which is
similar to the definition in [22] with the difference of having u = 1:

h(x)= ) lcix)|+ ) [di(0)]".
i€ed i€
The problem is to minimize both f(x) and k(x). While merit functions combine
both issues into a single minimization problem, filters allow the two objectives to be
addressed separately. In brief, filter methods accept a trial step x™ as a new iterate
if the pair (f(x*), h(x™)) is not "dominated" by a previous pair (f3, ;) = (f(x;), h(x;))
generated by the algorithm. More precisely,

DEFINITION. a. A pair (f, hy) is said to dominate another pair (fj, h;) if
both fi < f; and hy < hy;.

b. A filteris alist of pairs (fj, h;) such that no pair dominates any other.

c. An iterate xy is said to be acceptable to the filter if (f, hy) is not dominated by
any pair in the filter.

It is common to add (fi, hx) to the filter and delete any pairs that are domi-
nated by (f, hx), when an iterate x is acceptable to the filter. In line search methods,
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when a trial step x* = xj + a pi gives a pair (f*, h*) which is considered acceptable
to the filter, one usually sets x;,; = x*; otherwise one performs a backtracking line
search. However, in the case of trust-region methods, if the step is evaluated as not
acceptable to the filter, one reduces the trust region and computes a new step.

If one has the goal of reaching global convergence and good practical performance,
several adjustments to this filter technique need to be performed. Firstly, it is impor-
tant not to accept a point whose (f, k) pair is very near to the current pair (f, i) or
to another pair in the filter. In order to obtain this, one has to modify the acceptability
criterion and a sufficient decrease condition needs to be imposed. We consider a trial
iterate x* to be acceptable to the filter if, for all pairs (f i, hj) in the filter, one has that

fxH)<fj—Pphj or h(x")<hj-pBh;j,

with B € (0,1). In practical using, with g = 1072, this method is considered to be
effective; however, if one has the purpose of analysis, one usually modifies the first
inequality with

f(&x") < fi-ph.

One may encounter some problematic aspects of the filter method. It may occur
that the search directions generated by line search methods require arbitrarily small
steplengths a so to be accepted by the filter. When this happens, the algorithm might
stall and therefore fail. If a steplength, generated by a line search algorithm, is smaller
that a given threshold anin, the algorithm enters a feasibility restoration phase. In a
similar way, if a sequence of trial steps, generated by a trust-region algorithm, is not
accepted by the filter, the trust region might reduce to an extent that the trust-region
subproblem becomes infeasible. Even in this case, one has that the algorithm enters
a feasibility restoration phase. In detail, the only aim of the feasibility restoration
phase is to perform a reduction on the constraint violation; in other words, we search
an approximate solution to the to the problem min, h(x).

Although one might notice that /(x) is not smooth, there are several tech-
niques to minimise it, thanks to smooth constrained optimisation subproblems.
Let us see now a general algorithm where the iterates are generated by a trust-region
method:

4. Metaheuristics

It is important to point out that some problems may be so complicated that it might
not be possible to solve them finding an optimal solution. Consequently, new meth-
ods have been found to provide a general structure and strategy guidelines to solve
the problem, the so-called metaheuristic methods; see for example [8, 19, 23].

DEFINITION. A heuristic method is a procedure that is likely to discover a very
feasible solution, therefore a solution that satisfies all the problem’s constraints, but
not necessarily an optimal solution for the specific problem being considered. A
herutistic method can be considered well-designed when it provides a solution that is
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Algorithm 5: General Filter Method

Input: Set a starting point x; and initial trust-region of radius Ao.
Output: Approximation of the solution.

Set k — 0;

Repeat until a convergence test is satisfied

if the step-generation subproblem is infeasible then
| Compute xi.; using the feasibility restoration phase;

else
Compute a trial iterate x* = xy + py;
if (f*, h™") is acceptable to the filter
then
Set xr41 = x* and add (fy+1, hr41) to the filter;
Choose A, sothat Ag,q = Ag;
Remove all pairs from the filter that are dominated by (fi+1, ix+1);
else
Reject the step, set X1 = Xk;
L Choose Ap;1 <Ay;

k—k+1;
return the current trial solution.

at least nearly optimal (when this is not the case, one should come to the conclusion
that no such solution exists).

