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Jacobian Conj. and Dyn, Syst,

A. van den Essen_

TO BELIEVE OR NOT TO BELIEVE:
THE JACOBIAN CONJECTURE

Abstract. In this paper we try to convince the reader that there is no good reason
to believe that the Jacobian Conjecture holds. Although there are several arguments
in favor of this conjecture, we show that these arguments haven’t got the power (o
justify the statement that the Jacobian Conjecture holds in general,

Let F': C" — C™ be a polynomial map i.e. a map of the form

(T1,. .., 2a) = (F1(x1, .. 2n)y .. Fulz,. .., 2a))

where each F; belongs to the polynomial ring C[X) := C[X;....,X,]. Linear maps are
examples of polynomial maps, namely with "

Fg'(ﬂh, ves ,$n) =gu¥1 + -+ QpPn, Qi € C for all 4,3.

From linear algebra we know (for linear maps)

1) F is bijective if and only if F is injective. Furthermore the i inverse is again a linear
map. _
2) F is invertible if and only if det{a,;) € C* (= C\{0}).

Now the question is; can we extend these results to polynomidl maps?

The answer to the first question is YES. More precisely, the bijectivity was first
proved in {3} and the first proof of the following result was given in [6].

THEOREM Let F:C" > C" be a polynomial map. If F : IC" —C"is mjecnve,
then F is bijective and furthermore the inverse is again a polynomial map!

So now let us look at the second question.

Suppose that the polynomial map F : C* — C" is invertible. Then by the local
inverse function theorem at each point z € C™ we get det JF(z) # 0. So the polynomial
det JF does not vanish on C*. So det JF € C*. So we get
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PROPOSITION Let F: C* — C" be a polynomial map. If F is invertible, then
det JF € C*. "

In [25] Keller asked: is the converse true? This problem is now known as Keller'’s problen-z!

- but more as

Jﬁcdbiah_ Conjecture J_C(n). If #:C" — C" is a polynomial nia_p with det JC € C*
(we call such maps Keller maps), then F' is invertible (or equivalently F' injective).

Since that time many people have worked on this problem and several false proofs were
published. Every year I still receive many new false proofs. In spite of all these efforts the
conjecture is still open for all n > 21! (We refer the reader to the following survey papers

- [2], (111, [13], [14] and {34].)

What I like to do in this lecture is to describe you some evidence in favor of the J.C.
(which I denote by P.) and some evidence agamst it (C.). Itis up to you to BEheve or not
to BElieve the Conjecture.

P. Let me start describing that there is an overwhelming evidence for the 2 dim J.C. Let
F = (f,g): C?— C? be a Keller map. :
a) It was proved by Mokh in [31] that F is invertible if deg f, deg g < 100.
b) Appelgate, Onishi ([1]): if deg f or deg g is a product of at most 2 prime numbers,
then F' is invertible.
c) Gwoz'dziewicf.é_ ([22]): if there exists one line { € C? such that Flp: 1 — C? is
injective, then F is invertible.

C. Let me comment on these results:

Consider the n-th cyclotomic polynomial ®,,(X) := H (X = () (P = the set of
CE "
prlmmve n-th roots of unity in C). Then it is well-known that ®,,(X) € Z[X]. Doing

some calculations for some values of 2 one observes that all coefficients of &, (X) belong

to {0, —1,1}. In fact one can prove

a) if n < 100 then all coefficients of ®,,(X) are in {0, —1,1}. _
b) If n is a product of at most 2 prime numbers, then all coefficients of ®,,(X) belong
to {0, '—_-1, 1} ' .
So we are in a similar situation as above. However, if n = 105 = 3.5.7 the
coefficient of X7 is —211-

P. Let me give more evidence in case n > 2.
In (2] Bass, Connell and Wright and independently in [36], Yagzhev showed

THEOREM. If for all n > 2 and all Keller maps F : C* — C" with deg F; < 3
for all i F is invertible, then J.C. is true!

Furthermore we have
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THEOREM. (Wang, [35]). The J.C. is true for all n > 2 and all Keller maps
F:C" — C™ with deg F, < 2 for all i.

So we are reduced to study maps with dcg F = max;deg F; = 3. In fact even a much _
stronger reducnon is true. :

THEOREM. (Druzkowski, [10]). It suffices to prove the J.C. for all n > 2 and all
Keller maps of the form

(%) F=(X1+ll,.._.,Xn+lﬁ)
where l; 1= a1, X1 + - + Gn; Xp, for all j.