Moreover, they are usually developed following simple common-sense ideas to
find suitable solutions. It is fundamental to carefully tailor these ideas so to describe
the problem of interest.

DEFINITION. A metaheuristic method is a general solution method that pro-
vides a general structure and strategy guidelines for developing a specific heuristic
method to fit a particular kind of problems.

When one deals with challenging nonlinear programming problems, one can
opt for a simple heuristic method to achieve a local improvement procedure. Such a
procedure is organised as follows: it starts with an initial trial solution; then, at each
iteration, it searches in the neighbourhood of the current trial solution to find a better
trial solution.
In order to better understand it, one can visualise it as a low-downhill procedure that
continues descending lower on the graph of the objective function (assuming the
objective is minimisation) until it essential reaches the lowest point of the valley. In
general, it is known that a well built local improvement procedure is successful in
converging to a local minimum; however, it does not continue in the search, but
rather stops although this found local minimum is not a global one. Therefore, the
main drawback in opting for this technique is converging to a local minimum and
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then concluding the search. On the other hand, these techniques tend to converge
faster to a local solution, especially when analysing difficult problems.

What is next? Considering the previous ideas, one needs to better structure
the used approach; as a matter of fact, one should gather as much information on
the problem as possible, to guide the search towards a global minimum.

DEFINITION. The nature of metaheuristic: a metaheuristic method is a general
kind of solution that exploits the interaction between local improvement procedures
and higher level strategies to build a process that is able to escape from local minima
and to conduct a thorough search on a feasible region.

In summary, the role of metaheuristic methods is to deal with problems that
are out of reach when solved using exact algorithms. For applications, see [1,29, 30].
We analyse three different methods:

1. Tabu Search;
2. Simulated Annealing;

3. Genetics Algorithms.

4.1. Tabu Search

It is a well-known metaheuristic method that, based on some common-sense ideas,
allows the search process not to stop in a local minimum.

In brief, it is similar to a local improvement procedure, with the only exception that
it might not need that each new trial solution must be better than the proceeding
trial solution. As a matter of fact, it includes a local search procedure as a subroutine,
which is developed in order to fit the problem taken into consideration.

The distinctive aspect of this method is the perseverance of the search as non-
improving moves to the best solutions are allowed in the neighbourhood of the
local minimum. In general, it can be known as the steepest ascent/mildest descent
approach, as at each iteration, it chooses the move that goes furthest down the valley,
or, when this is not possible, it opts for a move that goes least down the valley.

One can immediately spot a possible danger when using this method: once we have
moved away from a local minimum, the process will conduct our search once more in
that same local minimum, and so on, going back and forth from that local minimum.
Therefore, in order to avoid this, a tabu search temporary forbids moves that would
return to a solution recently visited.

DEFINITION. A tabu list keeps records of the forbidden tabu moves.

Moreover, one can improve this method by adopting two different strategies.
Firstly, one could intensify the search, exploring more thoroughly a particular por-
tion of the feasible region that has been shown to be promising for containing good
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solutions.
Secondly, one can diversify the search by forcing it in unknown or previously unex-
plored areas of the feasible region.

Algorithm 6: Tabu Search
Input: Select a feasible initial trial solution
Output: Approximate the minimum, using a stopping rule

for each iteration do
Use an appropriate procedure to define the feasible moves into the

local neighbourhood of the current trial solution;

Do not take into account any move on the current tabu list (unless it
would lead to a better solution);

Choose between the remaining moves which one would provide the
best solution;

Adopt this solution;

| Update the tabu list;

return the current trial solution.

Once this algorithm has been chosen, one still needs to properly adapt it to
the problem. As a matter of fact, one should define:

e the local search procedure;

* the way in which this chosen procedure defines the neighbourhood structure
which distinguishes which solutions are considered immediate neighbours of
any current trial solution;

¢ how tabu moves should be listed in the tabu list;
¢ what tabu move should be added to the tabu list at each iteration;
* the time of permanence of a tabu move in the tabu list;

* the stopping rule.

4.2. Simulated Annealing

It is a method that concentrates in the search for the highest hill or lowest valley
(depending on the problem considered). Since the location of this hill/valley is
unknown, firstly this method focuses on taking steps in random direction so that
it can inspect a vast area of the feasible region. Secondly, due to the fact that the
majority of the accepted steps are upwards or downwards (always depending on the
problem considered), this method progressively concentrates its search in those area
of the feasible region where one can find the optimum or minimum. After some time,
it converges to the highest hill or lowest valley.

More specifically, at each iteration, this method passes from the current trial solution
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to an immediate neighbour in the local neighbourhood of this solution. It differs
from other methods in the process of the selection of this immediate neighbour to be
the next trial solution.

Let

* z. = objective function value for the current trial solution;

* z, = objective function value for the current candidate to be the next trial
solution;

e T = parameter for the tendency to accept the current candidate to be the
next trial solution if this candidate is not an improvement on the current trial
solution.

One can define the move selection rule as follows:

DEFINITION. The process of randomly choosing, among all the immediate
neighbours of the current trial solution, a candidate to become the next trial solution
is called as move selection rule. More precisely, if our goal is a minimisation, one has:

if z, <z, always accept this candidate;
if z, >z, accept the candidate with the following probability:

Zc—Zn

Prob{acceptance} = e* with x=

While when our goal is a maximisation, one has:

if z, = z. always accept this candidate;
if z, <z, accept the candidate with the following probability:
Zn — Zc

T

Prob{acceptance} = e* with x=

OBSERVATION. The value of T over time is crucial: as a matter of fact, it pro-
vides more flexibility in contrast to the tabu search method. In particular, it controls
the degree of randomness in the process of allowing upwards steps (when we have a
minimisation) or downwards steps (When we are in the case of a maximisation).

One can make an analogy between this definition of the move selection rule,
especially the probability of acceptance, to a random number between 0 and 1.

e Minimisation: if the random number > Prob{acceptance} = accept an up-
wards step. Otherwise reject the step.

e Maximisation: if the random number < Prob{acceptance} = accept a down-
wards step. Otherwise reject the step.

Furthermore, one can notice that the formula of the move selection rule is based on
the physical annealing process.
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Another key aspect of this method is the temperature schedule to use. Firstly
one needs to select an initial, quite large value of T; secondly, it is important to
choose an appropriate sequence of progressively smaller values of T; lastly, one
should decide the number of iterations to perform at each specific value of T

Algorithm 7: Simulated Annealing

Input: Select a feasible initial trial solution.

Output: Approximate the minimum/optimum, using the move selection

rule.

for each iteration do

Use the move selection rule to define the next trial solution (when none
of the immediate neighbours of the current trial solution is accepted,
the algorithm is ended).

Check the temperature schedule: once one has performed the
scheduled amount of moves at the current value of T, decrease T to
the next value in the temperature schedule and start again the
iterations at this new value.

Stopping rule: when one has performed the scheduled amount of

| moves at the lowest value of T, in the temperature schedule, stop.

return the best trial solution found at any iteration (including the one for
high values of T as the final solution.)

Once this algorithm has been chosen, one still needs to properly adapt it to
the problem. As a matter of fact, one should define:

 the way in which one selects the initial trial solution;

e the neighbourhood structure which distinguishes which solutions are consid-
ered immediate neighbours (in the sense of being reachable with one single
iteration) of any current trial solution;

* how, in the move selection rule, one should randomly select one of the imme-
diate neighbours of the current trial solution as the next candidate;

* atemperature schedule that fits the problem.

Hybrid Algorithm. It is important to point out that one could combine ad-
vanced features of the tabu search method with simulated annealing in a successful
way. For example:

1. one could apply the strategic oscillation feature of the tabu search to the tem-
perature schedule of simulated annealing. As a matter of fact, this particular
features modifies the temperature schedule by lowering the temperature in a
faster way than scheduled; however, then, it strategically changes the tempera-
ture values back and forth across levels where the best solution were found;
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2. one could apply the candidate-list strategies feature of the tabu search to the
move selection rule of simulated annealing. In details, one would look through
several candidates to verify if an improving move can be found before applying
the randomised rule used to accept or reject the current candidate as the next
trial solution.

4.3. Genetic Algorithms

It is known that genetic algorithms are used with significant results when there is the
need to explore several parts of the feasible region, and gradually approaching the
best feasible solutions. The theory of evolution and the survival of the fittest are the
basic concepts on which genetic algorithms are founded. Let us see how.