_Furthermore it has been shown by Hubbers [23] (using results of Druikdwski) thatif n < 7
then all Keller maps of the form (*) are invertible!

C. Let me comment on this.
Replacing € by R in the (second) formulation of J.C. above, we get

Real Jacobian Conjecture (RJC(n)). If F : R” — R™ is a polynomial map with det
JF(zx) # 0 Yz € R", then F is injective.

One can show that both Wang’s result and Druzkowski’s theorem hold here. However in
[33] Pinchuk found a counterexample to the Real Jacobian Conjecture for n = 2!

Using this example Hubbers constructed a counterexample to the real Jacobian
Conjecture of the form (+): it is in dimension 2033!! So the dimension < 7 result does
not say so much!

P. Let me comment on the example mentioned above: the Real J.C. This is not a good
example, since the condition “det JF(x) # 0 for all z € R™” is much to weak.

I will demonstrate this by means of another problem. _
Let k£ be a field of characteristic zero (for exampte R or C). A polynomial

f € k[Xq,...,X,] is called a coordinate if there exist Fy, ..., F, € k[X] such that
Kf, By, Fa = k[X1, ..., Xu).

One easily verifies that if ¢ : k{X] — k[{X] is a polynomial automorphism, then o(f)isa
coordinate for every coordinate f. The author and Shpilrain in [17] asked the question:
Is the converse true? Le. if o : k[X] — k[X] is a ring homomorphism which sends all

coordinates to coordinates, is @ an automorphism? (%)
Harm Derksen made the following observation: if ¢ : k[X]| — k[X] is a k-homomorphism
such that (3 a;X;) is a coordmate for all n-tuples (ay,...,a,) € k™, not equal to
(0,...,0), then :

det Jp(z) #0 forall z € k™.

So if k = C this means that det Jo € C*!1 So if J.C. is true then ¢ is an automorphism!
So if JC is true and &£ = C the answer to the above question must be yes. Indeed, recently
Jelonek has proved this!!
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However if k = R and n > 3 then it was shown by Mikhalev, Yu and Zolotykh in_
[30] that there exist k-endomorphisms ¢ of k[X;,..., X,] sending each linear coordinate
to a coordinate (hence det Jy(z) # 0 for all z € R™) but which are not automorphisms!.

EXAMPLE. ¢ = (X; + X2X3,Xo — X1X3,X3,...,Xx) sends linear coordinates
to coordinates, but ¢ is not an automorphism (det Jp =1+ X3).

C. Let me comment on this comment.

1) In case n = 2 it was proved by Cheng and the author that for every ﬁeld k, with
char k 0 (so in particular k == R) the answer to (**) is YES even if we only assume that
¢ sends linear coordinates to coordinates. So this shows, together with the counterexample
for n > 3 above, that the case n > 3 is really different!

2) In case k = C the questlon of a map ¢ sending linear coordinates to coordinates
is still open for all n > 3! So there is the possibility for ﬁndmg counterexamples here!

C.Let me menﬂon one more evidence for the J.C. to be false (at least in higher dimension).
Therefore 1 need to describe a famous conjecture from dynamical systems: the Markus-
Yamabe Conjecture (J.C. for differential equations.)

Let F: R® — R"™ be a C'-vectorfield with F'(0) = 0. Consider the system ©(t) = F(z(t)).
Observe that z(t) = 0 is a solution. A classical result due to Lyapunov asserts that if all
eigenvalues of JF(0) have real parts < 0, then 0 'is a local attractor of the system e,
every solution which at £ = 0 starts at a point x; sufficiently close to 0, tends to zero if
t — oo. In formulas: for all zg € R™ sufficiently close to 0 e R™ the solution ©(t, zg) of
&(t) = F(z(t)) is defined for all ¢ > 0 and hm cp(t To) =

The Markus-Yamabe Conjecture is an attcmpt to globalize Lyapunov’s result

Markus-Yamabe Conjecture (MYC, ]960). Let F ; R® — R"™ be a Clovector field.
- Assume that for all z € R the real parts of all eigenvalues of JF(z) are < 0. Then every
solution of the system @(t) = F(x(t)) tends to O if ¢ — oo!

Now the point I want to make is
) If MYC is true for all n. > 2 and all polynomzat vector ﬁeds, the 1.C. is true!

2) Is the MYC reasonable: -yes in 1993 the 2-dimensional case was proved for all
Cl-vector fields!! (Fessler, Gutierrez). However in 1995 the author in collaboration
with Hubbers, Cima, Gasull and Mariosas found pofynomial counterexamples to
MYC for all n > 3 (see [15]).