Natural Selection: one can draw an analogy between feasible solutions for
a studied problem and members of a specific species, in the sense that the value
of the objective function measures the fitness of each member. In addition, one
analyses an entire population of trial solutions. For each iteration or generation of a
genetic algorithm, we can consider that the current population is made of the set of
trial solutions, which are at that moment analysed. One can see these trial solutions
as the current living members of the species. As in nature, some of the youngest
members of the population (in particular the fittest members) survive into adulthood
and become, paired randomly, parents. Then, they have children, who can be seen
as new trial solutions, and who share some of the features, or biologically speaking
genes, of both parents. Since there is a greater probability of the fittest members
of the population to become parents, it is known that genetic algorithms tend to
produce improving populations of trial solutions as it evolves. Furthermore, always
based on the natural way of life, mutations are taken into consideration and they
may seldom happen; consequently, some of the children might posses some features
(even desirable ones) that they do not share with either parent.
In conclusion, following a pattern similar to the "survival of the fittest" should induce
a genetic algorithm to a trial solution, that is the best of any considered, which is at
least nearly optimal.

Once this algorithm has been chosen, one still needs to properly adapt it to
the problem. As a matter of fact, one should define:

* the size of the population;

* the criteria to select members of the current population to become parents;

* how the children’s features should come from the parents’ ones;

e the stopping rule to use.
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Algorithm 8: Genetic Algorithms

Input: Select an initial population of feasible trial solution. Evaluate the
fitness (that is the value of the objective function for each member
of this current population).

Output: Approximate the minimum/optimum.

for each iteration do

Use a random process that is biased towards the fittest members of the

current population; then select an even number of these members to
become parents. Pair up the parents in a random way; each couple of
parents gives birth to two children, which are the new feasible
solutions, whose features or genes are a random mixture of the
features of the parents, except for occasional mutations. In the case of
a child being an infeasible solution, it is considered a miscarriage.
Now retain enough children of the fittest members of the current
population in order to form for the next iteration the new population,
which will be of the same size. Evaluate the fitness for each new
member of this new current population.

Stopping rule: use some stopping rule (such as a fixed number of

iterations);

return the best trial solution.

5. Conclusions

In this survey, we have explored a variety of optimization techniques, emphasizing
their applications. We began with an introduction of the fundamentals, setting the
stage for a deeper dive into the subject matter.

In Section 2, we examined 'Trust-Region Methods,” highlighting the comparison
between the Dogleg Method and two-dimensional subspace minimization. These
methods offer solid frameworks for tackling challenges encountered with gradient-
based methods, especially for ill-conditioned problems.

In Section 3, we examine penalty methods and their distinctions between quadratic,
nonsmooth, and augmented Lagrangian techniques. These techniques are funda-
mental in addressing the complex aspects of nonlinear constrained optimization,
and we discuss the practical implications of reducing the number of variables, as well
as the role of merit functions and filters.

In Section 4, we explore Metaheuristic methods, showcasing the flexibility and adapt-
ability of approaches such as Tabu Search, Simulated Annealing, and Genetic Al-
gorithms. These methods surpass traditional optimization boundaries by utilizing
stochastic processes and evolutionary concepts to discover near-optimal solutions in
extensive and intricate search spaces.

In conclusion, we can see that the field of optimization is varied and constantly
evolving. The methods described provide professionals with various ways to address
awide range of problems, with each method being particularly suited to certain types
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of situations. However, challenges remain, especially regarding the ability to handle
large-scale problems, the assurance of reaching the best solution, and the complexity
of the necessary calculations. Future research may focus on the development of
combined methods, the use of optimization techniques in emerging fields such as
quantum computing, and the relentless pursuit of greater efficiency."

Moreover, the intersection of optimization with machine learning and data science
presents a fertile ground for innovation. The synergy between these disciplines
promises to unlock new capabilities and methodologies that will propel the field
forward.

In summary, the optimization methods we have discussed in this survey give us ways
to approach complex problem-solving. With the growth of computational power and
the emergence of new theories, we are able to optimize more and more, which opens
up promising possibilities for innovation and progress.
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