EXAMPLE. F = (—-2'131 + z3(zo + m2m3)2, —Xq — (3:1 +4- .’Bg:l.'g)z, ' 1 TN ——:L‘n).
So this shows again that there is an erormous contrast between the 2-dimensional case
and the cases n > 3! : in dim 2 the MYC is true even for all Cl-vector fields, while
if n > 3 MYC is false already, for poiynomtai vectorfields (which are even polynomial
automorphlsms')

Now let us summarize the arguments Pro and Contra the J.C.
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P. For n = 2 the J C. is true in many cases! For general n, the J.C. is true for Druzkowsk:
forms in dim <7 (see [23]).

Also there is a result of Lang and Maslamani (all n), see {261, stating that if
F :C" — C" is a Keller map of the form

= (X1 + My,..., Xn + M), where M; = ¢, X is a monomial

then F is invertible! Furthermore one can show that it suﬁices to prove J.C foralln > 2
and all s of the form '

= (11: i,-,Xr-.,.l +Mr+1:---:Xﬂ+Mn):

where each [; is lincar and each M; a monomial.
But let me give one last evidence (due to van den Dries) for the Jacoblan Conjecture

to be true (see [9]). _
If there exists a counterexample to I.C. then there exists a counterexample F : C* — C”
for some n with det JF =1 and a hypersurface V := f~1(0) C C" such that

1) F; € Z[Xy,...,Xy), forall <.

2) dist (F(p),V) < 1, for all p € Z[i]" (dist(v, w) = max; [v; — w;|).

3) F(C") is dense in C™! ‘ | |
So such a counterexample would be very exotic!!

C. For n = 2 the conjecture might be true, however as seen above there is an enormous
difference between n = 2 and n > 3!: this was clearly demonstrated with the Markus-
Yamabe Conjecture and also with the problem of maps sending linear coordinates to
coordinates.

But there are much more problems related with J.C. which lurned out to be false.
Let me mention Hilbert 14-th problem, which concerns invariants of group actions. It was
shown to have an affirmative answer for a large class of groups (reductive groups). However
in 1956, 56 years after Hilberts famous address in Paris, Nagata found a counterexample
~ in dimension 32 (see [32])!

Many other problems, which I had no time to discuss today, which would have
implied J.C., turned out to be false in higher dimension. For the experts, et me just mention
a few of them: the Deng-Meisters-Zampieri Conjecture, the La Salle Conjecture, Meisters
(2z) — LC Linearization Conjecture and Meisters (2z) — LC Cubic-linear Linearization
Conjecture, etc. (see the papers {7], [8], [15], [19], [20], [27], [29]).

Furthermore many false proofs were found (and still are). How is this possible? so
many mistakes. Simply because J.C. is false (compare with trtsectwn of an angle by ruler
and compass!). : .

But let me conclude reacting on the last argument of P. Is it indeed very exotic
for polynomial maps to have the properties 1), 2) and 3). It is however, they do exist (of
course det JF £ 1) namely.

EXAMPLE (Makar-Limanov). Let Fy = X®Y4+2X%Y, By = X%Y® +3X5Y2% 4
3X and V = {X = 0} U {X3 - Y2 = 0}. Then dist(F(p),V) < 1 for all p € Z[i]°.
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Proof. Observe F(0,y) = (0,0) € V and F(m 0) = (0, 3:1:) e {X = 0} cC V.
Soletp = ('c y) € Z[z]2 with zy # 0. Then |zy| > 1. Put-s := ®y? + (zy)~1. Since”
Fi(z,y) = s ?—(ay) "%, Fa(z,y) = s°— (ay)® we get dist(F(z,y), (s?, %)) < 1! (because
lzy|~ < 1). '

Conclusion: apparently the assumption that J.C. is false, does not'!ead to a contradiction,
- although the predlcted behaviour is very exotic! So this gives more evidence for J.C. to be
Jalse!!

Now it is up to you to decide: do you BElieve or not BElieve the Jacobian
Conjecture?

Final remark. This paper was presented during the conference “Invertible polynomlal
functions” organized by G. Zampieri, September 1-2, 1997, Torino.

During this talk the Jacobian Conjecture was brought to trial and accused to be true.
The author played the role of both the P(rosecutor) and the C(ounselor). At the end of the
talk the audience was asked to vote “guilty” or “not quilty”.

The result: 62,4% voted “not guilty” ie. the Jacobian Conjecture is false. This
opinion coincides with that of the author, '
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